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Foreword

The study of black holes arguably began in 1783 with John Michell. At the time,
Michell was the rector of St. Michael’s church in the Yorkshire village of Thorn-
hill. Prior to this, he had been educated and become a fellow of Queens’ College
Cambridge and also had been Woodward professor of geology in Cambridge. How-
ever, fellows of Cambridge colleges at the time were required to be celibate and
so he migrated on marriage, as many at the time did, to the church. His clerical
duties were sufficiently light that he was able to continue his scientific studies. In
the Proceedings of the Royal Society, he laid out the possibility that there were
stars that could not be seen. His reasoning was entirely Newtonian. He was able to
calculate the escape velocity of a particle from the surface of a massive body. He
knew that light had large, but finite, velocity as had been shown in the previous
century by Rømer. His conclusion was that if a star was sufficiently condensed,
then it would be invisible. Supposing that the star had mass M , then if its radius
R was such that

R <
2GNM

c2

where GN is Newton’s gravitational constant and c is the speed of light, then it
would be invisible. Remarkably, the same formula holds in general relativity. Some
14 years later in 1796, Pierre Laplace, working independently, published a similar
result from the other side of the English Channel.

It was not until Einstein proposed the general theory of relativity that mat-
ters progressed. As soon as his theory became known, Karl Schwarzschild found
in 1915 the exact solution of Einstein’s field equations that bears his name. His
solution is a spacetime metric that contains a black hole. For a long time, there
were discussions about whether the horizon was singular or not, and whether the
spacetime singularity at the center of the black hole was unphysical. Despite the
uncertainty about whether the Schwarzschild metric was physically acceptable, in
1939 J. Robert Oppenheimer and Hartman Snyder showed that, under certain cir-
cumstances, a star could collapse to form a black hole. Nevertheless, considerable
skepticism about the possible existence of black holes remained until the early
1970s.
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viii Foreword

A revolution in our understanding of general relativity and black holes, in par-
ticular, started in the late 1950s driven by John Archibald Wheeler in Princeton.
He seems to have been motivated by attempts to understand the final state of stars
and also began to formulate a quantum theory of gravity. This started a period of
great excitement. Two key events were that Roger Penrose proved the first sin-
gularity theorem in 1965. He showed that if a trapped surface formed, then a
spacetime singularity must exist. This result removed one of the possible stum-
bling blocks in understanding black holes. In Oppenheimer–Snyder collapse, one
does form a spacetime singularity, but such a thing might have been a consequence
of assuming exact spherical symmetry, something which cannot happen in nature.
Penrose’s result showed that singularities would form without making any assump-
tions about spatial symmetry. Also in 1965, Roy Kerr found the spacetime metric
that describes the most general stationary black hole in an asymptotically flat
spacetime. These results triggered a flurry of key results in classical general relativ-
ity. They led to an understanding of the astrophysics of black holes. The discovery
of black hole X-ray sources as stellar remnants, quasars, the black holes in the
centers of galaxies as conclusively proved by the recent results of the event hori-
zon telescope, and the production and detection of gravitational waves in collisions
involving black holes have removed any uncertainty about their existence.

However, there are still challenges. Hawking showed that black holes emit radi-
ation that appears to be thermal. This was perhaps the first successful result in
quantum gravity and it has generated an enormous follow-up literature. The deep-
est puzzle is the information paradox. Quantum mechanical information appears
to be destroyed as a black hole evaporates away. Most of us believe that this can-
not happen, largely because of the incredible successes that quantum mechanics
has. Nevertheless, the subject is still open, and there are many that believe that
information is destroyed. There has been a lot of recent progress and in particular,
the beginning of our understanding of holography, the discovery of soft hair, and
the application of rigorous quantum information theory is helping an exploration
of this problem.

This book provides an excellent introduction to all of these topics. It is really
the first to attempt such a synthesis and provides a valuable compendium of infor-
mation on black holes for students of all ages and researchers of all flavors. The
collection of problems at the end of each chapter encourages enthusiasts to gain
a mastery of the subject and undoubtedly will help lead to much-needed further
insights into one of the biggest mysteries in fundamental physics today.

London, England Malcolm Perry



Preface

Black holes are predictions of Albert Einstein’s theory of general relativity and
have been the focus of intense studies for over a century, as they provide a rich
source of theoretical and experimental challenges. Black holes entail some of the
deepest puzzles on the road toward quantum gravity and engendered seminal theo-
retical discoveries, such as thermodynamical properties of black holes, their role in
the holographic principle, and the recent merger of geometrical and quantum infor-
mation concepts. Black holes, by their very definition, are hard to detect directly.
Recent technological advancements have led to novel methods of detection through
gravitational waves and by observing their shadows. The 2020 physics Nobel prize
awarded “for the discovery that black hole formation is a robust prediction of the
general theory of relativity” is a testimony of the importance of black holes.

In this book, we elucidate the theoretical concepts of black hole physics and
discuss some of the main phenomenological signatures and prospects in recent and
future black hole observations. The scope is narrow in the sense that everything
we present is in one way or another related to black holes; at the same time,
our scope is ambitiously broad, since we cover ground including observational
challenges, geometrical tools, thermodynamics, particle creation, holography, and
quantum information. The principal goal of this book is to provide the reader with
an up-to-date status of black hole physics.

This book is mainly intended for three groups:

1. graduate-level physics students who intend to start their research career in the
field of black holes;

2. postdocs who recently changed their research focus toward black holes and
want to get up-to-date on recent and current research topics;

3. advanced researchers who want to teach (or learn) basic and advanced aspects
of black hole physics and the associated mathematical tools.

The main style we pursue is hands-on, which in particular means that there will
be numerous exercises as an integral part of the learning experience conveyed by
our book. We assume the reader is familiar with the basics of general relativity
and with standard undergraduate physics, like special relativity, thermodynamics,
quantum mechanics, and statistical mechanics. Moreover, we assume familiarity
with the basics of quantum field theory on Minkowski space. Apart from these,
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x Preface

we have tried to cover the required material in the main text accompanied by
appendices. We mainly focus on established knowledge, but also give a taste of
current trends and issues of dispute. Since the research field of black holes is a
rapidly advancing area on theoretical, numerical, and observational fronts, topics
that are only partially addressed and understood by the time of publication of this
book may well become a part of established physics in just a few years.

We cover all topics and areas that we consider essentials of black hole physics.
However, as always there are several inclusions and exclusions of topics that some
readers may find questionable. While our choices naturally are influenced by our
field of research, theoretical aspects of black holes, we aspire to give a broad and
fair overview of all aspects of black hole physics. We have strived to

1. make this a self-contained book on black holes,
2. cover basic, advanced, and expert topics suitable for a 1-year course,
3. provide many exercises and (hints for) solutions, and
4. guide the reader through current research topics.

While covering a wide range of topics, we avoid being overly encyclopedic; we do
not intend to give a full literature review on all topics and discuss only the most
essential points. At the end of each chapter, we provide suggestions for further
reading. Finally and importantly, each chapter comes with a set of problems that
are an integral part of the book. There are two types of problems: (1) Exercises
meant to engage the reader with the analysis and discussions of the chapter by
filling in the gaps of calculations and proofs. (2) Problems that are extensions of
the analysis of the chapter. They are interesting and relevant, but we did not find
them crucial enough to be added to the main text.

How to Read and Use This Book

We provide now a rough guideline for how to use this book. Graduate students who
read this book on their own should attempt to solve at least half of the exercises at
the end of each chapter, as a cross-check whether they have digested the material
in the main text. If you are such a student and have already some experience with
black holes, you may skip reading some of the earlier chapters, but you should still
try to complete the exercises just to make sure that you know what you thought
you knew. If you have no experience with black holes whatsoever, then just start
reading Chap. 1 and proceed from there.

Postdocs reading this book may want to skip ahead to their main focus of
interest, which is likely to be in the second half of the book, Chaps. 6–10. Still,
we recommend that you have a look at some of the exercises in the first five
chapters. Essentially, the same is true for more advanced researchers who want to
learn about advanced aspects of black hole physics.

If you plan to use this book as a tool for teaching, then our main recommen-
dation is to drop stuff that you find less relevant and to schedule at least one year



Preface xi

(better: two years) if you plan to teach the content of the whole book. Depending
on the amount of time you have available, here are some reasonable options. If you
are aiming for a one-semester introductory course (about 25 h of lectures), you can
cover the content of the first five chapters, essentially in the order in which they
appear in this book, ending with black hole thermodynamics as a segue to a more
advanced course. If you have two semesters available, you can also cover material
from Chaps. 6–10, but not all of them and not necessarily in the order they appear
in the book. Some reasonable options are (1) Teach the content of Chap. 6; skip
Chap. 7; continue with the first two sections of Chap. 8; follow up with the mate-
rial you prefer from the remainder of Chap. 8 and Chap. 9; conclude with your
version of Sect. 10.3. (2) Start with the first three sections of Chap. 7 and teach rel-
evant concepts about quantum gravity and holography using either gravity in three
dimensions, dilaton gravity in two dimensions, or both; then present the material
of Chaps. 6 and 8–10 from this lower-dimensional perspective. (3) Assuming the
audience is familiar with string theory, you can start with the last two sections
of Chap. 7 and then continue with Chaps. 8–10. Finally, if you have two years
available, then you can reserve the first semester as an introduction to general rel-
ativity with a bias toward black holes (Jim Hartle’s way of teaching works well
in this context: you can discuss geodesics and classical tests of the Schwarzschild
metric before you even introduce Riemannian geometry—so you start out with
the “geometry tells matter how to move” aspect of gravity and only later continue
with the “matter tells geometry how to curve” aspect); from the book you could
cover just the first two chapters, Chap. 4 and Appendices A and F; in the second
semester, you can then cover Chaps. 3, 5, and 6 and Appendix D (Appendices C,
G, and E are optional, depending on the precise scope of your lectures; they can
also be presented as part of the third semester); in the third semester, you could
focus on Chap. 7, gravity in diverse dimensions, and then pursue the presentation
of Chaps. 8–10 from this lower-dimensional perspective (the advantage of this is
that you can teach rather advanced concepts including holography and quantum
information aspects of black holes with a relatively moderate but powerful set
of technical tools); in the fourth semester, you can guide the students to current
research topics, using whichever combination of chapters you find suitable for that
purpose (the precise selection will depend largely on your own research interests
and what you consider as promising).

The rest of this book is organized as follows. The first five chapters of this
book address classical aspects of black holes. The next five chapters discuss semi-
classical and quantum aspects of black holes. The appendices are self-contained
summaries or technical elaborations and in particular, Appendix J collects hints
and solutions to some selected exercises. Below is a more detailed account of the
content of all the chapters and appendices, in their order of appearance.

In Chap. 1, we give an introduction and review some historical aspects of black
hole physics.

Chapter 2 starts with the most basic black hole solution, the Schwarzschild
metric, and discusses 4-dimensional black hole solutions of increasing complexity
as well as their basic properties.
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Chapter 3 provides definitions of concepts like horizon and singularity and
discusses classic theorems like uniqueness, singularity, and topology theorems.

The information imprinted on particles and/or fields probing black holes in the
classical setting is the subject of Chap. 4, as well as the formation of black holes
through particle collision and collapse of matter fields and the linear and non-linear
stability of black holes. A crucial result derived from these classical considerations
is that black holes are labeled by their charges.

Chapter 5 reviews a general formulation to precisely define these charges and
concludes that in physical processes involving black holes, these charges obey the
laws of thermodynamics, once we identify the temperature and chemical potentials
associated with them.

Semiclassical aspects, in which the gravity theory and the black hole solution
are considered classically while probes are treated using quantum field theory, lead
to interesting results like Hawking radiation and black hole evaporation, which is
the topic of Chap. 6. While this semiclassical analysis confirms the thermodynam-
ical picture, it raises puzzles that still await a satisfactory understanding. The latter
brings us closer to the forefront of the current research on theoretical aspects of
black hole physics.

Chapter 7 deals with gravity theories and their black hole solutions in lower and
higher dimensions. The first seven chapters of this book are very well-established
material; the chapters afterward involve formulations, concepts, and results that
have been developed in the last three decades or so and in parts include topics of
the ongoing research.

Chapter 8 introduces the holographic principle and discusses several aspects of
black hole holography.

Chapter 9 is devoted to quantum aspects of black holes beyond the semiclassical
approximation and includes proposals for counting or identification of black hole
microstates.

Chapter 10 provides a summary and an outlook on current and future research
endeavors.

Appendix A summarizes variational identities.
Appendix B defines p-forms.
Appendix C reviews the Cartan formulation of geometry.
Appendix D discusses the Teukolsky equation.
Appendix E gives basics of quantum field theory in curved spacetime.
Appendix F provides the Hamiltonian formulation of general relativity, includ-

ing boundary aspects.
Appendix G focuses on the covariant phase space method.
Appendix H provides derivations of basic equations in the membrane paradigm.
Appendix I displays string theory low energy effective actions in the supergrav-

ity approximation.
Appendix J contains hints and solutions to some selected exercises.
The references in our bibliography are ordered by their first appearance in the

book; to help the reader locate these references, we have provided all page numbers
where they are quoted.
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We hope the reader enjoys our book and has fun solving the exercises. We
appreciate corrections of typos/mistakes sent by e-mail to jabbari@theory.ipm.ac.
ir or to grumil@hep.itp.tuwien.ac.at.

Tehran, Iran
Vienna, Austria

Mohammad Mehdi Sheikh-Jabbari
Daniel Grumiller

mailto:jabbari@theory.ipm.ac.ir
mailto:grumil@hep.itp.tuwien.ac.at.
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1Introduction

Abstract

This chapter sets the stage for this book by giving an overview of the research
field of black holes. We start with a brief review of the formulation of general
relativity (GR) in Sect. 1.1. We then provide a historic summary of black holes,
both from theoretical and observational perspectives in Sect. 1.2. We discuss the
core collapse of typical stars to black holes at the end of the star’s lifetime in Sect.
1.3. Besides their observational richness, black holes give rise to several profound
theoretical questions, particularly in the context of QG. We summarize different
schools of thought developed to address them in Sect. 1.4.

1.1 Essentials of General Relativity

Thepossibility of objects like blackholeswas considered already in 1783by the coun-
try parson John Michell using Newtonian gravity. He pondered what would happen
if the escape velocity of a star would exceed the speed of light. Both ingredients—
Newtonian gravity and the speed of lightmeasured byOle Rømer—became available
just about a century earlier, so the time seemed ripe for Michell’s musings. Indeed,
Pierre-Simon Laplace also mentioned the possibility of black holes about a decade
later. See [15] for more historical details on the origin of black holes.

Despite their possible existence inNewtonian gravity, itwas onlywithinEinstein’s
GR that black holes appeared as ubiquitous solutions, finding a prominent place
therein. This is whywe start with a quick review ofGR. This section is not a substitute
for a proper GR course and is mainly meant to set the stage, clarify our conventions,
and remind the reader of relevant aspects of GR.
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2 1 Introduction

1.1.1 Equivalence Principle and Geodesics

Einstein’s GRmay be thought of either as an extension of special relativity to include
frames that are just locally inertial or as a way to modify Newtonian gravity to make
it compatible with special relativity. GR is based on the Equivalence Principle (EP),
which has different inequivalent formulations. Here, we briefly mention the three
most common ones, adopting the terminology of [16]: there is the Weak Equiva-
lence Principle (WEP), the Einstein Equivalence Principle (EEP), and the Strong
Equivalence Principle (SEP). For a more complete discussion on the statements of
the EPs and their experimental tests, we refer the reader to [17–20].

The WEP posits the equivalence of gravitational and inertial mass, applicable
already in Newtonian gravity. A consequence of the WEP is that all point particles
of different masses follow the same trajectory in a given external gravitational field.
TheWEP dates back to before Newton andwas formulated first by Galilei; it is hence
also called the Galilean or Newtonian EP. A direct consequence of the WEP is that
the gravitational field may be (locally) replaced by acceleration, which hints that a
particle trajectory, in the absence of other forces, should be a geometric quantity.
This is so because forces for which the mass cancels in Newton’s axiom F = ma are
known as fictitious forces, like centrifugal or Coriolis force. They can be eliminated
by changing the reference frame, which implies that the description of fictitious
forces is possible entirely in terms of geometry. Einstein assumed the WEP to be
also true in relativistic systems.

The EEP states that the outcome of any local non-gravitational experiment in a
freely falling laboratory is independent of the velocity and position of the laboratory
in spacetime. That is, all physical observables associated with non-gravitational local
physical processes should be the same for generic observers with arbitrary velocity
and acceleration.

The SEP stipulates that all laws of physics in the context of special relativity
(with the same values for physical constants and parameters in those laws) should
be locally valid. Here, locally means in any sufficiently small free-falling region
of spacetime, for any point/event in the spacetime. So, the difference between EEP
and SEP is that the latter includes also gravitational interactions. The SEP requires
that the internal dynamics in a self-gravitating system under free-fall in an external
gravitational field should not depend on the external field strength.

In a mathematical formulation, spacetime is naturally described through differen-
tial geometry onmanifoldswithMinkowski signature.Accordingly, all the geometric
information is encoded in themetric tensor gμν and the connection�μ

αβ as functions
of some coordinates xμ for a given patch of the spacetime. Greek indices are always
spacetime indices and they can either refer to an explicit coordinate system or be
intended as abstract indices.

Physical theories generically deal with particles, fields, and their interactions.
Particles are mathematically described through their trajectories in spacetime, which
we parametrize as xμ = xμ(λ) with some affine parameter λ. Particles generically
source the fields and are affected by the fields through the forces exerted on them.
Fields are described by various tensor fields. In GR themetric gμν(xα) is the dynami-
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cal field. The EPs have important implications for the dynamics of particles and fields
as well as their interactions.

The EEP implies that free particles follow geodesics,

d2xμ

dλ2
+ �μ

αβ

dxα

dλ

dxβ

dλ
= 0 . (1.1)

The affine parameter λ parametrizes the geodesic trajectory, xμ = xμ(λ). The EEP
then fixes the symmetric part of the connection to be the Christoffel symbol of the
second kind.

�μ
αβ + �μ

βα = gμν
(
∂αgβν + ∂βgαν − ∂νgαβ

)
. (1.2)

Here, gμν denotes the inverse metric, and gμαgαν = δ
μ
ν and ∂μ = ∂/∂xμ are partial

derivatives. The above can be recast as the metric compatibility condition, ∇αgμν =
0, where ∇α denotes the covariant derivative.

The EEP is made manifest in the geodesic equation through the fact that there
always exists a so-called normal coordinate system in which the Christoffel symbols
vanish locally. The geodesic equation (1.1) implies that the norm of the velocity
vector dxμ/dλ is an invariant along the geodesic. Therefore, depending on the sign of
|dxμ/dλ|2, there are three classes: timelike, lightlike (null), and spacelike geodesics.
In our conventions, these are respectively associated with negative, zero, and positive
normsof the velocity vector. Relativistic causality implies that physical particlesmust
follow causal curves, i.e. curves whose tangent vector along the path is timelike or
null. Thus, for most applications, the interesting geodesics are causal ones.

The EEP and SEP have implications for the dynamics of fields. While not nec-
essary, it is usually assumed that the dynamics of fields is provided by an action
where the equations of motion (EOM) are obtained by a variational principle. That
is, requiring vanishing variation of the action for arbitrary field variations yields the
field equations.1 Given an action for a generic tensor field, the SEP implies that the
action should be minimally coupled to gravity and should be invariant under gen-
eral coordinate transformations, also known as diffeomorphisms. Minimal coupling
means that in normal coordinates the action reduces to the one we have in special
relativity where the field theory is defined in Minkowski spacetime. Starting with
a diffeomorphism invariant action and recalling that the fields and their variations
are tensors, the variational principle implies that the field equations are tensor equa-
tions, so their components transform covariantly under diffeomorphisms. General
coordinate invariance of the action is a weaker condition than imposing the EEP.

1 In general, varying an action yields bulk field equations plus boundaryEOM.Having awell-defined
variational principle amounts to choosing appropriate boundary conditions for the fields and their
variations that guarantee that the boundary EOM hold. Typically, there can be several inequivalent
choices of boundary conditions for a given bulk theory, e.g. Dirichlet, Neumann, Robin, or mixed
boundary conditions. As discussed in Chap. 6, in Einstein gravity usually the Gibbons–Hawking–
York boundary term [8,21,22] is employed, as it guarantees Dirichlet boundary conditions for the
metric.
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Unless explicitlymentioned otherwise, in this bookwe assume the SEP. Requiring
the SEP implies that the Lagrangian for gravity should be a local scalar functionmade
from invariants of the Riemann tensor or its covariant derivatives. The SEP by itself
does not uniquely fix the gravity action. One may then add other physical require-
ments to fix or at least restrict the gravity action. An efficient paradigm borrowed
from effective field theories (EFTs) is the derivative expansion. Themain assumption
here is that the true field theory may not be known, but if tested at sufficiently low
energies only a few terms contribute to the essential dynamics, namely those with the
lowest number of derivatives. Applying this paradigm to gravity compatible with the
SEP yields a gravitational action of the form I [gμν] ∼ ∫

d4x
√−g

(
R − 2	 + . . .

)

where the ellipsis denotes terms with at least four derivatives on the metric and pos-
sible boundary terms. The action is normalized such that the Ricci scalar R has a
conventional factor of unity in the integrand (see below for the overall normalization
of the action). This part is known as the Einstein–Hilbert action, but we will also
refer to the full action as such. The only term with fewer derivatives than the Ricci
scalar is the cosmological constant 	. This action is the core of Einstein gravity.

1.1.2 Einstein Gravity

The bulk action including Einstein gravity plus matter fields in usual conventions is

I = Igrav + Imatter = 1

16πGN

∫

M
d4x

√−g
(
R − 2	

) +
∫

M
d4x

√−gL(�I )

(1.3)
where GN is Newton’s constant, M is the spacetime manifold, g = det gμν , and
�I denotes summarily matter fields. Variation of this action yields Einstein’s field
equations

Gμν + 	gμν = 8πGN Tμν (1.4)

where

Gμν := 1√−g

δ(
√−gR)

δgμν
= Rμν − 1

2
gμνR Tμν := − 2√−g

δ Imatter

δgμν
. (1.5)

Einstein’s equations (1.4) are supplemented by the EOM for the matter fields �I .

δ Imatter

δ�I
= 0. (1.6)

Einstein’s theory is classically background-independent in the sense that the
spacetime manifold M in which the gravitational and all the other fields reside
is a solution to the same field equations and not specified as an external background.
The metaphor often used in this context is that the ‘stage becomes an actor’, where
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Fig. 1.1 First observation of GWs by LIGO. Depicted is the GW-form, both measured and fitted
from theory, corresponding to the merger of two black holes with about 29 and 36 solar masses,
resulting in a final black hole of about 62 solar masses, with 3 solar masses radiated away through
GWs. Source [23]

‘stage’ refers to spacetime and ‘actor’ to the interacting fields. In Einstein’s gravity,
the spacetime metric itself is an interacting field.

Einstein’s field equations (1.4) are ten coupled secondorder, non-linear, partial dif-
ferential equations. Already the two-body problem is prohibitively difficult to solve,
as opposed to Newtonian gravity, where the two-body problem is a first-semester
physics exercise. And yet, we need to solve the two-body problem to decipher grav-
itational wave (GW) data from black hole mergers like in Fig. 1.1. Moreover, the
non-linearity of the equations makes the relation between sources Tμν and fields gμν

highly non-trivial, as compared to linear theories like Maxwell’s. In essence, this
non-linearity is the reason why we have black hole solutions. It also makes a full
classification of solutions (with given asymptotic behavior and knownmatter content
�I ) quite non-trivial and hence interesting.

Given the non-linearity of the Einstein equations (1.4), it is not manifest that
they provide a well-posed initial value problem, also known as a Cauchy problem.
By this, it is meant that initial data are provided for the metric, the matter fields,
and their momenta on some constant time slice of spacetime. Having a well-posed
Cauchy evolution means that the Einstein equations define deterministic dynamics.
Due to their non-linear nature, the Einstein equations can yield solutions that have
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singular loci or so-called Cauchy horizons (to be defined and discussed in Chap.
3). At singularities and beyond Cauchy horizons, there is no well-defined Cauchy
evolution and hence the dynamics ceases to be deterministic.

1.2 Brief Review of Black Hole History

The history of black holeswithin Einstein’s gravitymay be divided into two episodes,
with the separation point being in the mid-1960s. The first five decades (∼1916–
1967) were a time of slow but steady progress regarding black holes, which picked
up speed in the 1960s. Around 1967, the term ‘black hole’ was popularized by John
Wheeler after his audience got tired of repeatedly hearing the expression ‘gravita-
tionally completely collapsed object’ [24]. A few years earlier Roy Kerr had found
a class of solutions describing rotating black holes [25]. This, and other discoveries
in the 1960s, established two main branches of black hole research in the second
episode of black hole history.

One of them can be summarized as ‘black holes in the sky’. It started in the late
1960s and has greatly evolved with the advancement of cosmological, astrophysical,
and GW observations, largely due to rapid technological innovations. In the typical
cycle of most technologies, paraphrased as ‘the discovery of today is the tool of
tomorrow and the background of the day after’, we have barely reached tomorrow in
2022 when it comes to black holes. The main upshot of this research branch is that
the observational evidence for black holes from accretion disk physics, microlensing,
observations of Keplerian orbits around supermassive black holes, GW observations
of black hole mergers, and imaging of black hole shadows is so overwhelming that
there is little room for doubt about their existence. See Fig. 1.2 for the first image of
a black hole shadow.

The second, purely theoretical, branch started slightly later in the 1970s with
seminal discoveries by Jacob Bekenstein and Stephen Hawking, who kicked off the
study of thermodynamical, semiclassical, and quantum effects in black hole physics.
While this story is still mostly in the discovery phase and thus few statements can
be made on which all respectable researchers would agree, one aspect of black holes
seems uncontroversial: they appear to be a key system to understand on our road
toward the elusive theory of QG. This is what makes them so striking for theoretical
research.

1.2.1 First Five Decades: Finding Solutions and Classic Analyses

Constructing exact solutions to Einstein’s equations (1.4) has been an important part
of the research work carried out in this era. What is now known as Schwarzschild
black hole was the first non-trivial exact solution to the vacuum Einstein equations
Rμν = 0. Karl Schwarzschild found his solution at the end of 1915, less than two
weeks after Einstein’s groundbreaking work on GR [27], and published it in 1916.
The same solution with a simpler and more direct derivation was independently
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Fig. 1.2 Imaging of the shadow of the black hole Messier 87 [26]

found by Johannes Droste [28]; see [29] for more historical remarks. It took a long
time to fully understand this solution. As we will discuss in the coming chapters,
this solution has two specific loci, a horizon, and a curvature singularity. The length
scale associated with the horizon can be determined through dimensional reasoning.
The only way to combine mass M and Newton’s constant GN into a length (in units
where the vacuum speed of light equals unity) is r ∼ MGN. Inserting as an example
the mass of the sun M = M� ∼ 2 · 1030 kg yields a length scale of about 2km.
Somewhat unexpectedly, this is not some astronomical number but rather a typical
walking distance. The physical reason for this apparent scale disparity between an
astronomical mass and an everyday-life distance is that gravity is an extremely weak
force, which is either incidental or something profound [30].

That the horizon is not a singularity (as thought initially) but still a special place
became apparent through works of many in the course of several decades, among
themLudwigFlamm(1916) [31], Paul Painlevé (1921) [32],AllvarGullstrand (1922)
[33], Arthur Eddington (1924) [34], Georges Lemaître (1932) [35], Howard Robert-
son (1938) [36], John Synge (1950) [37], David Finkelstein (1958) [38], George
Szekeres (1960) [39], Martin Kruskal (1960) [40], Roger Penrose (1965) [41–43],
and Werner Israel (1966) [44]. Each of them introduced a different coordinate sys-
tem to make manifest and stress-specific features of the Schwarzschild solution. As
implied by the EEP and its manifestation through general covariance, the physics is
independent of the choice of the coordinate system. Nonetheless, a lesson learned
from all these efforts is that the choice of an appropriate coordinate system can have
an important role in revealing various features of a given spacetime.

The efforts for understanding the Schwarzschild solution led to the realization
that in general there could be causally disconnected regions of spacetime, separated
by a null hypersurface dubbed ‘horizon’. Horizons can be formed by the evolution
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of spacetime [41,45]; they may be observer-dependent; there are local and global
concepts of horizons. All these different possibilities will be discussed and clarified
in the coming chapters. However, for the sake of the introductory discussion in this
chapter, we adopt a rough definition of black holes as spacetimes with a horizon,
where by horizon we mean a null hypersurface that acts like a semi-permeable
membrane throughwhich things can fall in but cannot come out. As we shall mention
below, this defining property of black holes needs to be revised once quantum effects
are considered.

Historically, the next black hole solution was the one found by Hans Reissner and
Gunnar Nordström (RN) in 1916 [46,47]. It describes electrically charged static,
spherically symmetric black holes. While Schwarzschild needed only a few weeks
to find the black hole solution named after him and RN followed soon afterward,
it took a couple of decades until Roy Kerr constructed a non-static, non-spherically
symmetric, rotating black hole solution [25]. In the same year, Frank Tangherlini
generalized the Schwarzschild solution to any dimension [48]. These discoveries
were soon followed by the charged rotating Kerr–Newman (KN) solution in 1965
[49]. These efforts of the 1960s were completed by proofs of various theorems,
in particular uniqueness, no-hair, singularity, and topology theorems. Among other
things, these theorems established the pragmatic insight that Kerr black holes are the
most general exact solution of Einstein’s equations (1.4) that most astrophysicists
need to care about. Moreover, they showed that singularities hidden inside black
holes are not artifacts of some special assumptions, but rather generic aspects of
black hole spacetimes.

In the late 1960s, the stability of black hole solutions was investigated, perhaps
as a way to remedy the singularity forming as a result of gravitational collapse. The
first steps in this direction were made by Roger Penrose with two main conclusions:
(1) Through the Penrose process (also known as the superradiance effect or black
hole mining) [50,51], one can extract energy and angular momentum from rotating
black holes. (2) Penrose’s Cosmic Censorship Conjecture (CCC) states that a ‘naked
singularity’ (meaning one that is not screened by a horizon) either cannot be formed
or is unreachable for any physical observer as long as they do not jump beyond a
horizon [45,52,53]. In the 1980s, the non-linear stability of flat space was proven
by Demetrios Christodoulou and Sergiu Klainerman [54,55]. Proof of non-linear
stability of Schwarzschild black hole came later in 2021 [56].

In parallel but closely related developments, it was established that black holes
can dynamically form within GR through the gravitational collapse of ordinary mat-
ter, starting from seminal work by Subrahmanyan Chandrasekhar and by Richard
Tolman, Robert Oppenheimer, and George Volkoff (TOV). In particular, as we will
review in Sect. 1.3, usual stars, if heavy enough, can evolve into black holes. There-
fore, black holes with masses of the order of typical stars, like a few times the mass
of our Sun, should be ubiquitous in the sky, which provided a good motivation to
believe in their existence even during the first five decades, when there were no
observational hints of black holes yet.
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1.2.2 Black Holes Through Observations

That black holes, with their unusual theoretical properties, could be objects found
in the sky received a great boost with the discovery of neutron stars (pulsars) in the
late 1960s. The first strong candidate for a black hole, Cygnus X-1, was discovered
in 1972 through X-ray emission from a binary star system by Charles T. Bolton and
by Louise Webster and Paul Murdin [57,58]. These X-ray binaries usually consist
of a heavy star (typically a black hole) which gradually accretes mass from a lighter
companion star. About a year later, it was largely accepted that the black hole hypoth-
esis provided the simplest explanation of the X-ray spectrum observed, though there
remained some lingering doubts for a while about whether or not Cygnus X-1 con-
tains a black hole. In the meantime, dozens of black holes have been discovered
through X-ray spectra from binary systems; see e.g. [59].

In 1994, Charles Townes and colleagues [60,61] observed highly rotating ionized
neon gas around the center of our galaxy in Sagittarius A*. They attributed their
observation to a supermassive black hole of mass around a few million M�. Since
then, a lot of further evidence gathered for this hypothesis. It is very much hoped
that a more direct image of the shadow of this black hole can be generated using the
Event Horizon Telescope (EHT) based on radio astronomy [62] in the coming years.

Astronomical black hole hunts are usually done in three different channels:

(1) X-ray astronomy, in particular by Chandra X-ray observatory [63] looking for
accreting stars in binaries.

(2) Radio astronomy, in particular by the EHT and its upgrades [62].
(3) GW detection, by the Laser Interferometer Gravitational-wave Observatory

(LIGO) [64] andVirgo (and their upgrades) [65], and other upcomingGWdetec-
tion experiments.

These different channels are apt for observing different mass ranges. The EHT is
suited to observe supermassive black holes of the order of several million to several
billion M�. While started in 2006, it published its and the first black hole image
from the center of the Messier 87 galaxy in 2019 [26]. The GW detection technique
is more suitable to record mergers of binary objects of masses from about a few M�
to a few hundred M�. X-ray astronomy could be used for a wider range of masses
including solarmass to supermassive objects. There are proposals to use gravitational
microlensing as a method to detect black holes; see, for example, [66–68]. While a
promising proposal, it has not yet produced confirmed observations.

The X-ray astronomy and GW observatories have produced a catalog of a few
hundred black hole candidateswith amass range of a few to a fewbillion solarmasses.
It is a thriving area of research. and this list is improved and enlarged essentially day
by day. While there is a consensus that what we see in observations does correspond
to the black holes in our theoretical setting (GR), some have entertained the idea
that the theory has compact massive solutions (e.g. gravastars [69–71]) which to
a good extent have similar observational signatures to black holes. More precise
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Fig. 1.3 Measured Kepler
orbits of stars around black
hole Sagittarius A∗. Image
by cmglee on wikipedia.
Original source: [72]

GW detection experiments and/or more precise EHT images will provide a more
definitive answer.

The status of black hole observations is summarized in Table 1.1, ordered by
mass ranges. The most common black hole type is stellar, generated through the
gravitational collapse of stars, as discussed in Sect. 1.3. Not only are these black holes
abundant, as expected from the conclusions above, but there is also an abundance of
observational data from accretion disks surrounding black holes and GW emission
from stellar black hole mergers.

Heavier black holes are labeled either as ‘intermediate’ or ‘supermassive’. The
latter are located at centers of galaxies, including Sagittarius A∗ in our Milky Way.
While believed to be abundant, observational evidence for them is more scarce. The
best evidence for the black hole at the center of theMilkyWay is from stars onKepler
orbits around the black hole (see Fig. 1.3). The best evidence for an extragalactic
supermassive black hole is the observation of the shadowof theMessier 87 black hole
(see Fig. 1.2). There are very few observations of intermediate black holes through
GW emission from mergers of two heavy stellar black holes.

Lighter black holes fall into three categories, ‘primordial’, ‘mesoscopic’, and
‘microscopic’. Primordial black holes (PBHs) could be generated in the early uni-
verse and if lucky, we could observe them through Hawking radiation or microlens-
ing. This has not happened so far, which places some bounds on their abundance.
PBHs have also been proposed as dark matter candidates [73–75]. Mesoscopic black
holes in principle could also be generated in the early universe, but are so light that
they would have Hawking evaporated by now, meaning that it is harder to place

https://commons.wikimedia.org/wiki/File:Galactic_centre_orbits.svg
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Table 1.1 Black hole zoology from high to small mass

Black hole type Mass range Status Some observation
methods

Supermassive ≥105 M� Handful observations Kepler orbits, black
hole shadow

Intermediate 102–105 M� Few observations GWs from heavy
mergers

Stellar 3–100 M� Numerous
observations

Accretion disks, GWs
from mergers

Primordial 1011 kg–1031 kg Not observed Hawking radiation,
microlensing

Mesoscopic 10−8 kg–1011 kg No data ?

Microscopic � 10−8 kg Not observed Large Hadron Collider

bounds on them from data. Microscopic black holes are of the order of the Planck
mass (and in certain speculative theories can even be lighter than that). These are
very short-lived and the Large Hadron Collider provides exclusion bounds on their
existence.

1.2.3 Black Holes as Thermodynamical Systems

The information buildup of the 1960s implied that black holes are not strange solu-
tions of GR that should somehow be bypassed or dismissed, but on the contrary, they
should be taken as real physical objects to be properly understood. In particular, one
may ask what are the implications of the presence of black holes, horizons, and sin-
gularities for other areas of physics. A serious exploration of this class of questions
was started in the 1970s by John Wheeler and his coworkers on the one side and
Penrose, Hawking, and collaborators on the other side. While there have been some
very good technical and conceptual advancements, some questions unveiled in the
1970s are still occupying us today.

In the early 1970s, triggered by some questions from his Ph.D. advisor Wheeler,
Bekenstein noted that black holes should have an entropy [76] to save the second
law of thermodynamics. The key gedankenexperiment is to throw some entropic
substance (originally a cup of lukewarm tea) into the black hole to hide its entropy
behind the black hole horizon; if black holes did not have an entropy, the second law
of thermodynamics would be violated. However, if black holes do have an entropy
related to their size there is not necessarily a contradiction, since throwing something
into a black hole increases its mass and thus its size. More specifically, Bekenstein
proposed a black hole entropy proportional to the area of the horizon, partlymotivated
by Hawking’s area theorem that resembles the second law of thermodynamics, with
area playing the role of entropy.All four laws of thermodynamics have corresponding
black hole mechanics statements [77], but it was not immediately obvious whether
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one should take this analogy seriously and conclude that black holes behave like
thermal systems.

Initially, Bekenstein’s conjecture appeared to contradict basic aspects of black
hole physics or thermodynamics: if black holes had entropy, the four laws of black
holemechanics dictate that they also shouldhave a temperature that scales like surface
gravity. However, any substance with temperature must radiate, and black holes,
almost by definition, should not radiate. The contradictionwas resolved byHawking,
who studied the behavior of quantum fields external to the horizon. Quantizing
under these external conditions revealed that the horizon is no longer a one-way road
semiclassically; there is quantum leakage to the outside. This leakage is of the formof
usual black body radiation with a Planck spectrum giving a temperature proportional
to surface gravity. This radiation is commonly known as Hawking radiation [78,79].

Quite remarkably, the thermodynamical and quantum mechanical considerations
led to results confirming each other. The four laws of black hole mechanics do not
just resemble the laws of thermodynamics, they are identical to them. The surface
gravity, the gravitational acceleration of a free-falling observer at the surface of the
horizon (up to a factor of 1/(2π)), is indeed the temperature of theHawking radiation.
The entropy does scale like the area, with a precise numerical factor of 1/(4GN),
thus confirming Bekenstein’s proposal. The Bekenstein–Hawking (BH) entropy

SBH = area

4GN

(1.7)

is the first milestone in this line of research. Note that (1.7) is written in natural units
where Boltzmann constant kB , Planck constant �, and vacuum speed of light c are
set to 1. See Exercises 1.2 and 1.3 for more discussion on these units.

The fact that thermodynamical and quantum mechanical considerations confirm
each other could be pointing to a deep feature of quantum theory or QG that is not
yet fully understood and formulated. But it shows already the conceptual importance
that black holes play in our attempts to bring together GR with quantum mechanics.
Actually, given the scarcity of observational data regarding QG, the BH law (1.7)
is often used as a template for falsification. The basic logic is as follows. Suppose
you have constructed your favorite theory of QG (perhaps in some suitable limit,
e.g. of large black holes). One of the first questions you should address is: can you
predict the BH law (1.7) with the correct prefactor? If not, you should dismiss your
construction as unphysical, since it is practically guaranteed to be incorrect. This
argumentation shows the amount of trust we have in the BH result (1.7) and its
usefulness in QG research.

The 1970s brought great conceptual advances and completely changed the pic-
ture physicists had about black holes. But, as Hawking famously noted in the late
1970s, these results engender deeper conceptual questions about the unitarity of the
evolution of quantum systems involving black holes, the information puzzle (also
known as information paradox or information loss problem) [80]. The short version
of this puzzle is that black holes can be generated from pure quantum states, such as
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a bunch of laser beams pointing to a common center.2 After the black hole formation
process has settled down, the black hole will emit Hawking radiation and eventually
evaporates. Thus, the final state is thermal and consists of the outgoing Hawking
quanta. From this, one may conclude that one has a conversion of a pure initial state
into a mixed final state, which is impossible in a unitary quantum theory. So the
issue at stake here is unitarity, and the first question of the information loss problem
is whether or not the information is lost in evaporating black holes in principle or
just for practical purposes. The latter happens also in many macroscopic quantum
systems, such as a bunch of laser beams pointing to a piece of coal, thereby heating
it up.

The last four–five decades allowed us to sharpen the questions revolving around
black hole evaporation and the information puzzle. One important step came through
thework ofWilliamUnruh [81]who established that surface gravity= temperature is
compatible with the EP. Explicitly, any accelerated observer should describe physics
at a non-zero temperature. Another conceptual step was taken through the work
of many, in particular, Gerard ’t Hooft [82] and Leonard Susskind [83], by the
introduction of stretched horizon/brickwall and black hole complementarity [83,84].
The main point of black hole complementarity is to claim that the EP and quantum
theory are compatible with each other and that physical information available to the
observers outside the horizon is completewithout the need for adding the information
from the inside, while at the same time an infalling observer has access to (some of)
the information falling through the horizon.

A supplementary viewpoint to black hole complementarity puts more focus on the
thermodynamical aspects of black holes. Thanks to Ludwig Boltzmann’s insights,
we should expect a statistical mechanics explanation of black hole entropy. So it
is worthwhile to ask whether it is indeed true that black holes have an underlying
microscopic description, and if they do, can we identify and count the black hole
microstates?Finally, even ifwe succeed in this endeavor, does the counting agreewith
the BH law (1.7), at least in the semiclassical limit? Having a statistical mechanics
description of black holes is not only an important result in its own right, but it may
allow concluding that black holes behave like other statistical mechanics systems,
such as the laser-coal example above. This in turn could lead to the conclusion that
there is only information loss for practical purposes, but not in principle.

In the early 1990s, ’t Hooft [85] and Susskind [86] proposed the holographic
principle, which is inspired by the BH law (1.7) and the simple observation that the
area scales in the same way as the volume in one lower dimension. The holographic
principle postulates that QG in D + 1 spacetime dimensions is equivalent to ordinary
quantum field theory (QFT) without gravity in D spacetime dimensions. If correct,
this is probably one of the most astounding conceptual outcomes of theoretical black
hole research.

2 This is not the most practical way to generate a black hole, but for this kind of argumentation
gedankenexperiments are usually sufficient to point out the key issues.
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In the mid-1990s, Andrew Strominger and Cumrun Vafa [87] presented a method
to count black hole microstates of certain supersymmetric black holes at zero tem-
perature within superstring theory, themost prominent candidate of QG.At that time,
it was quite a surprise that superstring theory knows about the BH law (1.7), and
encouraged by this result many researchers concluded that string theory could be on
the right track. However, despite great successes, generalizations, and elaborations
since the seminal Strominger–Vafa paper, their counting does not directly shed light
on the information puzzle, as supersymmetric black holes do not Hawking-radiate.

In 1997, Juan Maldacena proposed a new duality in superstring theory, known
as Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [88]. It pro-
vides a concrete realization of the holographic principle by identifying which gravity
theory (type IIB superstring theory on AdS5 × S5) is dual to which QFT (maxi-
mally supersymmetric Yang–Mills theory in four spacetime dimensions). Moreover,
it allowed concrete tests by calculating observables on gravity and field theory sides
and comparing them, using the holographic dictionary established by Steven Gubser,
Igor Klebanov, and Alexander Polyakov [89] and by Edward Witten [90]. Besides
more practical applications to describe strongly coupled QFTs or strongly correlated
condensed matter systems, the main job of AdS/CFT is to teach us about QG by pro-
viding us with tools for concrete calculations that in turn enable us to answer sharp
questions on black holes, their microstates, and their evaporation. It is hard to exag-
gerate the impact of AdS/CFT on QG research since it provides a non-perturbative
definition of QG in terms of its QFT dual, which does not involve gravity.

After the turn of themillennium for awhile, the information puzzlewas considered
to be solved by AdS/CFT, in the sense that the CFT dual was unitary by construction
and thus information cannot be lost. However, it still would be nice to understand
how precisely information is not lost from the gravity perspective, and also whether
one can understand on the CFT side why semiclassically information appears to be
lost.

These issues reentered the lightcone of numerous researchers after black hole
complementarity was challenged in the work of Ahmed Almheiri, Donald Marolf,
Joseph Polchinski, and James Sully [91]; see also [92]. They concluded that the three
main assumptions of black hole complementarity—unitary time evolution, SEP, and
linear quantum mechanics—were incompatible with each other and one had to give
up at least one of them. Further, they suggested giving up the SEP at the scale
of the horizon, which practically means that an observer falling into a black hole
would be killed by a firewall near the horizon. As of today, there is no universally
accepted resolution of the firewall paradox, though there are intriguing proposals
within AdS/CFT that do not require a firewall and that maintain the SEP; see, for
example, [93,94] and references therein.

Attempts in addressing the black hole information puzzle may be roughly put into
three different classes of ideas: (1) The information puzzle arises in the semiclas-
sical approximation and can be resolved within the same regime. Relatedly, black
hole microstates of (sufficiently big and hot) black holes can be constructed in the
same approximation. (2) The information puzzle and the construction of black hole
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microstates are inherently quantum problems and a full theory of QG is essential to
understand them. (3) Information is lost.

All three viewpoints have their advocates and are active areas of research. While
the jury is still out on this issue, it is fair to say that option (3) is a minority viewpoint.

1.3 Gravitational Collapse in Stars

Since the early days of GR, the evolution of stars was studied. Typically, one models
the stellar matter by a perfect fluid (with pressure P , energy density ρ, and some
barotropic equation of state, P = P(ρ)) and studies its dynamics governed by Ein-
stein’s equation (1.4). This model yields the TOV equation [95,96] for the spherical
symmetric matter. The free ingredient in the TOV model is the equation of state,
which carries the information about the interactions of matter in the star. It changes
in different phases of stellar evolution.

If heavier than 8–9 M�, a star can reach a supernova phase in its evolution, where
the outer layers of the star are expelled, leaving behind a remnant that is typically a
neutron star or a black hole. For details on the end of the life of stars, see [97–99].

1.3.1 Core Collapse Supernova and Black Hole Formation

As a star evolves, it gradually uses up its light element nuclear fuel and there is a
buildup of iron nuclei in the core of the star. Iron is very stable and cannot enter
into nuclear reactions. Even in the absence of thermal pressure, which follows from
the absence of nuclear reactions, the core remains stable if sufficiently light, since
the gravitational attraction of its constituents can then be balanced by the Fermi
degeneracy pressure of the electrons. When and if the mass of the iron core reaches
the Chandrasekhar mass, M ≈ 1.4M�, the Fermi degeneracy pressure of electrons
in the core cannot withstand the attraction of the gravitational force and the core
implodes. This provides enough energy and pressure to disintegrate the iron nuclei
in the core so that the protons and neutrons are set free. More importantly, it also
provides thermal energy to protons and electrons and results in the de-leptonization
process through inverseβ-decay: protons capture electrons and produce neutrons and
electron neutrinos. Neutrinos are only weakly interacting and therefore emitted from
the core, carrying away energy in the process. Thus, in the end, nearly no leptons
remain in the core. The de-leptonization process happens on short time scales, of
about 10−4 s.

In the absence of the Fermi degeneracy pressure of electrons, the core compresses
under its gravitational self-attraction. This sends shock-waves through the outer
layers of the star. The core itself is heatedup and light particles, in particular neutrinos,
are produced thermally within the core. The thermal neutrinos again diffuse out,
further reducing its energy (by about 10%), opening the way for further squeeze and
shock-waves to the outer layers. The outer layers explode in a supernova, and what
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remains is a very compact object with a mass around the Chandrasekhar mass. The
whole process of de-leptonization to the supernova takes only a few hours.

Depending on the precise mass of that very compact object, distinct possibilities
arise. If its mass is less 3 than 2–3M�, then generically it consists mostly of neutrons
(since neutrinos are emitted, and electrons and protons converted into neutrons) and
is kept stable due to a balance of gravitational attraction and the Fermi degeneracy
pressure of neutrons. Reality is a bit more complicated than this simple picture
where the whole core is converted into neutrons, and in fact, the four fundamental
forces (electromagnetic, weak, strong, and gravitational) play a role in the stability
of compact stars; see [105] for lecture notes. Since we want to stick to the essence
of the discussion, let us pretend that the final result of this process is a neutron star.
The newly born neutron star is usually observed as a pulsar.

If the mass of the remaining very compact object is bigger than 3M�, the degen-
eracy pressure cannot withstand gravitational attraction and instead of a neutron star
we get a black hole. Black holes are hence theoretical predictions of GR that are
expected to be quite abundant in our universe.

1.3.2 Estimating the Chandrasekhar Mass

To discuss the gravitational collapse of a star, we need a model of stellar evolution.
The evolution of real stars is a complicated problem and many aspects of it are still
a matter of research. Here, we give a very simple account to give the essence of the
derivation of the Chandrasekhar mass. The details of the derivation may be followed
through in Exercise 1.4. For a more thorough discussion and analysis, we refer the
reader to [51,102,103].

Consider a star, a compact spherical body of mass M and radius R. The total
energy of the system is given by

E(R) = Ekin + Egrav (1.8)

3 The precise number depends on the precise composition of the compact star and requires to specify
the equation of state. The theoretical upper bound on neutron stars with known interactions obtained
through the TOV model using the latest data from various astrophysical sources is 2.16M� [100],
while the heaviest confirmed observation of a neutron star so far is 2.14M� [101] and the lightest
observed neutron star has 1.1M� [102]. By comparison, the lightest confirmed stellar-mass black
hole has a mass around 5M� [103]. So theoretically, it is possible to have slightly lighter black
holes than observed so far. Allowing for more exotic stars, like quark stars [104] or stars made out
of other exotic types of matter, one may have pulsars heavier than 2.16M�. Finding the precise
boundary between compact stars and black holes as well as determining the composition of the
former are active research areas that are of interest both observationally and theoretically. On the
theory side, it touches upon the frontiers of particle physics in a regime where the four fundamental
interactions, including GR effects, are important.
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where

Ekin 	 Kp

R p
Egrav = −α

GM2

R
, (1.9)

with α being a positive numeric coefficient.4 The coefficient Kp and value of p
depend on the details of the internal dynamics of the star. In a rough account, one
can distinguish three different stages in the evolution of a usual star:

(1) The normal phase, when the gravitational pressure of the star is balanced by
its thermal pressure. In this phase, p = 3 and K3 = 3

2 · 3MT
4π where T is the

temperature of the star.
(2) When the usual nuclear fusion reactions of the star are more or less over and its

gravitational attraction is balanced by the degeneracy pressure of non-relativistic
electrons. In this case, p = 2 and K2 ∼ 3

5 (9π/4)2/3 · 1
2me

· (M/mN )5/3 where
me,mN are respectively the electron and nucleon masses (i.e. masses of protons
and neutrons, which roughly are the same).

(3) The last stage, when the kinetic energy is dominated by the degeneracy pressure
of neutrons. In this case, p = 1 and K1 ∼ 1

4 (3πM/(4mN ))4/3.

Go through Exercises 1.4, 1.5, and 1.6 for more discussions.
When p > 1, E(R) in (1.8) has a minimum at Rstar, where Rp−1

star = pKp/

(αGNM
2), at which the star settles down. The p = 1 case during the last stage

is very special: there is no minimum and if K1 < αGNM
2 there is nothing to stop

the gravitational collapse. There is hence a phase transition at the critical mass, the
Chandrasekhar mass

MC = γmN

(
MPl

mN

)3

(1.10)

where γ is a numerical coefficient, MPl is the Planck mass (cf. Exercise 1.2), andmN

is the nucleon mass. To compute the coefficient γ , one should not only determine α

more carefully but also examine how relativistic our fermions are. For this detailed
analysis, we refer interested readers to [51,102,103]. The final result is γ ∼ 0.8 and
MC = 1.4M�. One of the remarkable features of the Chandrasekhar mass MC (1.10)
is that it only contains one physical parameter, the neutron mass mN , and the three
constants of nature, c, �,GN, which appear through the Planck mass (see Exercise
1.2); MC only depends on microphysics. Despite the fact that this was computed for
electron degeneracy pressure, MC in (1.10) is independent of me.

To summarize this part, if we start with core masses below the Chandrasekhar
limit (1.10), Mcore < MC, the star stabilizes and the electrons at the Fermi surface
are sub-relativistic. If we start with Mcore > MC, the electron degeneracy pressure
cannot withstand the gravitational force and the system collapses. The final outcome
depending on M can either be a neutron star or a black hole. A detailed computation,

4 Assuming uniform density α = 5/3, but in real situations the density has a radial profile, which
effectively changes α. The specific value of α does not change our qualitative analysis here.
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which involves also GR effects (see Exercise 1.6 to see why), indicates that we
typically get a neutron star for M < 3M� and for M > 3M� a black hole. This is of
course assuming having amatter made from known particles and interactions (within
the Standard Model of particle physics). Other exotic types of matter may give other
values, for example, see [104,106,107].

The message to take away from this part is that black holes are produced abun-
dantly in our universe through gravitational collapse, as a consequence of the dynam-
ics of ordinary matter with known physics.

1.4 Different Schools of Thought on Black Holes

The field of black hole physics has received a lot of attention, especially in recent
years, in part due to fantastic progress in observations involving black holes. In this
somewhat philosophical section, wemainly focus on theoretical aspects of black hole
physics and just briefly touch upon the exciting and intense research associated with
observational aspects. There are several conceptually distinct ways to think about
black holes, and all of them have their merits and limits. We group these approaches
loosely together into three schools of thought, defined in the remainder of this section.
Here, we mainly focus on what these schools have offered for black hole physics,
and not for (quantum) gravity in general.

These schools are not mutually exclusive, but serve to highlight different aspects
of the same physical entities, namely black holes. They also influence the way some
researchers think about unresolved issues in black hole physics, including the infor-
mation loss puzzle and QG. We shall say more about these open issues and specula-
tions in later chapters.

1.4.1 GR School

Themotto of this school is ‘everything is geometry and symmetries’. Itsmain guiding
principle is the EP and its main framework GR as a theory of spacetime.

As mentioned in Sects. 1.2.1 and 1.2.3, one may consider black holes primarily
as objects in classical GR and try to study and explore questions regarding black
holes which come about and can be studied in this setting. We call this attitude the
GR school, whose focus is mostly on geometrical aspects of gravity.

Questions studied within the GR school may be put in two categories according
to the main set of techniques being used to analyze them, namely analytical and
numerical gravity. Examples for the first category are to develop exact solution
techniques, to prove various theorems about black holes and spacetimes containing
them, including singularity, area, no-hair, uniqueness, positive mass theorems, and
the four laws of black hole mechanics, to show the stability of solutions, and to
venture into theories beyond GR, like GR in dimensions different from four or
modified gravity theories. Many classic textbooks adopt this viewpoint; see, for
example, [108,109]. Examples of the second category include black hole formation
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[110], black hole collision andGWemission fromblack hole binaries [111], accretion
disk simulations [112], and the development of new numerical solution techniques
in GR; see, for example, [113].

A particular GR school aspect that we highlight, influenced by ongoing current
research, is the concept of asymptotic/boundary symmetries. Their precise definition
will be given in later chapters, but the concept can easily be explained at this stage
already. In the presence of actual or asymptotic boundaries, some of the coordinate
transformations that preserve the boundary and fall-off conditions need not be a pure
gauge. Rather, the state of the system can be changed. A simple example is a black
hole with Poincaré symmetries at the asymptotically flat boundary. A boost, while
formally merely a change of coordinates, changes the state of the black hole for an
asymptotic observer as compared to the black hole at rest. Similar remarks apply to
some more complicated coordinate transformations that can produce new physical
states, depending on the precise structure of the boundary. Sometimes, the excitations
associated with these states are referred to as ‘boundary gravitons’, ‘edge modes’, or
‘boundary degrees of freedom’. The existence of boundary degrees of freedom has
led to the ‘soft hair’ proposal [114] which associates new degrees of freedom to the
black hole horizon.

The classification of consistent boundary conditions (including a precise speci-
fication of what ‘consistent’ is supposed to mean) and their associated asymptotic
symmetries is an ongoing research endeavor. One of the early surprises that came
out of this line of research was that gravity in asymptotically flat spacetimes at large
distances from the sources is not merely special relativity with Poincaré symmetries;
instead, in the ground-breaking work Bondi, van der Burgh, Metzner, and Sachs
[115,116] showed that there is an infinite enhancement of Poincaré symmetries by
so-called ‘supertranslations’, which are angle-dependent translations of the retarded
time along the celestial lightcone. The recent realization that these enhanced symme-
tries have aHEP interpretation in terms ofWard identities for soft scattering processes
[117] and the so-called celestial holography, see, for example, [118], shows that the
GR school is not independent of the HEP school of thought.

1.4.2 HEP School

The motto of this school is ‘everything is particles and fields’. Its main guiding
principles are unitarity and locality, and its main framework is QFT.

The High Energy Physics (HEP) school of thought was first developed in the
1950s and 60s by early attempts to quantize GR [119–122]; see [123] for some
of the history. The outcome of these early attempts was non-renormalizability of
GR [124,125], which initially was thought to be an obstacle to having a theory of
QG. By now the perspective has shifted. It is understood that GR can be quantized
perturbatively like any other EFT; see [126]. It is not too hard to calculate loop
corrections to some observables like the Newton potential [127,128], but it will be
quite a challenge tomeasure them. This is whyQG ismostly a theory-driven research
field, and this is true regardless of the precise ultraviolet (UV) completion of GR.



20 1 Introduction

An essential aspect of the HEP school is to viewGR primarily as a theory describ-
ing massless spin-2 particles with gauge symmetries

hμν → hμν + ∇μξν + ∇νξμ (1.11)

much like we think about Maxwell’s theory as a theory describing massless spin-1
particles with gauge symmetries

Aμ → Aμ + ∇μξ . (1.12)

The geometric aspects are then somewhat incidental within this school and emerge as
an effective concept at low energies. This approach is particularly suitablewhen there
is a clear split of the full metric into background and fluctuations, gμν = ḡμν + hμν ,
such as in the treatment of GWs, scattering processes, primordial fluctuations in the
early universe, black hole perturbations, and the Hawking effect.

Even if one just starts with a quadratic action involving a massless spin-2 field,
one can iteratively add cubic, quartic, and higher-order vertices, and at least in the
infrared (IR) limit the resulting theory uniquely turns out to beGR [129]. In this sense,
the GR and HEP schools imply each other, and there is certainly no contradiction
between them; there is only a slight shift of emphasis. Some textbooks that adopt
the HEP viewpoint are [11,130].

Black holes are not small perturbations of the vacuum state, so following the HEP
school, one has to work a bit harder to even formulate what a black hole is if one does
not want to resort to geometric notions such as horizons. Classically, black holes can
be understood as solitons that correspond to thermal states. Perturbative excitations
above these solitons then have an interpretation as GWs (gravitons) emitted from
black holes, black hole perturbations, or Hawking quanta. How to define black holes
quantum mechanically is unclear, both from a HEP and a GR perspective. This is
part of the reason why black holes are a key system to be understood on our way
toward QG.

For the classical theory, the question of whether one should adopt the GR or
the HEP viewpoint is merely a matter of taste and practicality. There is, however,
a strong difference in how researchers may think about semiclassical and quantum
aspects of black holes and QG, depending on how strongly they adopt either of these
viewpoints.We shall address these issues in more detail in the remainder of the book.

1.4.3 Quantum Information School

The motto of this school is ‘everything is information and entanglement’. Its main
tool is entanglement and various measures associated with it, and its framework is
the quantum information theory.

The last school is themost recent one. Its basic philosophy is to put quantum theory
first and then apply it to some questions arising in the context of black holes. The
logic behind this philosophy is the premise that ultimately our world is described by
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quantum mechanics, and while we are certainly entitled to use the stationary phase
approximation to describe classical trajectories, we should perhaps refrain from
doing so when encountering some puzzles in the (semi-)classical limit. Moreover,
whatever QG might be, there is no guarantee it has a simple description in terms of
the language commonly used within the GR or HEP schools.

In the context of black hole physics, there are at least two issues where the argu-
ment in the previous paragraph applies. One is the information loss problem, which
exhibits an apparent clash between GR and quantum aspects. The other is the sin-
gularity at the center of the black hole, where the GR description breaks down. An
overview of the sort of questions addressed within this school can be found in these
lecture notes [131].

We shall come back to this school in later chapters. Our focus will be on selected
achievements and quantum information aspects related to black holes and not so
much on the variety of approaches to QG.

Further Reading

Some classic GR textbooks are [8,10,11,108,109,132,133]. Some textbooks dedi-
cated specifically to black holes are [51,133–138]. A historically important article
on black holes in Physics Today is [139]. A black hole roadmap to future black hole
observations is available here [140]. Some black hole books for a broader public are
[141–144] and for first-year postgraduate students [145,146]. The scientific back-
ground concerning the 2020 physics Nobel prize to Roger Penrose, Reinhard Genzel,
and Andrea Ghez is available online at
https://www.nobelprize.org/uploads/2020/10/advanced-physicsprize2020.pdf.

Exercises

1.1 Speed of light and Newton gravity.
For the pre-history of black holes, there were two essential discoveries in the late

seventeenth century, the finiteness of the speed of light and Newton’s gravity law. In
this first exercise, we revisit both.

(1) Use Rømer’s observation that the eclipses of Jupiter’s moon Io were delayed
maximally by 16.5 min when the Earth was farthest away from Jupiter, together with
the radius of Earth’s orbit 1.5 · 1011 m, to estimate the speed of light.

(2) Derive Newton’s gravitational inverse square law from the three Kepler laws
(I. Planetary orbits are elliptic with the Sun at one of the two foci; II. A line segment
between Sun and planet sweeps out the same area in a given amount of time; III. The
square of the orbital period is proportional to the cube of the semi-major axis of the
orbit).

1.2 Natural units, Planck length, and Planck mass.
In HEP, it is common to choose units of length and time such that the vacuum

speed of light c and Planck’s constant � are equal to one. These are called HEP
natural units. In HEP natural units, mass, momentum, and energy all have the same

https://www.nobelprize.org/uploads/2020/10/advanced-physicsprize2020.pdf
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dimension, while length has a dimension of inverse mass; masses of elementary
particles are typically measured in electron-volt (eV).

(1) What is the mass of electrons (me ∼ 10−30 kg) and nucleons (mN ∼ 10−27

kg) in eV?
(2) Show that in HEP natural units, Newton’s constant GN is a quantity of dimen-

sion length squared, or inverse mass squared. Let us define the Planck mass MPl and
Planck length �Pl in natural units as

M−2
Pl = �Pl

2 := GN . (1.13)

Starting from GN = 6.67 × 1011 m3/(kg · s2), compute the Planck mass in units of
giga-electron-volt (GeV) and in kilograms. Compare the Planck mass with the mass
of a nucleon. Compute the Planck length in meters.

(3) There is another natural set of units often used by the classical GR community,
obtained by setting c and GN equal to one. In these GR natural units, mass, energy,
and length have the same units. What is Planck’s constant � in GR natural units?

Note: For the field of black hole physics, one may use a combined natural unit
system where c, �, and GN are set to one. In this book, we will mainly use the
HEP natural units and makeGN explicit throughout. In all cases, we set Boltzmann’s
constant to unity so that temperature has units of energy and entropy is dimensionless.

1.3 More on black hole entropy.
The purpose of this exercise is to become more familiar with the dimensional

analysis described in the previous exercise.
(1) Consider a black hole of mass M (e.g. a Schwarzschild black hole) and recall

that in our theory, we only have Newton’s constantGN, speed of light c, and Planck’s
constant �. Construct a quantity of dimension length that is linear in GN and M . Call
this horizon radius rh . Next, suppose the horizon is a sphere and compute the horizon
area Ah .

(2) Define the black hole entropy SBH as a dimensionless quantity proportional
to the horizon area, cf. (1.7). Show that this information is enough to attach the
appropriate powers of conversions factorsGN, c, � to write SBH in units of Boltzmann
constant kB up to a dimensionless numerical constant.

(3) The black hole mass M has units of energy. Use naively the first law of
thermodynamics, M = T SBH, and the expression SBH for black hole entropy (1.7) to
compute a characteristic temperature scale associated with a black hole of mass M .
Check in particular the temperature associated with a black hole of the mass of our
sun, M = M� ≈ 2 · 1030 kg.

1.4 More on stellar evolution and derivation of the Chandrasekhar mass.
As pointed out in Sect. 1.3.2, in a rough modeling, one can distinguish three

different phases in the evolution of a star that undergoes core collapse supernova.
The energy of the system is given in (1.8) and (1.9). In this exercise, we intend to
give a taste of the computation of Kp factors in each phase.
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(1) Thermal pressure phase. Consider a neutral gas of nucleons and electrons at a
given temperature T . For a usual star, particles are generically non-relativistic, and
it is a reasonable approximation to ignore interactions except for gravity, which is
well described by Newtonian gravity. The thermal pressure of this gas is P ∼ nT ,
where n is the number density of particles. Show that kinetic energy scales as

Ekin 	 3

2 · 4π
3

MT

R3 . (1.14)

(2) Non-relativistic electron degeneracy pressure phase. Once the nuclear fuel of
the star is depleted, the temperature first drops and gravity squeezes the star. As a
result, the star heats up again due to the reduction in gravitational energy, but can
also radiate off its energy through photons. This phase is slow and can go on for
billions of years. Nonetheless, the star core does not collapse to zero radius due to
the Pauli exclusion principle, so the core is supported by the degeneracy pressure
of the electrons, which for this part of the exercise are assumed to behave non-
relativistically. Show that the kinetic energy scales as

Ekin(R) = K2

R2 K2 ∼ 3

5

(
9π

4

)2/3

· 1

2me
·
(

M

mN

)5/3

. (1.15)

Using (1.15), compute the radius of the core and show that its radius scales as

Rstar ∼ 1

GNmemN

(mN

M

)1/3 1

mN
. (1.16)

(3)Relativistic electron degeneracy pressure phase.The star radius Rstar decreases
with the star mass M . In the process of reaching Rstar, electrons can become rela-
tivistic and one should revisit (1.15). Repeat the analysis yielding (1.15) for the
case where the electrons at the Fermi surface are relativistic, i.e. PF 	 EF. Show that
kinetic energy scales as

Ekin(R) = K1

R
K1 = 1

4

(
3πM

4mN

)4/3

. (1.17)

1.5 Checking basic assumptions about stars.
In our analysis at the beginning of Sect. 1.3.2 and also in part of the previ-

ous Exercise 1.4, we assumed the validity of the non-relativistic and Newtonian
approximation and ignored forces other than gravity. Here, we explore these assump-
tions/approximations more closely. Consider in this exercise a star with solar mass
M = M� as a ball of radius R of hot gas at temperature T ∼ 106 Kelvin, and for
simplicity assume that this mass is mainly due to hydrogen atoms, or a plasma of
protons and electrons.

(1) Using (1.8) and (1.9), compute the star radius R as a function of its mass and
temperature.
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(2) Estimate the velocity of electrons and protons. Compare this velocity with the
speed of light.

(3) Considering that we have a homogeneous neutral gas of electrons and protons,
argue that contributions of electromagnetic interactions to the pressure of the gas are
negligible.

(4) What is the numerical value of the thermal pressure of this gas?
(5) Compute the escape velocity for electrons from the surface of the star and

compare it with the typical speed of the particles there.
(6) Consider the phase when the star is supported by the degeneracy pressure of

electrons. Estimate the value of the Fermi energy of electrons, EF ≡ P2
F /(2me) for a

White Dwarf. (A White Dwarf is a stellar object that is supported by the degeneracy
pressure of electrons, has a mass of about M�, and a radius about a hundredth of the
Sun.) Show that EF ∼ 0.3MeV and calculate the associated Lorentz boost factor.
How good/bad is the non-relativistic approximation?

(7) Compute the numeric value of Rstar (1.16).
(8) Calculate the Fermi momentum PF at Rstar as a function of the mass.
(9) To estimate GR corrections, note that they are given by powers of g =

GNM/R; Newtonian gravity is exact to first order g, while GR effects are of higher
order, at least g2. What is the value for g (in natural units) for our Sun?

(10) Is there a range of mass M and radius R (for any T ) where GR corrections
are large enough to modify the result by at least 1%?

1.6 Neutron stars.
Neutron stars are very condensed objects, essentially gigantic nuclei, where all

four fundamental interactions come into play. In this exercise, we make a crude
approximation and assume the neutron star to be fully supported by the neutron
degeneracy pressure and use the Newtonian approximation for gravity.

(1) Convince yourself that (and explain why) the critical mass beyond which a
neutron star collapses is of the order of the Chandrasekhar mass MC.

(2) The radius of a neutron star RNS may be estimated by RNS = Rstar(M =
MC,me → mn), where mn is the neutron mass, with Rstar given in (1.16). What
is the numerical value (in kilometers) for a neutron star of mass MC?

(3) What is the Fermi energy EF of neutrons for non-relativistic or relativistic
neutrons?

(4) Compare the neutron star Fermi energy with the binding energy of the iron
nucleus and with the binding energy of quarks within a neutron. Do your results
justify the name ‘neutron star’?

(5) Neutrons have a magnetic dipole moment. Assuming the neutron star to be a
collection of neutrons of aligned spins and dipole moments, compute the spin and
magnetic field of the star at its surface.

(6) Check whether GR corrections are significant for a neutron star.
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1.7 Black hole entropy versus stellar entropy.
Consider a black hole and a star of five solar masses, M ∼ 1031 kg.
(1) Compute the black hole radius rh (cf. Exercise 1.3) and the black hole entropy

SBH (1.7).
(2) Compare the latter with the entropy of a star, assuming it scales extensively,

i.e. with the stellar volume.
(3) For which order of magnitude of the mass M would black hole and stellar

entropies coincide?



2BlackHole Solutions andBasic
Properties

Abstract

In this chapter, we review classic black hole solutions, startingwith Schwarzschild
and its basic properties, including isometries and ADM charge, in Sect. 2.1. In
Sect. 2.2, we analyze particle probes and geodesics in a Schwarzschild back-
ground. The maximal extension, near horizon, and causal structure, captured by
Carter–Penrose diagrams, is presented in Sect. 2.3. Thereafter, we generalize from
Schwarzschild black holes to Reissner–Nordström (Sect. 2.4), Kerr (Sect. 2.5),
Kottler and Kerr (A)dS (Sect. 2.6), Plebanski–Demianski (Sect. 2.7), and Vaydia
(Sect. 2.8).

2.1 Schwarzschild Metric, Basic Facts, and Analyses

As reviewed in the previous chapter, the Schwarzschild geometry was the first non-
trivial exact solution to the Einstein equations (1.4) for vanishing cosmological con-
stant andmatter. The Schwarzschildmetric is themost general spherically symmetric
solution of the vacuum Einstein equations Rμν = 0. In Schwarzschild coordinates,
it reads

ds2 = − f (r) dt2 + dr2

f (r)
+ r2d�2 (2.1)

where

d�2 = dθ2 + sin2 θ dφ2 f (r) = 1 − 2GNM

r
. (2.2)

The coordinates are interpreted as time t ∈ R, radius r ∈ (0,∞), polar angle θ ∈
[0, π ], and azimuthal angleφ ∼ φ + 2π . This is a one-parameter family of solutions,
specified by the non-negative mass parameter M . It is the GR analog of the Coulomb
solution ofMaxwell’s theory.While it describes also black holes, it should be stressed
that the Schwarzschild solution is the correct exterior solution to any spherically
symmetric gravitational source.
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2.1.1 Symmetries and KillingVectors

The metric (2.1) is invariant under time-reversal t → −t , time translations, t →
t + t0, t0 ∈ R, and spherical rotations. These properties can be stated covariantly
using the language of Killing vectors and isometries of the metric.

While we assume the reader is familiar with these concepts, let us still remind
ourselves what an isometry and a Killing vector are. Given some vector field(s) ξ(n)

(where n is some counting index), they generate isometries if the Lie variation of the
metric along them vanishes.

Lξ(n)
gμν := ξλ

(n)∂λgμν + gμλ∂νξλ
(n) + gνλ∂μξλ

(n) = 0 ⇔ ∇μξ(n) ν + ∇νξ(n) μ = 0. (2.3)

Vector fields with these properties are called Killing vectors. The equation on the
right in (2.3) is the Killing equation.

The Schwarzschild isometries are generated by four real Killing vector fields

ξ(0) = ∂t ξ(1) = ∂φ ξ(2) + iξ(3) = eiφ
(
∂θ + i cot θ∂φ

)
. (2.4)

The total isometry group is R × SO(3), i.e. the Schwarzschild solution has time
translation symmetry and is spherically symmetric. TheKilling vector ξ(0) is timelike
for r > 2GNM , becomes null at r = 2GNM , and is spacelike for r < 2GNM . The
spherical Killing vectors ξ(i) are spacelike in the whole range of coordinates. The
Killing vectors ξ(0) and ξ(1) are examples of coordinate Killing vectors, meaning that
the isometries generated by them aremanifest in the Schwarzschildmetric (2.1), (2.2)
by inspection, since all metric coefficients are independent of t and φ.

•> Stationary, static, axisymmetric, and circular spacetimes

Geometries with an asymptotically timelike Killing vector field are called stationary.
The timelike Killing vector may become spacelike or null in the interior of the
geometry, as it happens for the Schwarzschild case discussed above. For stationary
spacetimes, one can choose a time coordinate t such that the timelike Killing vector
becomes the coordinate Killing vector ∂t .

If a stationary geometry is also time-reversal symmetric, it is called static. For
static spacetimes, one can adopt a coordinate system in which ∂t is the timelike
Killing vector and that time-reversal is given by t → −t . See Exercise 2.3 for more
details. The Schwarzschild geometry (2.1) is hence a static solution.

Stationary and axisymmetric spacetimes which have two Killing vectors ξt =
∂t , ξφ = ∂φ are called circular if in appropriate coordinate system they have another
double reflection symmetry (t, φ) → (−t, −φ); see Exercise 2.4 for more.

2.1.2 FlammDiagram

To get the first visual sense of the Schwarzschild geometry, one may look at some
of its 2- or 3-dimensional sections. Given that the Schwarzschild solution is spher-
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ically symmetric, a natural choice is to suppress the angular part and study the
2-dimensional Lorentzian part spanned by the coordinates t and r . We shall do this
later in the form of various diagrams, including Carter–Penrose diagrams.

Here, we consider instead a constant time slice (which time we take is irrelevant
due to staticity) at some fixed value of the polar angle, say, θ = π/2,

ds2 = dr2

1 − rh
r

+ r2dφ2 rh := 2GNM (2.5)

which may be embedded into a 3-dimensional flat space for visualization. Let
(r , φ, z) span a flat space in cylindrical coordinates and consider the 2-dimensional
surface z = z(r) in it such that

z = 2
√
rh

√
r − rh . (2.6)

Then the induced metric on the surface is the same as (2.5). Equation (2.6) defines
a parabola, the rotated version of which is depicted in Fig. 2.1. This rotational
paraboloid covers the region r ≥ rh and gives a vague sense of curvature in the
Schwarzschild geometry. However, as we shall see below, physically relevant aspects
of the causal structure are better captured byCarter–Penrose diagrams, so let usmove
on.

2.1.3 Singularities,Asymptotic, and Near Horizon Behavior

The Schwarzschild solution is asymptotically flat, in the sense limr→∞ f (r) = 1. As
wewill discuss in the coming chapters inmore detail, the notionof asymptotic flatness
should be defined more precisely, specifying how each of the metric components
falls off. For example, if the flat Minkowski metric in the spherical coordinates is
denoted by ḡμν and its inverse by ḡμν , one may ask how different components of
hμ

ν = ḡμα(gνα − ḡνα) approach zero at large r . In the case of the Schwarzschild
solution, the leading large r terms are

ht t = −hr r = −2GNM

r
+ O(r−2) . (2.7)

Fig. 2.1 Flamm diagram
showing a constant time slice
of the Schwarzschild black
hole at fixed polar angle
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Wewill arguebelow that for asymptoticallyflat static solutions, the quantity− r
2GN

ht t
may be identified with the physical mass associated with the solution. Alternatively,
one could provide a notion of asymptotic flatness based on how Riemann curva-
ture approaches zero asymptotically. The metric- and curvature-based notions of
asymptotic flatness can differ; see the opening of Chap. 3.

The metric (2.1) has three singular loci: r = ∞, r = rh = 2GNM and r = 0.
To establish whether these loci are genuine singularities or singularities that arise
merely as a consequence of the chosen coordinates, one should focus on coordinate-
independent quantities, such as scalar invariants of the Riemann tensor. If at least one
of the scalar invariants of theRiemann tensor is singular, the locuswhere this happens
is called ‘curvature singularity’. See [147] and references therein for a classification
of all possible curvature invariants.

The singularity at r = ∞ is the usual behavior of Minkowski space in spherical
coordinates and is not associated with strong curvature effects. The fact that the
metric and distances blow up at r = ∞ is a manifestation of the asymptotic region
of the spacetime.

Regarding the other two singular loci, consider the Kretschmann scalar,

Rμναβ Rμναβ = 12r2h
r6

. (2.8)

The Kretschmann scalar is finite at r = rh and tends to +∞ at r = 0. This shows
that there is a singularity at r = 0, and it indicates that there might not be anything
genuinely singular about the locus r = rh . We refer to the locus r = rh as ‘horizon’
and will discuss some of its properties in Sect. 2.3.3. A more precise definition of a
horizon will be provided in Sect. 3.1 in the next chapter.

To check the smoothness of the geometry near the horizon r ≈ rh , we expand the
metric around it by first introducing a new radial coordinate

r = rh + 1

4rh
ρ2 (2.9)

and then keeping only the leading powers of this new coordinate ρ

ds2 = ( − κ2ρ2dt2 + dρ2 + (2GNM)2d�2)(1 + O(ρ2)
)

(2.10)

with so-called surface gravity (for a proper definition, see the next chapter)

κ = 1

4GNM
. (2.11)

Neglecting higher-order terms, the above metric is a direct product of 2-dimensional
Minkowski space (spanned by t and ρ) and a Euclidean 2-sphere. Minkowski space
appears here in Rindler coordinates, which is the coordinate system used by an
observer accelerated with uniform acceleration κ . While the higher-order terms in
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ρ are essential to make (2.10) a vacuum solution, to demonstrate smoothness of the
geometry at r = rh only the displayed terms are relevant.

So far we have not gained much, since the metric (2.10) still is singular at ρ =
0. To eliminate this singularity, we change coordinates T = ρ sinh(κt) and X =
ρ cosh(κt), in terms of which the metric above reads

ds2 = − dT 2 + dX2 + (2GNM)2 d�2 + · · · (2.12)

where the ellipsis denotes subleading terms. General ρ = const. lines are hyperbolas
since X2 − T 2 = ρ2. The locusρ = 0 corresponds to the degenerate hyperbola T 2 =
X2, consisting of two intersecting 45◦-lines. Themetric (2.12) has clearly no singular
behavior at ρ = 0. This finally proves by construction that the singularity in the
Schwarzschild metric (2.1) with (2.2) at r = rh = 2GNM is merely an artifact of the
coordinates used.

2.1.4 ADMMass and Angular Momentum

There are various ways to define mass and angular momentum associated with a
background geometry, some of which we shall discuss at length in later chapters.
Perhaps the simplest one is the Arnowitt–Deser–Misner (ADM) method [148,149].
The ADM prescription works well for stationary asymptotic flat geometries which
have the following general asymptotic form

ds2 = −dt2 + dr2 + r2d�2 + 2GNMADM

r
dt2 − 2GN JADM

r
sin2 θ dtdφ + · · ·

(2.13)
where the ellipsis denotes subleading terms that vanish sufficiently fast for r →
∞. Different components of the metric may have different subleading behavior,
depending on the solution. ADM mass and angular momentum are defined as

MADM := 1

2GN

lim
r→∞(gtt + 1)r JADM := − 1

GN

lim
r→∞

r gtϕ
sin2 θ

. (2.14)

The sign in the definition of the ADM angular momentum JADM is conventional.
The ADM prescription may seem a bit ad hoc, but it can be put in a more robust

setting through the 3 + 1 ADM decomposition [150]; see Exercise 2.6. In Chap.
5, we provide some other, more covariant, definitions for black hole mass, angular
momentum, and other charges, which reduce to the ADM ones for the asymptotic
flat cases. For the Schwarzschild solution, the mass parameter M coincides with the
ADM mass. We shall often refer to it as ‘black hole mass’.

2.1.5 Infinite Redshift Surface

The coordinate t is the time as measured by the asymptotic observer, who almost
sees Minkowski space. Suppose such an observer measures a time interval �t . The
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clock of an observer sitting at some fixed finite value of r0 measures time intervals
�t0 with a redshift factor relative to the asymptotic observer,�t0 = √

f (r) �t . This
gravitational redshift is a direct consequence of theEP. For instance, the ratio between
the frequencies of an emitter at r = rA and a receiver at r = rB is given by the inverse
of the associated redshift factors of time intervals,

√
f (rB)/

√
f (rA). In particular, if

the receiver is the asymptotic observer, f (rB → ∞) = 1, the frequency they observe
is redshifted, ωB = ωA

√
f (rA), since f (r) < 1 for finite r . If the emitter is close to

r = rh the redshift factor tends to zero. That is, a very large frequency (or energy)
emitted from the r ≈ rh region will correspond to a small frequency (or energy) at
asymptotic infinity.

Above, we compared two fiducial observers (fidos) at two constant radii. Onemay
compare a free-fall observer to a fido at the same radius or two free-fall observers
at different radii. The EEP implies that a free-fall observer should locally see a flat
space, though in a frame boosted with respect to the asymptotic observer. Thus, she
should measure frequencies and energies as the asymptotic observer does with a
Doppler shift. The frequencies measured by two free-fall observers A, B with two
boost factors with respect to the asymptotic observer γA, γB are related as γ −1

A ωA =
γ −1
B ωB .
Therefore, the free-fall observer will receive signals of increasing frequencies as

she moves toward r = 3rh and decreasing frequencies in the region rh < r < 3rh , so
that at r = rh she measures the same frequency as the asymptotic observer has sent.
Similarly, one may compare a free-fall and a fido at the same radius. See Exercise
2.10 for more quantitative analysis.

2.2 Particle Probes and Geodesics

One of the slogans by Wheeler is ‘geometry tells matter how to move’. More pre-
cisely, given some metric one can determine the movement of free-fall test particles
in that geometry. The key assumption, contained in the word ‘test particle’, is that
we probe spacetime in such a way that we can neglect the backreactions of the probe.
For instance, we could send a spaceship on a free-fall trajectory orbiting a planet or
consider a small planet orbiting a star, or a star orbiting a galaxy; however, the test
particle assumption becomes inadequate when the probe-approximation no longer
is good, such as for black hole binary systems where both partners have comparable
masses, or for probes that are too extended so that the point particle approximation
no longer is accurate.

The test particles can be massive or massless. In the absence of non-gravitational
forces, the EEP states that their trajectories follow timelike or null geodesics, respec-
tively.
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Consider a geodesic path γ parameterized by xμ(λ) described by the geodesic
equation (1.1). In the presence of symmetries, it is often simpler to start from the
geodesic action

Iparticle =
∫

γ

dλ Lparticle Lparticle = √|gμν ẋμ ẋν | (2.15)

rather than calculating all the Christoffel symbols required for (1.1). Here, ẋμ = dxμ

dλ
is the velocity with respect to the geodesic parameter λ. The geodesic length is Iparticle.
The action (2.15) enjoys 1-dimensional diffeomorphism invariance, λ → f (λ),
along the particle worldline (see Exercises 2.7 and 2.8 for more discussion). On
solutions of EOM Lparticle = const. Therefore, one may choose an affine parameteri-
zation such that

gμν ẋ
μ ẋν = σ (2.16)

where σ = +1 (σ = 0) [σ = −1] for spacelike (null) [timelike] geodesics. Unless
mentioned otherwise, we always adopt this parameterization.

Let us now focus on geodesics of the Schwarzschild solution (2.1), (2.2). To
simplify matters, we start by searching for constants of motion. Among the four
Killing vectors (2.4) there are two mutually commuting ones, ∂t and ∂φ . Applying
Noether’s theorem to (2.15) for Schwarzschild background yields two conserved
charges associatedwith theseKilling vectors, respectively, called E and J [cf. (2.123)
in Exercise 2.8]; the latter is the angular momentum per unit mass of the test particle
and the former is related but not identical to the total energy. The third one, σ , comes
from reparametrization invariance along the geodesic and was already implemented
in (2.16). The spherical SO(3) symmetry of the action implies that motion in the
Schwarzschild geometry is always planar. This symmetry can be exploited to rotate
this plane into the equator so that any geodesic curve has a constant polar angle
θ = π/2.

We then have three variables (t, r , φ) and three independent constants of motion
(σ, E, J )

− f (r)ṫ2 + ṙ2

f (r)
+ r2φ̇2 = σ (2.17a)

f (r)ṫ = E (2.17b)

r2φ̇ = J (2.17c)

where f (r) = 1 − rh
r . This mechanics problem is integrable, since we have the same

number of first order variables as constants of motion. Solving the last two equations
for ṫ, φ̇ and inserting into the first one obtains

ṙ2 + J 2
f (r)

r2
− σ f (r) = E2 . (2.18)
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One may also define the so-called path equation, by taking u = 1/r(φ),

u′2 + u2 f (u) − σ

J 2
f (u) = E2

J 2
(2.19)

where u′ = du/dφ = −ṙ/J . Solving the path equation yields generalized Kepler
orbits (which includes general relativistic effects) for the motion of test particles
around spherically symmetric mass distributions.

Inserting (2.2) into (2.18) for σ = −1 yields the energy conservation relation

ṙ2

2
− GNM

r
+ J 2

2r2
− J 2GNM

r3
= E2 − 1

2
(2.20)

where the first term is the radial kinetic energy (per mass unit), the second term the
Newton potential, the third term the centrifugal potential, and the fourth term the GR
correction; Newtonian gravity would lead to the same equation as above, except for
the fourth term, which is absent there. The right-hand side is a constant of motion,
the total energy (per mass unit). The precise form of the second term a posteriori
justifies calling M ‘mass parameter’, as this is exactly its role in Newtonian gravity.
Let us explore now null and timelike geodesics in some detail.

2.2.1 Null Geodesics

For σ = 0, the energy conservation equation (2.18) and the path equation (2.19)
become

ṙ2

2
+ J 2

2r2
− J 2GNM

r3
= E2

2
u′2 + u2(1 − 2GNMu) = E2

J 2
(2.21)

with the latter only depending on the ratio E/J . To get physical intuition, it is useful to
interpret the energy conservation equation (2.21) mechanically in terms of a particle
moving in a 1-dimensional effective potential so that energy conservation reads

ṙ2

2
+ Veff(r) = Eeff = const. (2.22)

with

Veff(r) = J 2

2r2
− J 2GNM

r3
(2.23)

and Eeff = E2

2 . The potential (2.23) is plotted in Fig. 2.2. One can imagine placing a
ball somewhere in the potential and then easily visualize how the trajectory of this
ball will be. For instance, placing a ball at rest to the right of themaximumwill lead to
the ball rolling off to infinity, corresponding to a trajectory where the corresponding
light ray escapes the black hole; by contrast, placing a ball to the left of the maximum
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Fig. 2.2 Effective potential (2.23) (divided by J 2). We set 2GNM = 1 so that r and Veff(r)/J 2

are given in units of rh . The presence of a maximum shows there is an unstable circular orbit, the
photon-sphere. The absence of a minimum shows there are no stable circular orbits. The fact the
potential tends to −∞ at small r means that light rays can be captured by the black hole even when
they do not travel radially toward its center, thereby anticipating black hole shadows

means it will roll quickly toward the center, corresponding to a light ray captured by
the black hole.

We discuss now different classes of geodesics quantitatively.

•> Radial geodesics

For vanishing angular momentum, J = 0, (2.17) for σ = 0 yield

ṙ = ±
(
1 − 2GNM

r

)
ṫ . (2.24)

Integration yields

t = ±r∗ := ±
r∫

r0

dr̃

f (r̃)
= ±

[
r − r0 + rh ln

r − rh
r0 − rh

]
. (2.25)

One may use r∗ as a new radial coordinate instead of r in terms of which radial
null geodesics take the simple form t ± r∗ =constant. This is called the Regge–
Wheeler coordinate. As (2.25) shows, r∗ is defined in the region r > rh (or r < rh)
if r0 > rh (or r0 < rh). For large r , the Regge–Wheeler coordinate coincides almost
with the Schwarzschild radial coordinate, r∗ � r , while for the region r ∼ rh the
Regge–Wheeler radial coordinate is dominated by the log piece. To emphasize the
log behavior and the ensuing very slow change in r∗ compared to the time coordinate
t , r∗ is also called tortoise coordinate.

A physical consequence of the slow-down inherent to the tortoise coordinate
is that an asymptotic observer will never see stuff falling through r = rh ; instead,
everything is frozen (and, as we discussed, infinitely red-shifted) at that radius.
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Radial geodesics are useful mostly for theoretical purposes. For black hole obser-
vations, generic geodesics are more relevant, in particular for observations from
accretion disk physics, where rays of electromagnetic waves are emitted in a diverse
frequency range from radio to X- and γ -rays. Before dropping all assumptions, we
consider another important special case.

•> Circular null orbits and photon-sphere

Circular paths require u′′ = u′ = 0, which happens at r = 3rh/2 and for J/E =
3
√
3rh/2. This radial value is referred to as ‘photon-sphere’.
Any path with J/E < 3

√
3rh/2 will eventually end passing the horizon r = rh

and falling into the black hole. For J/E > 3
√
3rh/2, the paths are not closed and

always remain in r > 3rh/2 region.
This means that orbits on the photon-sphere are unstable. Kicking a photon on

such a circular orbit around the black hole will either lead to its escape to infinity or
its capture by the black hole.

After the two important special cases above, we now consider generic solutions to
(2.21). A detailed analysis is left as an exercise (Exercise 2.12). Here we summarize
the main results.

•> Generic orbits, deflection of light, and lensing

The trajectories of light rays at a given dimensionless impact parameter b−1 := Erh
J

are governed by (2.19) which may be written as

û′2 + (
û3 − û2

) = 1

b2
− 4

27
, û := 2

3
− rhu = 2

3
− rh

r
. (2.26)

If b > 3
√
3

2 and we start in the û > 0 region (corresponding to r > 3rh/2), the trajec-
tory has a minimum r for which û′ = 0 and happens at û3min − û2min = 1/b2 − 4/27.
These are deflected light trajectories and are typical light paths around a black hole.
The light flying around a black hole would be lensed and as a result, objects seen
from behind a black hole (or any gravity source) are perceived as bigger than they
are.

If b > 3
√
3

2 and we start in the û < 0 region (corresponding to r < 3rh/2), the
trajectories fall into the black hole and end up in r < rh region.

As we decrease the impact factor b, the deflection angle increases and if the light
ray becomes closer than the photon-sphere r = 3rh/2 to the black hole it would be

trapped. If b < 3
√
3

2 (low impact parameters), the light ray always passes through the
horizon and falls into the black hole.
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2.2.2 Timelike Geodesics and Particle Orbits

The dynamics of timelike geodesics is also captured by (2.22). The only difference to
null geodesics is that the effective potential following from (2.20) has an additional
1/r term.

Veff(r) = −GNM

r
+ J 2

2r2
− J 2GNM

r3
. (2.27)

The potential (2.27) is plotted in Fig. 2.3. Again, one can use mechanics intuition
to analyze different possibilities for trajectories of timelike test particles. The main
difference in the effective potential for null geodesics plotted above in Fig. 2.2 is
the possible presence of a minimum, which means that stable circular orbits are
possible. Moreover, while for null geodesics there was a universal shape of the
effective potential, for timelike geodesics the shape of the effective potential depends
in an essential way on the angular momentum J .

In this part, we analyze timelike radial paths and circular orbits; a more detailed
analysis of generic orbits is deferred to Exercise 2.12. Again we start with simple
special cases.

•> Radial geodesics

Setting σ = −1, J = 0 in the energy conservation equation (2.20) yields

ṙ2 = v2∞ − rh
r

v2∞ = E2 − 1 (2.28)

which describes radial timelike geodesics. Since for J = 0 the GR correction in
(2.20) drops out, the motion is identical to the Newtonian case. If v2∞ ≥ 0, the
geodesics can reach r = ∞ where v∞ is the velocity of the particle at infinity. If
v2∞ < 0 the particle does not reach infinity. The motion is like a projectile radially
shot off starting at some r0, with initial velocity (as measured by the particle itself)
v20 = v2∞ − rh

r0
. If v0 is positive, the projectile reaches the maximum distance rmax =

Fig. 2.3 Effective potential
(2.27). We set 2GNM = 1
and used the six values
J = 0 (red), J = √

3
(orange), J = 1.8 (green),
J = 2 (dark green), J = 2.1
(blue), and J = 3 (purple).
The critical value J = √

3
leads to the ISCO; see the
main text. The dotted black
curve shows the locations of
the minima of the potential
(for different values of J )
where stable circular orbits
arise
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rh
v2∞

before radially falling back into the black hole. It smoothly passes through the

radius r = rh at a finite proper time, while the coordinate time t blow up (see Exercise
2.13).

Consider now circular orbits around the black hole. While in Newtonian gravity
stable circular orbits can exist at any value of the radius, the GR correction implies
that there is the smallest value of the radius where circular orbits are stable. As this
orbit is of phenomenological significance, we highlight it here.

•> Innermost Stable Circular Orbit (ISCO)

Circular geodesics that are marginally (un)stable obey simultaneously ṙ = r̈ = 0. In
terms of the effective potential (2.27), we are looking for solutions for the radius rISCO
and angular momentum JISCO of Veff(rISCO)′ = Veff(rISCO)′′ = 0. Subtracting these two
quadratic equations

r2ISCO − J 2ISCO
GNM

rISCO + 3J 2ISCO = 0 = r2ISCO − 3J 2ISCO
2GNM

rISCO + 6J 2ISCO (2.29)

from each other and dividing by J 2ISCO establishes the ISCO radius

rISCO = 6GNM = 3rh . (2.30)

Inserting this result into either of the (2.29) and solving for JISCO yields the critical
angular momentum

JISCO = ±√
3 rh . (2.31)

The Schwarzschild ISCO is located at twice the photon-sphere radius. Unstable
circular orbits are possible for radii between the photon-sphere and the ISCO. Sta-
ble circular orbits are possible for all radii greater than the ISCO radius (2.30) or,
equivalently, for all angular momenta with absolute values greater than the one of
the ISCO angular momentum (2.31). This can be seen explicitly from the shape of
the effective potential for various values of the angular momentum in Fig. 2.3.

Having discussed the two most relevant special cases, we consider again the
generic situation and focus on one particular application, the perihelion shift, which
is one of the classic tests of the Schwarzschild solution, and of GR.

•> Generic orbits and perihelion shift

Numerical integration of the energy conservation equation (2.22) with the effective
potential (2.27) for arbitrary values of E and J is straightforward, but not particularly
illuminating. Studying some aspects of generic geodesics is deferred toExercise 2.13.
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Here, we review a slick derivation of perihelion shifts of nearly circular orbits
(to reduce clutter, we set GN = 1 in this derivation). The motion on such orbits is
approximately a radial harmonic oscillator and an angular harmonic oscillator.When
their frequencies coincide there is no perihelion shift, since after each angular orbit
of 2π the radial orbit will be back to its initial state. This is no longer the case when
these two frequencies differ. The approximate radius of the nearly circular orbit is
given by the larger solution of Veff(r)′ = 0

r± = J 2

2M

(
1 ±

√

1 − 12M2

J 2

)
. (2.32)

The frequency of the radial harmonic oscillator is given by

ω2
r = Veff(r+)′′ = 1

r4+

(
3J 2 − 2Mr+ − 4Mr−

)
. (2.33)

The frequency of the angular harmonic oscillator is given by

ω2
φ = φ̇2 = J 2

r4+
. (2.34)

In Newtonian theory radial and angular frequency are equal to each other, which
implies that nearly circular orbits do not have a perihelion shift.1 Comparing the
frequencies (2.33) and (2.34) in the limit of large angular momentum yields

ωr = ωφ

(
1 − 12M2

J 2

)1/4

= ωφ

(
1 − 3M2

J 2
+ O(M4/J 4)

)
(2.35)

which allows establishing the approximate precession rate

�φ = 2π(ωφ − ωr ) ≈ 6πM2

J 2
≈ 6πM

A(1 − e2)
. (2.36)

A classic way to express the precession rate is in terms of eccentricity e and aphe-
lion A of the elliptic orbit, using the Newtonian formula J 2/M = A(1 − e2), which
we did in the last equality above. Inserting the mass of the Sun, M ≈ 2 · 1030 kg,
the aphelion of Mercury, A ≈ 7 · 1010 m, and its eccentricity e ≈ 0.2 yields approx-
imately �φ ≈ 0.1 arcseconds/revolution. Since Mercury has around 415 revolu-
tions/century, we get roughly �φ ≈ 42 arcseconds/century (a more precise result
is �φ ≈ 42.97 arcseconds/century), agreeing with the observed perihelion shift

1 This statement is true in a two-body system. When other bodies are present perihelion shifts
do arise, but they can be treated perturbatively within Newtonian gravity and were accounted for
already in the nineteenth century.
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�obsφ = (575.310 ± 0.002) arcseconds/century [151] upon subtracting the contribu-
tions from Newtonian corrections due to other solar bodies, which gives �φNewton ≈
532 arcseconds/century and thus �obsφ − �φNewton ≈ 43.31 arcseconds/century.

2.2.3 Eddington–Finkelstein Coordinates

As mentioned when introducing the tortoise coordinate, it takes a logarithmically
long time for a radial null ray to pass through the surface r = rh from an asymptotic
observer’s perspective. However, for the null ray itself, it takes no time to pass beyond
r = rh . This suggests that one can use the null directions to construct coordinate
systems which remove (part of) the coordinate singularity at r = rh . The perhaps
simplest example for such coordinates is Eddington–Finkelstein (EF) coordinates.

EF coordinates come in two versions, in- and outgoing, since we have in- and
outgoing null coordinates

v = t +
∫

dr

f (r)
u = t −

∫
dr

f (r)
. (2.37)

The Schwarzschild metric in ingoing EF coordinates v, r , θ, φ takes the form

ds2 = − f (r) dv2 + 2drdv + r2 d�2 (2.38)

where v ∈ (−∞, +∞), r > 0. Here, we have already extended the range of v, r to
also cover the region r < rh . As we see at zeros of f (r), we find a smooth geometry.
At f = 0both r andv directions becomenull, cf. (2.37).Moreover, ∂v which is a glob-
ally defined Killing vector field is spacelike (timelike) in the region f < 0 ( f > 0),
whereas the vector ∂r vector is always null, future-oriented, and normal to ∂v . The v, r
coordinate systemiscalled ingoingEFcoordinatebecausev = const. linesat constant
angles correspond to ingoing light rays. Aswewill discuss in the next subsection, this
coordinate system is useful for exploring the causal structure of spacetime.

Nevertheless, ingoing EF coordinates are still singular on half of the degenerate
hyperboloid discussed around (2.12), so one needs to supplement them with other
coordinate patches for global discussions. A complementary patch is provided by
outgoingEF coordinates. They are defined similarly, using the outgoing null direction
u and r as coordinates. Analogous ideas may be employed to define Gaussian null
coordinates (cf. Exercise 2.14).

2.3 Maximal Extensions and Causal Diagrams

Our geodesic analysis indicates that there are observers (for instance, freely falling
ones) who can pass through r = rh radius without feeling any singular behavior. This
means one should be able to find coordinate systems in which metric components
are explicitly smooth around r = rh .
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Regardless of which coordinate system is being used, one can investigate the
geodesics of test particles and checkwhether they hit the boundaries of the coordinate
patch with finite or infinite affine parameters. If it takes infinitely long to reach the
boundary, it is called ‘complete’ and no extension is possible; however, if a boundary
is reached with a finite affine parameter, then an extension must be possible unless
the boundary is a singularity (in which case it is called ‘incomplete’).

In this section, we explore these issues for the Schwarzschild geometry, starting
with a more precise formulation of the previous paragraph.

2.3.1 Geodesic Completeness andMaximal Analytic Extension

Locally, spacetime is generically specified through its metric, which is often rep-
resented in a specific coordinate system. One may then question if this coordinate
system covers the whole spacetime or whether it can still be extended. To formulate
this question systematically, one may explore spacetime as seen by geodesics. If
it happens that there are geodesics that can reach spacetime boundaries and noth-
ing singular happens there, then one may smoothly extend the geodesics by simply
extending the range of the geodesics’ affine parameter to arbitrary real values. In
general four situations may occur for geodesics:

1. they can approach boundaries in infinite proper time, length, or affine param-
eter; these are called ‘asymptotic boundaries’ and the geodesics are said to be
‘complete’;

2. they may hit a singularity (for instance, a curvature singularity) in finite proper
time, length, or affine parameter; these are called ‘singularities’ and the geodesics
are said to be ‘incomplete’;

3. they can reach a coordinate boundary of spacetime in finite proper time, length, or
affine parameter, and it is not possible to extend spacetime beyond this boundary;
an example of this behavior is AdS which will be discussed later in this chapter;
for asymptotically flat spacetimes we can disregard this option;

4. they can reach a coordinate boundary of spacetime in finite proper time, length,
or affine parameter, and it is possible to extend spacetime beyond this boundary;
examples of such behavior are coordinate singularities, and the corresponding
geodesics are said to be ‘extendible’; this case is dealt with by changing to more
suitable coordinates and extending the range of the geodesics.

A spacetime is called geodesically complete if all its geodesics can be extended to
arbitrary values of the affine parameter. Geodesically complete spacetimes are non-
singular by definition. Otherwise, a spacetime is called geodesically incomplete,
which by definition means it is singular (for more on this, see Chap. 3).

If all geodesics fall into the first three cases above, then the coordinate system is
called inextendible and provides the maximal analytic extension of the spacetime.
If the fourth case arises for at least one geodesic, the coordinate system is called
extendible and we should switch to a better coordinate system to find the maximal
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analytic extension or, alternatively, describe spacetime using a collection of different
(partly overlapping) coordinate charts. For inextendible spacetimes, the geodesic
endpoints are either at asymptotic boundaries or singularities.

After these general considerations, we consider a simple warm-up example that
we have already encountered.

•> Minkowski space in Rindler coordinates

Consider flat space in Rindler coordinates

ds2 = −a2ρ2dτ 2 + dρ2 + dy2 + dz2 (2.39)

with ρ ≥ 0, τ, y, z ∈ R. This coordinate system is associated with an accelerated
observer with uniform acceleration a and appears as a near horizon approximation
in (2.10). There is a (coordinate) singularity at ρ = 0. It is easy to check that some
geodesics reach ρ = 0 with finite affine parameter, so the coordinate system above
must be extendible. Indeed, we constructed such a coordinate system in (2.12).

We recall here the main step. Introduce new coordinates

t = ρ cosh(aτ), x = ρ sinh(aτ) (2.40)

in terms of which the Rindler metric takes the form of a standard Minkowski metric

ds2 = −dt2 + dx2 + dy2 + dz2. (2.41)

In this new coordinate system, we can extend the range of coordinates and allow
t, x ∈ R. Equation (2.40) shows that the Rindler patch ρ ≥ 0, τ ≥ 0 corresponds
to t ≥ 0, t ≥ x . Therefore, Rindler coordinates cover one-quarter of the Minkowski
space. This will be mademore precise in Sect. 2.3.4 when discussing Carter–Penrose
diagrams. Conversely, Minkowski space provides a geodesic completion of Rindler
space.

2.3.2 Kruskal Coordinates for Schwarzschild Geometry

As our geodesic analysis indicates, Schwarzschild spacetime (2.1) is not geodesically
complete. The ingoing EF coordinates (2.37) already provide one such extension
basedon ingoingnull geodesics.Null geodesics (2.21) can reach the singularity at r =
0 with finite affine parameter. The EF coordinates (ingoing or outgoing; see Exercise
2.14) are based on a single null coordinate, u or v, but for Kruskal coordinates both of
them are used simultaneously. As the first step, we rewrite the Schwarzschild metric
as

ds2 = − f (r) dudv + r2 d�2 (2.42)
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where u − v = 2r∗ and u + v = 2t . So far, we have not gained much since (2.42)
still is singular at zeros of f (r). To overcome this, we follow [40] and define new
null coordinates U , V

U = −e−κu V = eκv (2.43)

sloppywith surface gravity κ := 1
2
d f
dr | f =0 �= 0. For Schwarzschild κ = 1/(2rh) =

1/(4GNM). In Kruskal coordinates U , V , the Schwarzschild metric reads

ds2 = −e−2κr

2κ3r
dUdV + r2d�2 (2.44)

with r = r(UV ) implicitly defined as

UV = −r − rh
rh

e2κr
V

U
= −e2κt . (2.45)

As opposed to other coordinate systems we discussed, there is no coordinate
obstruction in taking bothU andV to range over all real numbers. The only remaining
restriction is UV < 1 because UV = 1 is the locus of the singularity at r = 0. In
this way, we get an analytic extension of Schwarzschild coordinates t, r , as well as
ingoing or outgoing EF coordinates v, r or u, r .

From (2.45), we learn that the product of the null coordinates vanishes at r = rh ,
UV = 0. Therefore, depending on the signs ofU and V the full Schwarzschild black
hole spacetime has four quadrants, as depicted in the Kruskal diagram Fig. 2.4.

• Region I: U < 0, V > 0 which covers a region r > rh ; this is called ‘outside
region’;

• Region II: U > 0, V > 0 which covers a region r < rh ; this is called ‘black hole
region’;

• Region III: U > 0, V < 0 which covers another region r > rh ; this is another
outside region;

• Region IV: U < 0, V < 0 which covers another region r < rh ; this is called
‘white hole region’.

One can show thatKruskal coordinatesU , V provide themaximal extension of the
Schwarzschild geometry, as all geodesics in the coordinate system upon extension
of the range of their affine parameters either hit the singularity at r = 0 (UV = 1)
or the asymptotic infinity regions at infinite U or V (or both).

Each of the coordinate systems discussed so far (Schwarzschild, EF, and Kruskal)
have their specific features, merits, and drawbacks, some of which we address below.

• Schwarzschild coordinates make manifest the timelike Killing vector ∂t . More-
over, the relation and difference to Newton gravity through the evaluation of
geodesics is particularly transparent. The main drawback is the coordinate singu-
larity at r = rh so that only one of the four regions, typically region I, is covered.
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• EF coordinate systems make manifest the globally defined Killing vector fields
∂v or ∂u . They have no coordinate singularity on half of the surface r = rh , and
one can use them to analytically extend past r = rh along one null direction. A
technical advantage is that EF coordinates are explicit and often lead to simpler
equations as compared to Schwarzschild or Kruskal-type coordinates. The main
drawback is that only half of the maximally extended Schwarzschild geometry is
covered by a single coordinate patch. In particular, ingoing coordinates v, r cover
regions I, II or III, IV and outgoing coordinates u, r cover regions I, IV or II, III
(see Exercise 2.16). Note, however, that taken together all four regions are nearly
fully covered by these EF patches. The only open region not covered in any EF
patch is around the bifurcation point where all four regions meet.

• Kruskal coordinates provide a maximal extension and allow to cover the whole
Schwarzschild manifold with one coordinate patch. However, these coordinates
are only defined implicitly and usually make expressions for geodesics, Killing
vectors, and other observables more complicated (see Exercise 2.16).

Besides these commonly used coordinate systems, there are infinitely many others,
for example, see Exercise 2.17 or Sect. 6.6; see also [152].

2.3.3 Structure of Lightcones and Preliminary Notion of Horizon

In- and outgoing EF coordinates are useful for the considerations of local lightcones.
Take the Schwarzschild black hole in ingoing EF coordinates (2.38) and focus on
the inside region f (r) < 0 (i.e. r < rh). In that region, we have the inequality

2drdv = ds2 + f (r) dv2 − r2d�2 ≤ ds2 (2.46)

Fig. 2.4 Kruskal diagram of
Schwarzschild black hole.
See text for definitions of
regions I–IV. The boundary
between the regions, r = rh
orUV = 0, is shown dashed.
The singularity, r = 0 or
UV = 1, is shown zigzag.
Lines of constant U and V
are at 45◦ in this diagram

singularity

singularity

I

II

IV

III

VU
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Fig. 2.5 Future-oriented
lightcones inside (region II)
and outside (region I) the
horizon for a Schwarzschild
black hole. No
future-oriented lightcone in
region II passes to region I

which shows that the filled lightcone, ds2 ≤ 0, implies

dr dv ≤ 0 . (2.47)

Taking v as the affine parameter along some future-directed causal curve in the
interior, we have dv > 0. The inequality (2.47) then implies dr ≤ 0 for all such
curves. That is, any causal curve which starts in the region f < 0 never passes to
the region f ≥ 0. In other words, if a physical observer starts in region II in the
Kruskal diagram (the black hole or inside region, f < 0), they will always remain
there, and in particular can never escape to region I (the outside region, f > 0).

The analysis above shows that f = 0 is a special place in spacetime: light rays or
any other future-directed causal curve in the f < 0 region never crosses to the f > 0
region. The part of the locus f = 0 covered by ingoing EF coordinates is referred
to as ‘future horizon’, a notion which we are going to make more precise in the next
chapter. As we showed above, the horizon acts like a semi-permeable membrane:
signals can pass through it from the outside region to the inside region but not vice
versa. This is the defining property of a classical black hole.

The structure of local lightcones (in Schwarzschild coordinates) is depicted in
Fig. 2.5.

Similarly, one may use outgoing EF coordinates (see Exercise 2.14). This coor-
dinate system covers regions IV, I of the Kruskal diagram. For all future-oriented
causal curves du > 0 in region IV, we find dr ≥ 0 by arguments analogous to above.
That is, all future-directed causal curves in the f < 0 region necessarily pass to the
f > 0 region. We have the time-reversed situation as compared to above, so here
the locus f = 0 is referred to as ‘past horizon’. The white hole region IV is a semi-
permeable membrane that works in the other direction: all future-directed causal
signals necessarily escape from the white hole region to the outside region.
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2.3.4 Carter–Penrose Causal Diagrams

A disadvantage of spacetime diagrams like the Kruskal diagram, Fig. 2.4 or Fig. 2.5,
is their non-compactness. It would be nicer if we could draw some compact diagrams
where we can see the most essential features of spacetimes. Three of these features
that we would like to capture diagrammatically are

1. Horizons. These are null hypersurfaces that separate causally disconnected
regions, like regions I and II in Fig. 2.4.

2. Singularities. These are regions that for some reason are excised from spacetime,
e.g. because there is a curvature singularity or closed timelike curves (CTCs).
An example is the locus r = 0 in the Schwarzschild geometry. (For a detailed
discussion and classification of singularities, see [153,154].)

3. Asymptotic regions. These are places that are infinitely far away (in either spatial,
temporal, or null direction) from observers in the interior. One of our main goals
is to map them to a finite distance without losing information about horizons or
singularities.

In addition, there can be coordinate boundaries, for instance, r = 0 in spherical
coordinates.

Carter–Penrose diagrams are designed to make these three features visual and
explicit in a compact form. Often, they are just called Penrose diagrams, and for the
sake of brevity, we adopt this convention from now on.

The notion of the horizon is the key concept in black hole physics. To build up an
intuition for this concept, we explore the Schwarzschild example. A more abstract
and concise definition of a horizon and the fact that there could be different kinds of
horizons will be discussed in Chap. 3.

Given the importance of null curves in studying the causal structure of spacetime,
we note the following theorem: Angles (including Lorentz-angles) are invariant
under conformal rescalings of the metric,

gμν → g̃μν = �2(x)gμν . (2.48)

The quantity � is called the conformal factor. A consequence of the theorem is
that two metrics differing only by a conformal factor have the same set of null
geodesics and the same causal structure, including horizons. Go through Exercise
2.20 for the proof of these statements. Another important aspect is that choosing the
conformal factor to be singular (zero or infinity) can allow mapping infinite to finite
distances, thereby compactifying spacetime without changing its causal structure,
which is precisely what we want for Penrose diagrams. This is known as ‘conformal
compactification’.

An example of a Euclidean conformal compactification is stereographic projec-
tion, which provides a map between the Euclidean 2-plane and the sphere. A key
step in stereographic projection is that one point has to be added, namely the point
at infinity. This is an example of a ‘1-point-compactification’; see Exercise 2.21. In
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the Lorentzian pendant what we end up adding typically is not a point, but, e.g. for
asymptotically flat spacetimes a whole lightcone at infinity.

Penrose diagrams have the same dimension as the spacetime manifold. Since we
are interested in 4-dimensional spacetimes, we have to draw 4-dimensional Penrose
diagrams. Fortunately, many black hole solutions are so symmetric that up to two
of the dimensions can be dropped. For instance, spherically symmetric black holes
like Schwarzschild require only 2-dimensional diagrams to represent the essence of
the causal structure of spacetime; each point in the interior of such a diagram then
represents a 2-sphere of varying size.

We provide now a rough cooking recipe for constructing Penrose diagrams, fol-
lowed by several examples2 :

1. Find the maximal analytic extension of spacetime, as discussed in Sect. 2.3.1.
2. Find all asymptotic regions (in many coordinate systems, this simply means send-

ing the coordinates to ±∞; in that case introduce new coordinates that map R to
a finite interval, say, (−π

2 , π
2 ), e.g. with the tan-function).

3. Study the behavior of the metric in the asymptotic regions and check whether
some suitable conformal factor (2.48) can be pulled out to make the metric finite
when the asymptotic boundaries are reached.As discussed, this requires a singular
conformal factor.

4. Add the unphysical boundary points. (In the tan-example, we compactify intervals
(−π

2 , π
2 ) to [−π

2 , π
2 ].)

5. Draw a compact diagram that contains all the boundaries and special loci (singu-
larities, horizons, and asymptotic regions).

Due to the conformal transformation (2.48) in the fourth step, the resulting dia-
gram will not faithfully represent lengths, but it will faithfully represent all Lorentz
angles and null geodesics, which always correspond to lines of 45◦.

•> Penrose diagram of flat space

Minkowski space in lightcone/spherical coordinates (u = t − r , v = t + r )

ds2 = − du dv + (v − u)2

4
d2� u, v ∈ R v ≥ u (2.49)

is already maximally extended. To bring u, v coordinates to a finite range, we use
the tan-function

u = tanU v = tan V U , V ∈ [−π

2
,
π

2
] V ≥ U (2.50)

2 Each of the items can be, and eventually will be, made more precise and explicit. However, to get
started we do not need to handle all eventualities but focus on key aspects instead. A more efficient
version of this recipe is to avoid the construction of a maximal analytic extension; instead, construct
and compactify EF patches, and in the end, glue them together on overlap regions. For details of
this algorithm in a 2-dimensional context, see [155].
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in terms of which the metric reads

ds2 = 1

(2 cosU cos V )2

[−4dUdV + sin(V −U )2d2�
]

. (2.51)

The metric above is singular at the asymptotic region where eitherU , V or both tend
to ±π

2 . To obtain a regular metric, we go to an unphysical metric that differs from
the one above by a conformal factor

d̃s2 = −4dUdV + sin(V −U )2d2� . (2.52)

This metric is regular in the whole range of coordinates, including the boundary
values±π

2 . There are five qualitatively different portions of the asymptotic boundary:

1. Future null infinity I+, when V → π
2 (v → ∞) while U (u) is arbitrary;

2. Past null infinity I−, when U → −π
2 (u → −∞) while V (v) is arbitrary;

3. Spacelike infinity i0, when V → π
2 (v → ∞) while U → −π

2 (u → −∞);
4. Future timelike infinity i+, when U , V → +π

2 (u, v → +∞);
5. Past timelike infinity i−, when U , V → −π

2 (u, v → −∞).

This information is depicted in the Penrose diagram, Fig. 2.6. For comparison and
contrast, the Penrose diagram of 2-dimensional Minkowski space in Rindler coordi-
nates is depicted in Fig. 2.7.

Consider now another example of a maximally symmetric spacetime, namely
4-dimensional anti-de Sitter (AdS4) space, which has SO(3, 2) isometries. AdS4 is

Fig. 2.6 Penrose diagram of
4-dimensional Minkowski
space. The dotted lines are
constant r timelike
geodesics. Null geodesics
are 45◦ lines. Each point in
the interior corresponds to a
2-sphere
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Fig. 2.7 Penrose diagram of
2-dimensional Minkowski
space and the part covered
by a Rindler wedge. Rindler
coordinates cover region I.
The Rindler horizon is
denoted by dashed lines,
labeled by H±. The dotted
red (dash-dotted blue) curves
are constant ρ (τ ) lines.
Constant ρ curves are
constant acceleration paths
in Minkowski space

a vacuum solution in the presence of a negative cosmological constant (� = − 3
�2
,

where � is the AdS radius)

Rμν = − 3

�2
gμν . (2.53)

Solving the Einstein equations (2.53) yields the maximally extended metric in global
AdS coordinates

ds2 = −�2(1 + r2

�2
)dτ 2 + dr2

1 + r2

�2

+ r2d�2 τ ∈ R r ∈ R
+
0 . (2.54)

For AdS, it is customary (though not necessary) to compactify only the spatial direc-
tions and keep time non-compact. Also, this hybrid situation of non-compact and
compact directions is referred to as a Penrose diagram. We compactify again using
the tan-function, r = � tan χ, χ ∈ [0, π/2], yielding

ds2 = �2

cos2 χ

[−dτ 2 + dχ2 + sin2 χd�2] . (2.55)

The unphysical metric whose spacetime diagram we draw differs from the physical
metric above by a conformal factor that is singular at the boundary.

ds2 = −dτ 2 + dχ2 + sin2 χd�2. (2.56)

We compactify by allowing χ ∈ [0, π
2 ] instead of χ ∈ [0, π

2 ). Since the metric is
spherically symmetric, we suppress again the S2 part.

We see important differences in Minkowski space when considering radial null
geodesics τ = ±χ , which reach the asymptotic boundary χ = π/2 in finite coordi-
nate time τ . In Minkowski space, it takes null geodesics an infinite amount of affine
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Fig. 2.8 Penrose diagram of
AdSD . The circle represents
a (D − 2)-dimensional
sphere, where D is the
spacetime dimension. The
R × SD−2 cylinder is the
AdSD causal boundary and
the coordinate along the
cylinder axis is global AdS
time τ

parameters to reach any of the asymptotic boundaries. The second crucial difference
is that Minkowski space had lightlike boundaries, whereas in AdS the locus χ = π

2
is timelike. This information is summarized in the Penrose diagram in Fig. 2.8.

•> Penrose diagram of de Sitter space

Maximally symmetric spacetimes of positive curvature and Lorentzian signature are
called de Sitter (dS) and have SO(4, 1) isometry. They solve the vacuum Einstein
equations with a positive cosmological constant (� = 3

�2
where � is the AdS radius)

Rμν = 3

�2
gμν . (2.57)

The so-called static patch metric of dS

ds2 = −�2(1 − r2

�2
)dt2 + dr2

1 − r2

�2

+ r2d�2 (2.58)

resembles the AdS metric (2.54), but with crucial sign differences. This is to be
expected, since the only change between AdS and dS is the sign of the cosmological
constant.

The coordinate system (2.58) covers a part of global dS space. The coordinate
transformation tanh t = sin τ

cosχ
, r = �

sin χ
cos τ

yields dS in global coordinates

ds2 = �2

cos2 τ

[−dτ 2 + dχ2 + sin2 χd�2] (2.59)

where τ ∈ [−π/2, +π/2], χ ∈ [0, π ]. The above metric is conformal to the Ein-
stein static universe R×S3 and is of the desired form for discussing the Penrose
diagram. As in the AdS case, the radial null geodesics are τ = ±χ and the geometry
is spherically symmetric and one may suppress the S2 part.

The conformal factor 1/ cos2 τ blows up at a τ = ±π/2. The crucial difference
with the AdS case is that this happens at two constant time slices, which are spacelike
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Fig. 2.9 Penrose diagram of
dS. Each point in the interior
is a 2-sphere and each
constant time slice a
3-sphere. North and South
poles are timelike lines.
Future and past observer
horizons are the dashed
lines. Future and past null
infinity are spacelike
asymptotic boundaries

hypersurfaces. In the case of dS, these hypersurfaces are two S3. That is, while null
geodesics can reach τ = ±π/2, time does not advance after that. So, unlike the
AdS case, we do not have a causal timelike boundary. This information may be
summarized in the Penrose diagram Fig. 2.9. See [156] for more discussions.

To summarize, the conformal boundary of dS, flat, andAdS spacetimes are respec-
tively spacelike, null, and timelike.

•> Penrose diagram of Schwarzschild black hole

Kruskal coordinates (2.44) cover all of the Schwarzschild geometry. Since the geom-
etry is spherically symmetric, we suppress the spherical part and focus only on the
part of metric (2.44) spanned by the null coordinates U , V . Like in the construction
of the Penrose diagram for Minkowski space in Fig. 2.6, we compactify U , V

τ = tan−1U + tan−1 V

2
χ = tan−1U − tan−1 V

2
(2.60)

where τ ∈ [−π/2,+π/2] and χ ∈ [−π, +π ].
The resulting Penrose diagram depicted in Fig. 2.10 is a compact version of the

Kruskal diagram in Fig. 2.4. Here are its key features:

• τ = χ line is the future-oriented horizon H+;
• τ = −χ line is the past-oriented horizonH−;
• τ = ±π/2 corresponds to r = 0, the curvature singularity;
• τ + χ = ±π line is the future null infinity I+;
• τ − χ = ±π line is the past null infinity I−;
• τ = π/2, χ = ±π/2 points are the future timelike infinity i+;
• τ = −π/2, χ = ±π/2 points are the past timelike infinity i−;
• χ = ±π are spacelike infinity i0.
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Fig. 2.10 Penrose diagram of Schwarzschild black hole. It is a compact version of the Kruskal
diagram, Fig. 2.4. Regions I, II (or regions III, II) denote the black hole and regions III, IV (or
regions IV, I) the white hole. The dotted lines depict constant r surfaces which are timelike in
regions I, III and spacelike in regions II, IV

There is the important locus where the future and past horizons meet at τ = χ = 0,
denoted by B in Fig. 2.10, which is called the bifurcation point (or more precisely
bifurcation surface, as it is indeed a 2-sphere of radius r = rh ; see Exercise 2.23).
As discussed in detail in Chap. 3, future and past horizonsH± are generated by the
flow of the Killing vector ζH (2.132) at UV = 0.

We end this discussion with two remarks on nomenclature. To emphasize the
fact that the Schwarzschild geometry is static in the exterior and that the black hole
is not being formed but has been there from the beginning, it is also called the
eternal Schwarzschild black hole. To stress that this geometry has two disconnected
asymptotic regions, it is called a two-sided black hole, in contrast to a physical black
hole which results from gravitational collapse; see Fig. 2.11.

2.3.5 Realistic Black Holes andWormholes

More realistic black holes generically result from gravitational collapse, briefly dis-
cussed in Chap. 1. The geometry before black hole formation is typically a flat
(or (A)dS) space slightly deformed by matter. Then it evolves into a geometry that
eventually settles to a spacetime with a curvature singularity screened by a hori-
zon. During the collapse, higher multipole moments of the matter distribution are
radiated away quickly so that the final state is in general a rotating black hole. To
simplify matters and discuss qualitative aspects of gravitational collapse, we con-
sider non-rotating cases where spherical symmetry can be assumed. In this case, the
final outcome approaches the Schwarzschild solution. This process is depicted in the
Penrose diagram 2.11.
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Fig. 2.11 Penrose diagram
of physical black hole that
arises as a result of
gravitational collapse of
matter (see Chap. 4). Matter
is confined to the left of the
dotted line. As compared to
Fig. 2.10, there is no
bifurcation sphere, no past
horizon, no white hole
region, and no second
asymptotic region.
Figure 2.10 depicts a
two-sided, eternal black hole
whereas the above shows a
one-sided black hole

The Penrose diagram of a collapsed star, Fig. 2.11, is quite different from the
Penrose diagram 2.10 of the eternal Schwarzschild black hole: for collapse, it is
one-sided, while for the eternal black hole it is two-sided and also features a past
horizon, a white hole region, and a past singularity. See Chaps. 3 and 4 for more
discussions.

The eternal Schwarzschild black hole inspired the concept of wormholes, a term
which was coined in [157]. The inspiration for this is the Flamm diagram, Fig. 2.12,
which connects the two outside regions I, III. The throat in this diagram is called
Einstein–Rosen bridge [158]; see Exercise 2.19. The diagram is slightly misleading
since it suggests one can travel through the throat. If that were possible, we would
indeed have a wormhole—a spacetime where one can take a shortcut from one
spacetime point to another. However, the Schwarzschild wormhole is not traversable
within GR. Nevertheless, it inspired the search for traversable wormholes.

Here is a definition of (Lorentzian) wormholes [159,160]. Given a spacetime
with a Minkowski signature containing a compact region �, the region � contains
a wormhole if the following properties hold: the topology of � is of the form � ∼
R × � and � is spacelike with a boundary of 2-sphere topology, ∂� ∼ S2. The
search for traversable stable wormholes has a long history and continues even today
[159,161–163].

2.4 Einstein–Maxwell Theory and Reissner–Nordström Black
Holes

The Schwarzschild solution in gravity inmanyways resembles the Coulomb solution
in Maxwell’s theory, so it seems natural to combine them. Consider the Einstein–
Maxwell theory with Lagrangian
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Fig. 2.12 Constant time
slice of Schwarzschild
wormhole (compare with the
Flamm diagram 2.1). See
Exercise 2.19. Source
wikipedia

L= 1

16πGN

(R − F2), F2 = FμνF
μν, Fμν := ∂μAν − ∂ν Aμ (2.61)

and fields equations

Rμν − 1

2
Rgμν = 8πGNTμν = 2

(
FμλFν

λ − 1

4
gμν FλρF

λρ
)

(2.62a)

∇μFμν = 0 (2.62b)

which in four dimensions yields R = 0 = Tμ
μ . For simplicity from now on, we set

GN = 1 in this section by choice of units.
The most general spherically symmetric solution to Einstein–Maxwell theory is

known as Reissner–Nordström (RN) [46,47]. In the Schwarzschild coordinates, the
metric is given by (2.1) with

f (r) = 1 − 2M

r
+ Q2

e + Q2
m

r2
(2.63)

where Qe and Qm are electric and magnetic monopole charges, respectively. The
abelian connection in the same coordinates reads

A = −Qe

r
dt − Qm cos θ dϕ . (2.64)

The field configurations (2.1), with (2.63) and (2.64), solve the field equations
(2.62). The non-vanishing components of the stress tensor are given by T t

t = T r
r =

−T θ
θ = −T ϕ

ϕ = − Q2
e+Q2

m
8πr4

.

https://commons.wikimedia.org/wiki/File:Lorentzian_Wormhole.svg
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•> Reissner–Nordström metric

In Schwarzschild coordinates, the RN metric reads

ds2 = −
(
1 − 2M

r
+ Q2

e + Q2
m

r2

)
dt2 + dr2

(
1 − 2M

r + Q2
e+Q2

m
r2

) + r2 d�2 (2.65)

where M is the mass, Qe the electric charge, Qm the magnetic charge, and d�2 the
metric of the round 2-sphere.

Here are the main properties of the RN solution (2.64)–(2.65):

• It is static and spherically symmetric.
• It solves the field equations (2.62).
• It has ADM mass M and electric and magnetic charges Qe, Qm .
• It has up to two horizons at roots of f (r) = 0 (2.63),

r± = M ±
√
M2 − Q2

e − Q2
m . (2.66)

• If the inequality M ≥ √
Q2

e + Q2
m holds the metric (2.65) describes a black hole,

otherwise it describes a naked singularity, which here means that the curvature
singularity is not screened by a horizon and asymptotic observers have access to
it.

• If this inequality is strict, M >
√
Q2

e + Q2
m , we have generic black holes; in that

case, expanding around the outer horizon, r = r+ + f ′(r+)ρ2/4, the near horizon
geometry is Rindler space (2.40) with surface gravity

κ = r+ − r−
2r2+

. (2.67)

The Penrose diagram of generic RN black holes is shown in Fig. 2.13.
• If this inequality is saturated, M = √

Q2
e + Q2

m the two horizons coincide, r+ =
r− andwehave extremal black holeswhere surface gravity κ vanishes; in that case,
expanding around the extremal horizon r = M(1 + ρ) to leading order yields the
Robinson–Bertotti metric [164,165]

ds2 = M2 ( − ρ2 dt2 + dρ2

ρ2 + dθ2 + sin2θ dϕ2) (2.68)

where for convenience we also rescaled time by M . The corresponding manifold
is a direct product of AdS2 and S2. The Penrose diagram of extremal RN black
holes is shown in Fig. 2.14.

• If this inequality is violated, M <
√
Q2

e + Q2
m , we have an example of a naked

singularity. Its Penrose diagram is shown in Fig. 2.15.
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• While the outer horizon at r+ is physical, in the sense that we can probe it exper-
imentally and have good reason to believe in its existence, neither of this is true
for the inner horizon at r−; in fact, the inner horizon is a Cauchy horizon and
likely to be unstable against small perturbations due to infinite blueshift factors;
see Chap. 3 for more discussions.

• In the extremal case, one can construct multi-centered black hole solutions by
‘superposing’ black hole geometries; see Exercise 2.36.

• Kruskal coordinates do not cover the whole RNmanifold. In Fig. 2.16, the patches
covered by various coordinate systems are shown. Israel coordinates were defined
for Schwarzschild and RN black holes in [166] (see Exercise 2.17). An extension
of Israel coordinates covering the whole RN manifold was given by Klösch and
Strobl [167]. The metric in these EF-inspired coordinates reads (Q2 := Q2

e +
Q2

m)

ds2 = −2 du dρ − K (u, ρ) du2 + r2(u, ρ) d�2 (2.69)

where

r(u, ρ) := ρ sin(u) α(u) + M −
√
M2 − Q2 cos(u) (2.70)

with α(u) := √
M2 − Q2 (2M2 − Q2)/Q4 + (M2 − Q2) 2M/Q4 cos(u) and

K (u, ρ) :=
2α(u) sin(u) ∂ur(u, ρ) + 1 − 2M

r(u, ρ)
+ Q2

r2(u, ρ)

α2(u) sin2(u)
. (2.71)

The patches covered by various coordinate systems are shown in Fig. 2.16.

2.5 Kerr Solution and Its Basic Analysis

Astrophysical black holes rotate and are thus not described by the Schwarzschild
solution since rotation breaks spherical symmetry to ellipsoidal symmetry. More-
over, the addition of angular momentum breaks the time-reversal symmetry t → −t .
So, rotating black holes can be stationary if they have a timelike Killing vector.
We provide now a slick derivation of the Kerr metric based on this observation,
starting with flat spacetime in ellipsoidal coordinates, x = √

r2 + a2 sin θ cosϕ,
y = √

r2 + a2 sin θ sin ϕ, z = r cos θ ,

ds2 = − dt2 + ρ2

r2 + a2
dr2 + ρ2 dθ2 + (r2 + a2) sin2 θ dϕ2 (2.72)

with t ∈ R, r ∈ R
+, θ ∈ [0, π), ϕ ∼ ϕ + 2π , the definition ρ2 := r2 + a2 cos2 θ ,

and some constant parameter a (if a = 0 we have manifest spherical symmetry).
With hindsight, we represent the Minkowski line-element (2.72) in so-called

Boyer–Lindquist coordinates, which are actually the same coordinates as above,
but reorganized slightly differently.
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Fig. 2.13 Penrose diagram
of generic (non-extreme) RN
black hole. The colored
regions can be covered by an
ingoing EF patch. The
meaning of regions I–IV is
identical to Fig. 2.10. The
regions V, VI (and their
primed versions) are
bounded by parts of the
Cauchy horizon and the
singularity. The diagram can
be extended above and below
to an infinite strip, possibly
with periodic identifications
of primed and unprimed
regions with the same
numbers. In actual black
holes, only regions I and II
exist

Fig. 2.14 Penrose diagram
of extremal RN black hole.
The colored regions can be
covered by an ingoing EF
patch. The locus denoted by
I is an internal infinity,
corresponding to an infinite
Einstein–Rosen bridge. The
diagram can be extended
above and below to an
infinite strip, possibly with
periodic identifications of
regions II and II′. Extremal
black holes are not expected
to exist
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Fig. 2.15 Penrose diagram of RN naked singularity for M <
√
Q2

e + Q2
m . If cosmic censorship

was correct, this solution cannot arise in Nature

Fig.2.16 Regions of RN covered by various coordinate systems. From left to right: Schwarzschild,
EF, Kruskal, and Israel coordinates. The whole manifold is covered by Klösch–Strobl coordinates
(2.69)

ds2 = − �

ρ2

(
dt − a sin2 θ dϕ

)2 + ρ2

�
dr2 + ρ2 dθ2

+ (r2 + a2)2

ρ2 sin2 θ
(
dϕ − a

r2 + a2
dt

)2
. (2.73)

The function � can be read off from (2.72), � = r2 + a2. The special case a = 0
recovers the Minkowski metric in spherical coordinates.

So far, we have just represented Minkowski space in some coordinates that are
convenient for our purposes, but we have not introduced any black hole mass.
While we do not know yet how to do this for Kerr, we know already how to do it
for Schwarzschild. Namely, take the manifestly spherically symmetric line-element
(2.73) with a = 0 and use for the function � the expression �

∣∣
a=0 = r2 − 2Mr .

Thus, we know that the metric in Boyer–Lindquist coordinates (2.73) solves the
vacuum Einstein equations Rμν = 0 for functions � given by � = r2 − 2Mr (limit
of no rotation, a = 0) or � = r2 + a2 (limit of no mass, M = 0). A plausible ansatz
for the function � in the presence of rotation and mass is � = r2 + a2 + h(r).
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Demanding that themetric (2.73) has vanishingRicci scalar establishes d2h/ dr2 = 0
so that h(r) = c − 2Mr . The vanishing of the Ricci tensor component Rθθ = 0
implies c = 0. It is straightforward to check that for vanishing c, all other Ricci tensor
components also vanish, meaning that the metric (2.73) with � = r2 − 2Mr + a2

solves the vacuum Einstein equations for any values of mass M and rotation param-
eter a. This metric is known as the Kerr solution.

Historical note: The derivation and coordinates used by Kerr [25] differ from
above and exploited instead algebraic properties of theWeyl tensor. Formore detailed
discussion on Kerr black hole, see [168,169].

•> Kerr solution in Boyer–Lindquist coordinates

The Kerr solution is described by the metric (θ ∈ [0, π), ϕ ∼ ϕ + 2π )

ds2 = − �

ρ2

(
dt − a sin2 θ dϕ

)2 + ρ2

�
dr2 + ρ2 dθ2

+ (r2 + a2)2

ρ2 sin2 θ
(
dϕ − a

r2 + a2
dt

)2
(2.74)

with the functions

ρ2 := r2 + a2 cos2 θ � := r2 − 2Mr + a2 (2.75)

depending on the mass M and the rotation parameter a. For this solution to be a
black hole, its mass must be positive and sufficiently big, M ≥ |a|. If this inequality
does not hold, the Kerr solution describes a naked singularity.

2.5.1 Basic Properties of Kerr Black Hole

Here are the main properties of the Kerr solution (2.74), (2.75):

• It solves the vacuum Einstein equations Rμν = 0.
• It is asymptotically flat and the special case of M = 0 is just (a section of) the flat

space.
• It is stationary and axisymmetric with ∂t , ∂φ as Killing vectors. Note that, due to

rotation, ∂t is not hypersurface orthogonal, i.e. orthogonal to constant t surfaces.
Likewise, ∂φ is not hypersurface orthogonal.

• Kerr geometry is not static and is hence not time-reversal symmetric. Nonetheless,
it is circular as t → −t, φ → −φ is a Z2 symmetry of the Kerr solution; see
Exercise 2.4.

• It has ADM mass and angular momentum

MADM = M, JADM = Ma . (2.76)



60 2 Black Hole Solutions and Basic Properties

• It has in general two horizons, the outer horizon at r = r+ and the inner horizon
at r = r− with

r± = M ±
√
M2 − a2 . (2.77)

• The Killing vector fields

ξ±
H

= ∂t + �±
H

∂ϕ, �±
H

= a

r2± + a2
(2.78)

become null at the respective horizons r = r±. The quantity �±
H
is the (outer or

inner) horizon angular velocity. This name is justified since in the co-rotating
frame, φ = ϕ − �±

H
t , the near horizon geometry is static.

• In this co-rotating frame, one may expand the metric around r = r+. In doing so,
the r , t-part of the geometry becomes a Rindler space with surface gravity

κ = r+ − r−
2r+(r+ + r−)

. (2.79)

One may work out surface gravity at the inner horizon. The result is the same
as (2.79) but with r± → r∓. The surface gravity at the inner horizon is negative,
meaning that particles are repelled from the inner horizon.

• It has an ergoregion, defined as follows. The vector field ∂t is timelike asymptot-
ically. As we move to smaller r there is a surface, the ergosphere, where its norm
vanishes and beyond it becomes spacelike. The ergosphere is a constant-t surface
defined by

rergo(θ) = M +
√
M2 − a2 cos2 θ . (2.80)

The ergoregion is the part of the Kerr spacetime between the ergosphere and
the outer horizon; see Fig. 2.17. Within the ergoregion both Killing vectors are
spacelike. Since r+ ≤ rergo(θ) ≤ 2M = r+ + r−, the ergoregion vanishes for the
static case a = 0, as expected. See Exercise 2.28 for further analysis.

• For later purposes, it is of interest to determine the area of the outer horizon at
r = r+,

A = 4π
(
r2 + a2

)∣∣
r=r+ = 4πr+(r+ + r−) = 8πM2 (

1 +
√
1 − a2/M2

)
.

(2.81)
• There is an extremal version of Kerr with confluent horizons, r− → r+, and

vanishing surface gravity (2.79).
• It has a ring singularity at r = 0 and θ = π/2 where the Kretschmann scalar

Rαβγ δRαβγ δ is infinite; see [170] and references therein.
• In principle, one can extend the geometry past r = 0, into a region where r2 < 0.

However, in this region the Killing vector ∂φ becomes timelike, leading to closed
timelike curves (CTCs). The ring singularity is the boundary beyond which CTCs
develop.
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Fig. 2.17 Ergosphere and
ergoregion (shaded) in the
r , θ plane (suppressing the φ

direction)

• As in the RN case, the inner horizon is a Cauchy horizon and the same remarks
apply as for this case; in particular, the Cauchy horizon is not expected to exist in
astrophysical black holes which are results of gravitational collapse.

• From the properties above, it is clear that the causal structure of Kerr resembles
the causal structure of RN. However, it is hard to draw higher-dimensional Pen-
rose diagrams, and for Kerr, we cannot exploit spherical symmetry to reduce the
dimension to two. So for Kerr, one either draws 2-dimensional slices through
or projections of 4-dimensional Penrose diagrams. Choosing a slice correspond-
ing to polar angle θ = π/2 and dropping the S1 generated by angular rotations
yields a 2-dimensional diagram of the same form as for RN; see Fig. 2.13 for
the generic case, Fig. 2.14 for the extremal case, and Fig. 2.15 for the naked
singularity case. However, this diagram does not completely reflect the causal
structure of Kerr. An alternative to Penrose diagrams for visualizing the global
structure is projection diagrams [171] which are defined in such a way that they
are always 2-dimensional. For generic Kerr black holes, they look essentially like
the Penrose diagram, Fig. 2.13.

The existence of an ergoregion is one of the main physical differences to
Schwarzschild black holes and has profound phenomenological consequences since
it is accessible to an outside observer. In that region, no object can remain station-
ary with respect to an asymptotic observer but rather has to co-rotate with the black
hole.Moreover, energy asmeasured by an asymptotic observer can become negative,
which allows extracting (rotational) energy from the black hole, as long as the Kerr
parameter a is non-zero. For particles, this energy extraction is known as the Penrose
process, while for the scattering of waves whose reflection amplitude is bigger than
the ingoing amplitude the phenomenon is called superradiance.

2.5.2 Geodesics of Kerr Geometry

Black holes found in the sky are believed to be well-modeled by a Kerr geometry.
Thus, null and timelike geodesics of Kerr are of great importance for black hole
observations. The timelike geodesics are of particular importance as they essentially
determine the path of particles in the accretion disk. Among them, the ISCO is the
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most important one, especially when it comes to black hole images created by EHT
observations [62]. The location of the ISCO is crucial for phenomenology, so we
derive it in what follows.

Assume that the 4-velocity uμ of the test particle moving on a geodesic is normal-
ized, gμνuμuν = σ , with σ = 0 for null and σ = −1 for timelike geodesics. As for
Schwarzschild, two evident constants of motion are the Noether charges associated
with stationarity, E := −gtμuμ, and axisymmetry, J := −gϕμuμ. An additional
(non-evident) constant of motion, the Carter constant C [172], follows from the
Kerr Killing tensor (see Exercise 2.9). In terms of these four constants, the geodesic
equation leads to four first order ordinary differential equations,

�ρ2 ṫ = (
(r2 + a2)2 − a2� sin2θ

)
E − 2aM J r (2.82)

�ρ2 ϕ̇ = 2aME r + (
ρ2 − 2Mr

) J

sin2θ
(2.83)

ρ4 ṙ2 = r4 (E2 + σ) − 2σMr3 + r2
(
a2(E2 + σ) − J 2 − C

)

+ 2Mr
(
C + (J − aE)2

) − a2C (2.84)

ρ4 θ̇2 = C +
(
a2(E2 + σ) − J 2

sin2θ

)
cos2θ . (2.85)

For simplicity—and also since accretion disks are localized close to the equatorial
plane—we focus on vanishing Carter constant, C = 0, and solve (2.85) by setting
θ = π/2 for timelike geodesics, σ = −1; further analyses of the null geodesics are
deferred to Exercise 2.26. In that case, the radial evolution equation (2.84) can be
written in terms of an effective potential,

ṙ2

2
+ Veff = E Veff = −M

r
+ J 2 − 2a2E

2r2
− M(J − aE)2

r3
(2.86)

that depends on energy E = (E2 − 1)/2 when the Kerr parameter is non-zero. The
conditions for having a circular orbit, Veff = E and dVeff/ dr = 0, together with the
marginal stability condition d2Veff/ dr2 = 0 lead to three algebraic equations that can
be solved for energy E, angular momentum J , and ISCO-value of the radial coordi-
nate rISCO. The latter two equations are solved in terms of rISCO by 3(J − aE)2 = r2ISCO
and J 2 − a2E2 = 2MrISCO − a2. The remaining equation Veff = E yields a quartic
equation for rISCO that has a unique positive root

rISCO
M

= 3 +
√
x2 + 3a2/M2 ∓

√

(3 − x)
(
3 + x + 2

√
x2 + 3a2/M2

)
(2.87)

sloppywhere the upper (lower) sign refers to a test particle co-rotating with the
black hole, a > 0 (counter-rotating with the black hole, a < 0), and x := 1 + (1 −
a2/M2)1/3[(1 + a/M)1/3 + (1 − a/M)1/3]. The static case, a = 0, x = 3, recov-
ers the Schwarzschild result (2.30), rISCO = 6M = 3r+. For extremal co-rotating
Kerr black holes, a = M implies x = 1 and rISCO = r+ = M . This is crucial for
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phenomenology and means that strongly rotating black holes can have co-rotating
accretion disks that extend almost all the way to the horizon, so that accretion disk
physics allows to probe near horizon features of black holes. For generic values of
0 < a/M < 1, the radius of the co-rotating ISCO varies between the horizon and
the Schwarzschild ISCO. Extremal counter-rotating orbits yield rISCO = 9r+ = 9M
and hence are farther than the Schwarzschild ISCO.

•> Frame-dragging and Lense–Thirring effect in Kerr geometry

Non-staticity of the Kerr metric leads to frame-dragging and the Lense–Thirring
effect; see [173] and refs. therein. Frame-dragging means that observers with
vanishing angular momentum, J = 0, have non-zero coordinate angular velocity
ω = dϕ/ dt = −gtϕ/gϕϕ . As (2.82) and (2.82) show, frame-dragging occurs both
for timelike and null geodesics; see Exercise 2.27 for more analysis.

The Lense–Thirring effect is the precession of a gyroscope placed in the external
field of a rotating body. The Lense–Thirring 4-frequency ωμ = − 1

2 εμνλρkν∇λkρ is
given by the twist of the timelike Killing vector k = ∂t . This frequency is non-zero
as kμ is not orthogonal to constant-t hypersurfaces provided the Kerr parameter is
non-zero, a �= 0; see Exercise 2.2.

These effects are not particular to Kerr and apply to generic non-static spacetimes.
For Kerr, they are simple enough to be explored analytically.

2.6 Black Holes in (A)dS Backgrounds

There are numerous reasons why adding a cosmological constant to Einstein’s theory
is of physical relevance and significance:

1. FromanEFTperspective, the cosmological constant is the only relevant termother
than the Ricci scalar. Applying Gell-Mann’s ‘totalitarian principle’ (everything
that is not forbidden is compulsory), there is no reason to set the cosmological
constant to zero as there is no obvious symmetry forbidding it.

2. From a phenomenological perspective, our present universe and its inflationary
phase to a good approximation are described by assuming there is a positive
cosmological constant.

3. The best-studied implementation of the holographic principle, the AdS/CFT cor-
respondence, requires a negative cosmological constant.

4. A negative cosmological constant removes some IR divergences and makes the
canonical ensemble well-defined for black holes, so even if one is interested in
isolated black holes where Minkowski space is a good approximation it is helpful
to add a negative cosmological constant to effectively put the black hole in a box.
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It is straightforward to generalize the Schwarzschild solution by considering the
most general spherically symmetric solution of the vacuum Einstein equations

Rμν − 1

2
Rgμν = −�gμν (2.88)

in the presence of a cosmological constant� known asKottlermetric or, equivalently,
Schwarzschild-(A)dS.

ds2 = −K (r) dt2 + dr2

K (r)
+ r2 d�2

k K (r) = −�

3
r2 + k − 2M

r
. (2.89)

Here, k = 0,±1 is the curvature of the internal space described by d�2
k and M is the

black hole mass parameter. For k = 1, we have a black hole similar to Schwarzschild
with d�2 = dθ2 + sin2θ dϕ2 being the line-element of the round 2-sphere. For
k = 0, we get instead a black-brane type of solution where d�2 = dx21 + dx22 is
intrinsically flat, which allows black holes with toroidal horizon topology when
compactifying the flat directions, xi ∼ xi + 2π . For k = −1, the internal space is
hyperbolic, d�2 = dρ2 + sinh2ρ dϕ2.

Depending on the sign of the cosmological constant, there are various interesting
possibilities for black hole solutions. Before discussing them,we point out a common
convention, namely to replace the cosmological constant by a curvature length scale
� ∝ |�|−1/2, the dS radius � = 3/�2 or AdS radius � = −3/�2, respectively.

2.6.1 Schwarzschild-dS Black Holes

For a positive cosmological constant, we need k = 1 to have black holes

ds2 = −
(

− r2

�2
+ 1 − 2M

r

)
dt2 + dr2

− r2

�2
+ 1 − 2M

r

+ r2
(
dθ2 + sin2θ dϕ2)

(2.90)
which then have up to two horizons from the two positive roots of a cubic equation.
In the limit of a large dS radius, they are located at

r� = � − M − 3M2

2�
+ O(1/�2) rh = 2M + 8M3

�2
+ O(1/�4) . (2.91)

The locus r� is interpreted as a cosmological horizon (for a small cosmological
constant r� is large), while the locus rh is interpreted as a black hole horizon (for a
small cosmological constant it approaches the Schwarzschild radius).

A finite curvature radius makes the black hole bigger as compared to
Schwarzschild, while adding a mass to a cosmological spacetime decreases the size
of the cosmological horizon. Thus, there is a maximal value for the mass where
both horizons coalesce and the black hole becomes extremal. Extremality arises for
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� = 3
√
3M . Taking the near horizon limit of Schwarzschild-dS (analogously to the

Robinson–Bertotti limit) yields the Nariai solution [174,175]

ds2Nariai =
�2

3

( − sin2χ dτ 2 + dχ2 + dθ2 + sin2θ dϕ2) (2.92)

where χ, θ ∈ [0, π ] and ϕ ∼ ϕ + 2π . This geometry is dS2× S2 with equal radii for
dS2 and S2 parts. In other words, for � = 3

√
3M the black hole interpolates between

the dS2× S2 geometry at the horizon and dS4 at large r .
As we saw, the only allowed horizon topology for black holes with � ≥ 0 is S2.

For � < 0, however, we can have various horizon topologies, i.e. topological black
holes [176,177] (see Exercise 2.31). There are other important technical differences;
in particular, there is only one horizon and no extremal solution in AdS, unless one
adds, e.g. rotation or charge.

2.6.2 Schwarzschild-AdS andTopological Black Holes

For negative cosmological constant k can take any value, allowing for different
horizon topologies. To see this, let us study static solutions.

1. For k = +1 we have a usual AdS–Schwarzschild black hole

ds2 = −
(r2

�2
+ 1 − 2M

r

)
dt2 + dr2

r2

�2
+ 1 − 2M

r

+ r2
(
dθ2 + sin2θ dϕ2)

(2.93)
with a single spherical horizon. This is so because two of the roots of the cubic
equation determining the radius of the horizon are now complex. Defining the

dimensionless mass parameter m̃ = M
�

+
√

M2

�2
+ 1

27 yields

rh = � m̃1/3 − �

3
m̃−1/3 = 2M − 8M3

�2
+ O(M5/�4) . (2.94)

We see that the effect of a small negative cosmological constant is to make the
horizon shrink to a slightly smaller size. For very small AdS radius, the horizon is
located close to the origin, rh = (2�2M)1/3 + O(�4/3/M1/3). See Exercise 2.31
for more discussion and Fig. 2.18 for the Penrose diagram.

2. For k = 0, we have black holes with toroidal horizon topology described by
metrics

ds2 = −
(r2

�2
− 2M

r

)
dt2 + dr2

r2

�2
− 2M

r

+ r2
(
dx21 + dx22

)
(2.95)

where x1,2 ∼ x1,2 + 2π .



66 2 Black Hole Solutions and Basic Properties

Fig. 2.18 Penrose diagram
of AdS–Schwarzschild black
hole. The asymptotic
boundary is timelike, exactly
as for AdS; see Fig. 2.8. The
rest of the diagram is
identical to the
Schwarzschild Penrose
diagram 2.10

3. For k = −1 horizon is the hyperbolic space H2, which is non-compact. One may
orbifold H2 by the discrete subgroup of its isometry group SO(2, 1), �g, g > 1.
This orbifolding does not change the local properties of the H2, in particular
its curvature. Moreover, it is freely acting on H2 and hence leads to a smooth,
compact 2-dimensional surface of genus g, �g [176]. In this case, the black hole
metric

ds2 = −
(r2

�2
− 1 − 2M

r

)
dt2 + dr2

r2

�2
− 1 − 2M

r

+ r2 d�2
g (2.96)

contains the metric d�2
g for a genus g surface �g of curvature radius one. The

metric (2.96) has only one horizon at the real positive root of r2

�2
− 1 − 2M

r = 0.

Therefore, in the AdS case we can have surfaces of any given genus g as the hori-
zon: g = 0 (spherical, for k = 1), g = 1 (toroidal, for k = 0), and g > 1 (hyperbolic,
for k = −1). The metrics (2.95) and (2.96) provide simple counterexamples to the
spirit of ‘topological censorship’, according to which horizons must have spherical
topology; since the corresponding theorem assumes asymptotic flatness there is no
contradiction, because we need a negative cosmological constant to obtain higher
genus horizon topologies.

As for k = 1, we also have a Nariai-like solution, AdS2 × �g . See Exercise 2.32
for more.

The discussion here generalizes to rotating and charged black holes in (A)dS.
As we shall discuss an even bigger set of solutions encompassing all of them, we
postpone such generalizations to the next section.
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2.7 Plebanski–Demianski Black Holes

All black holes discussed so far are special cases of a seven-parameter family of
black hole solutions found by Plebanski and Demianski [178]. The seven parameters
are mass M , angular momentum J = a M , electric and magnetic charges Qe and
Qm , cosmological constant �, NUT charge l and acceleration α.3 For vanishing
charges, Qe = Qm = 0, these are locally vacuum solutions to the Einstein equations
(of Petrov type D; see [133,179] for a definition of this algebraic classification),
while switching on charges requires additionally a Maxwell field. The Plebanski–
Demianski black hole metric in Boyer–Lindquist coordinates is given by [180]

ds2 = 1

�2

(
− �

ρ2

(
dt − (a sin2θ − 2l cos θ) dϕ

)2 + ρ2

�
dr2 + ρ2

P
dθ2

+ P sin2θ

ρ2

(
a dt − (r2 + a2 + l2) dϕ

)2
)

(2.97)

with the functions

P = 1 + ak1 cos θ + a2k2 cos2θ (2.98)

� = 1 − α
(
l + a cos θ

)
r ρ2 = r2 + (

l + a cos θ
)2 (2.99)

the Killing norm

� =
((
k + Q2

e + Q2
m

)(
1 + 2αl r

) − 2Mr + k

a2 − l2
r2

) (
1 − α(a + l) r

) (
1 + α(a − l) r

)

− �

3
r2

(
r2 + 2αl(a2 − l2) r + a2 + 3l2

)
(2.100)

and the constants

k = (
a2 − l2

) 1 + αl
(
2M − 3α (Q2

e + Q2
m)

) − � l2

1 + 3α2l2(a2 − l2)
(2.101)

k1 = 4α2l
(
k + Q2

e + Q2
m

) − 2α M + 4l
�

3
(2.102)

k2 = α2 (
k + Q2

e + Q2
m

) + �

3
. (2.103)

These solutions are explicitly axisymmetric and stationary. Horizons are located at
zeros of the Killing norm (2.100). Since this is a quartic function of the radial coordi-
nate r , there are up to four horizons. If the seven parameters are in appropriate ranges,

3 The cosmological constant � is a parameter of the theory. As discussed in the (A)dS–
Schwarzschild examples, it crucially affects the properties of the solution. We, therefore, include it
together with the constants of motion parameters.
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the outermost horizon is a black hole horizon. As long as the rotation parameter is
not smaller than the NUT charge, a2 ≥ l2, there is the same ring-like singularity as
for Kerr at ρ = 0.

Some notable special black hole cases not discussed so far are

• Kerr–Newman (KN). For � = α = l = 0, we obtain charged rotating black
holes [49]. The constants simplify to k = a2, k1 = k2 = 0, and the functions
simplify to � = P = 1, ρ2 = r2 + a2 cos2θ and

�KN = r2 − 2Mr + a2 + Q2
e + Q2

m . (2.104)

Themetric is hence that of a Kerr geometry with� given as above. Thus, there are
up to two horizons as long as M2 ≥ a2 + Q2

e + Q2
m , and the causal structure and

Penrose diagram of Kerr and KN solutions are similar. If this inequality saturates
extremal KN, black holes are obtained. Further special cases of KN discussed
before are Kerr (Qe = Qm = 0), RN (a = 0), and Schwarzschild (Qe = Qm =
a = 0).

• Kerr–Taub–NUT. For � = α = Qe = Qm = 0, we obtain rotating black holes
with aNUTcharge (where ‘NUT’ is an eponymous acronym referring toNewman,
Unti, and Tamburino) [181,182]. The NUT charge compares to the mass like a
magnetic monopole compares to an electric one and hence sometimes is referred
to as ‘magnetic mass’. Due to the presence of the NUT-charge, the solution is
not asymptotically flat, but it is asymptotically locally flat; it is asymptotically a
Minkowski space up to certain identification by its isometries [108]; see Exercise
2.40 for more comments. In this case, the horizon topologically is still a 2-sphere,
but has now conical singularities at the poles θ = 0, π . The constants simplify
to k = a2 − l2, k1 = k2 = 0, and the functions simplify to � = P = 1, ρ2 =
r2 + (l + a cos θ)2 and

�Kerr–Taub–NUT = r2 − 2Mr + a2 − l2 . (2.105)

Thus, again there are up to two horizons as long asM2 ≥ a2 − l2. If this inequality
saturates, extremal Kerr–Taub–NUT black holes are obtained.

• Accelerated Kerr. For � = Qe = Qm = l = 0, we obtain accelerated Kerr
black holes. The constants simplify to k = a2, k1 = −2αM , k2 = α2a2, and the
functions simplify to� = 1 − αa cos θ r , P = 1 − 2αa M cos θ + α2a4 cos2θ ,
ρ2 = r2 + a2 cos2θ and

�accelerated Kerr = (
r2 − 2Mr + a2

) (
1 − α2a2 r2

)
. (2.106)

In addition to the two horizons present forKerr black holes, there is an acceleration
horizon if α �= 0.
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2.8 VaidyaMetric as Example for Non-stationary Black Holes

All black hole solutions discussed so far are stationary, which means that they pro-
vide a fair description of black holes after the formation process (like gravitational
collapse) has settled down and before semiclassical effects like Hawking evaporation
become relevant. In this section, we discuss a simple class of non-stationary black
holes characterized by the so-called Vaidya metric [183].

The simplest Vaidya metric

ds2 = 2 dr dv −
(
1 − 2M(v)

r

)
dv2 + r2 d�2 (2.107)

describes a dynamical version of the Schwarzschild black hole in the ingoing EF
coordinates (2.38). The only difference to the Schwarzschild black hole is that m(v)

is a function of advanced time v rather than a constant; all other quantities have their
usual meaning (r is the radial coordinate and d�2 is the line-element of the round
2-sphere). The above geometry is an Einstein vacuum solution only for constant M .
In general, we have a spherically symmetric source of null dust. This can be seen
explicitly by calculating the Ricci tensor associated with the metric (2.107).

Rμλ

∣
∣
r>0 = 2

r2
dM(v)

dv
δv
μδv

λ. (2.108)

Since gvv = 0 the Ricci scalar vanishes, the Ricci tensor (2.107) is therefore propor-
tional to the energy–momentum tensor. We see that only the flux component Tvv is
non-zero, which means that the metric (2.107) describes matter that is ingoing along
the null direction v.

A special case is the shock-wave formation of a Schwarzschild black hole with
the choice

M(v) = θ(v) M . (2.109)

For negative advanced times, the geometry is locally Minkowski, while for positive
advanced times it is locally Schwarzschild. At v = 0 there is a delta-like localization
of collapsing lightlike matter. The Penrose diagram is shown in Fig. 2.19.

A remarkable aspect of (2.107) with (2.109) is that the geometry solves the
vacuum Einstein equations everywhere except at v = 0, where it has a delta-like
localized energy–momentum tensor as a source. Moreover, the special case (2.109)
leads to an energy–momentum tensor

Tμλ

∣
∣
r>0 = M

4πGN r
2 δv

μδv
λ δ(v) (2.110)

that is localized at v = 0 with a delta-function. A different way to understand this
localized energy–momentum tensor is by patching together two vacuum solutions at
a null hypersurface; see Exercise 2.41 for more detail.
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Fig. 2.19 Penrose diagram
of Vaidya black hole,
analogous to Fig. 2.11

A straightforward generalization of the metric (2.107) is to consider arbitrary
radial and (advanced) time-dependence in the vv-component:

ds2 = 2 dr dv − (
1 − f (v, r)

)
dv2 + r2 d�2. (2.111)

For f = 2m(v)/r , the Vaidya metric above is recovered. The Einstein tensor asso-
ciated with (2.111) has now additional entries besides the flux component Gr

v:

Gμ
λ = ḟ

r
δμ
r δv

λ − f ′

r
δ
μ
λ − f

r2
(
δμ
v δv

λ + δμ
r δrλ

) − f ′′

2

(
δ
μ
θ δθ

λ + δμ
ϕ δ

ϕ
λ

)
. (2.112)

Here, prime means derivatives with respect to r and dot derivatives with respect to
v. For f (v, r) = 2M(v)/r + Q(v)2/r2 (2.112), we obtain the so-called Vaidya–
Bonnor solution, which describes time-dependent charged black holes; see Exercise
6.22 for more discussions.

Further Reading

Classification and cataloging of solutions, in particular black hole solutions, to GR
with various matter contents and analysis of these solutions is still an ongoing pro-
gram. For some books on (black hole) solutions, we refer to [133,180,184,185]
and for particle motion and geodesic/probe analysis to [186]. For a histori-
cal/autobiographic review on Kerr geometry and Kerr–Schild coordinates, see [187].



2.8 Vaidya Metric as Example for Non-stationary Black Holes 71

Exercises

2.1 Schwarzschild Killing vectors.
Verify that (2.4) are indeed Killing vectors solving the Killing equation (2.3) and

check that they satisfy the algebra {ξi , ξ j }L.B. = fi j kξk , where L.B. stands for the
Lie bracket and fi j k are structure constants of so(3).

2.2 Hypersurface orthogonality.
Consider a hypersurface defined through�(xμ) = 0 and let nμ denote the 1-form

field normal to it nμ = N∂μ�, where N is a normalization factor.
(1) Show that n satisfies the Frobenius theorem,

n[μ∇νnα] = 0. (2.113)

(2) One can always choose the coordinate system such that �(x) is one of the
coordinates. Call this coordinate system yμ where y1 = �(x) while the other yμ

span the hypersurface. Consider the vector field Y := ∂y . Show that in general Y and
n̂μ := gμνnν are not parallel, i.e.

(gμν − nμnν)Yν �= 0. (2.114)

(3) Find the condition for Y to be normal to the � = 0 hypersurface, i.e. to be
hypersurface orthogonal.

2.3 More on stationarity and staticity
It is well-known that one can use flows of a given vector field V to locally define

the normal coordinate v such that V = ∂v .
(1) Show that in normal coordinates ∂vgαβ = 0 if V is a Killing vector and there-

fore the most general form of a stationary metric with ∂t as a Killing vector is

ds2 = −gttdt
2 + 2gtidtdx

i + gi jdx
idx j , i, j = 1, 2, 3, (2.115)

where gtt , gti , gi j are t-independent functions.
(2) Show that gαv = 0, α �= v means ∂v is orthogonal to v = const. surfaces. In

this case, the Killing vector v is called hypersurface orthogonal.
(3) One can further restrict (2.115) to static metrics. Show the most general form

of the metric may be written as

ds2 = −gttdt
2 + gi jdx

idx j , i, j = 1, 2, 3, (2.116)

where gtt , gi j are t-independent functions.
(4) The above form for static spacetimes (2.116), while quite general, depends

on the choice of coordinate t . There is, however, a coordinate independent defini-
tion of staticity: Stationary geometries in which their timelike Killing vector field is
hypersurface orthogonal are static. Show that this definition and the one based on
the reflection symmetry of the timelike coordinate t are equivalent.
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2.4 More on circular spacetimes.
A subclass of stationary spacetimes are those which are also axisymmetric, i.e.

besides ξt := ∂t they have another Killing vector ξφ := ∂φ which is along the 2π
periodic coordinate φ.

(1) Starting from (2.116) restrict it so that it gives the most general form of an
stationary-axisymmetric metric in t, r , θ, φ coordinate system.

(2) A subclass of stationary-axisymmetric metrics are those which are invari-
ant under simultaneous inversion of t, φ, (t, φ) → (−t, −φ). These spacetimes are
called circular spacetimes [188]. Write down the most general form of metrics for
circular spacetimes.

(3) The above definition based on double inversion symmetry, while quite gen-
eral, depends on the choice of coordinates t, φ. One can, however, provide a more
‘covariant’ definition of circularity. Show that for all circular spacetimes [133]

ξ
[μ
t ξν

φ∇αξ
β]
t = 0, ξ

[μ
t ξν

φ∇αξ
β]
φ = 0. (2.117)

(4) Show that all Plebanski–Demianski black holes are circular.
(5) Show that in Einstein–Maxwell theory, a necessary condition to obtain non-

circular solution is

J [μξν
t ξ

λ]
φ �= 0, (2.118)

where J is the charge current sourcing the Maxwell field. Show that in the adapted
coordinates, ξt = ∂t , ξφ = ∂φ ; this means Jr or J θ components should be non-zero.

2.5 Curvature invariants of Schwarzschild geometry.
To argue that r = 2GNm is not a curvature singularity besides the Kretschmann

invariant (2.8), one should explore higher curvature invariants, scalars made from
higher powers of Riemann curvature and its derivatives. In four dimensions, these are
scalars constructed by various powers of Riemann curvature Rαβμν , inverse metric
gμν , and the Levi–Civitá tensor εαβμν .

(1) Compute the Gauss–Bonnet invariant, εαβμνελρσγ RαβλρRμνσγ .
(2) Show that any invariant which involves εαβμν , like εαβμνRαβργ R

ργ
μν is zero.

(3) Schwarzschild is Ricci-flat and hence all information in its Riemann curvature
is in the Weyl tensor. Compute the Weyl tensor for the Schwarzschild geometry.

(4) Show that for a Schwarzschild black hole, all curvature invariants made from
higher powers of Riemann (orWeyl) tensors are not independent of the Kretschmann
invariant. Use the symmetries and number of independent non-vanishing compo-
nents of Riemann. Show that all curvature invariants are smooth at r = 2GNm while
blowing up at r = 0.

2.6 More on ADM mass and angular momentum.
For asymptotic flat stationary spacetimes, one may use the expansion gμν =

ημν + hμν , where hμν is small asymptotically.
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(1) Show that the linearized Einstein equation takes the form

�hμν + ∂μ∂νh − ∂α∂μh
α

ν − ∂α∂νh
α

μ = 16πGN(Tμν − 1

2
ημνT ) (2.119)

where � is the flat space d’Alembertian, h = ημνhμν , T = ημνTμν and hμ
ν =

ημαhαν .
(2) Show that for stationary cases where hμν have no time-dependence, the t t

component of the above equation yields the ADM energy

E :=
∫

const. t
slice

Ttt = 1

8πGN

∮

S2∞
d� j ∂ j htt = 1

16πGN

∮

S2∞
d� j (∂i h ji − ∂ j hii ),

(2.120)
where in the last equation i index denotes asymptotic spatial Cartesian coordinates
and d� j is the element of the area of the S2 at infinity.

(3) Similarly, one may define the ADM angular momentum

Ji j :=
∫

const. t
slice

(T t
i x j − T t

j xi ) = 1

16πGN

∮

S2∞
d�k [(∂kht i − ∂i h

t
k)x j − (i ↔ j)].

(2.121)
(4) Show that the above in polar coordinates reproduce ADM mass and angular

momentum (2.14).

2.7 More on geodesic reparameterization invariance.
(1) Starting from the action (2.15) and that the Lagrangian is independent of λ,

show that gμν ẋμ ẋν = const. on the particle trajectory.
(2) Work out the Euler–Lagrange equations of the action (2.15) and show that it

reproduces the geodesic equation (1.1).
(3) Consider the action

I =
∫

γ

dλ gμν ẋ
μ ẋν (2.122)

and show that it yields the same EOM as the action (2.15).
(4) The action (2.122) is not invariant under general path reparameterizations

λ → f (λ). Viewing reparameterization invariance as a gauge freedom, the action
(2.122) may be viewed as a gauge-fixed form of (2.15). Find this gauge fixing.

(5) While not invariant under general reparameterizations, (2.122) is scaled just
by a coefficient under a restricted set of such reparameterizations, λ → aλ + b, the
affine parameter. Verify that the geodesic equation (1.1), although not invariant under
general path reparameterizations, is invariant under affine transformations.

2.8 Conserved quantities on geodesics.
(1) Metrics with isometries yield conserved quantities. Let ξ be the Killing vector

field associated with a given isometry, Lξ gμν = 0. Show that

Pξ = ξμ ẋ
μ = const. (2.123)
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along the geodesic. This is a consequence of Noether’s theorem which associates the
conserved charge Pξ to a symmetry ξ .

(2) One may view the particle motion as Hamiltonian dynamics on a phase space.
To this end, one may choose the path parameter λ to be the Hamiltonian time. There
is a natural Poisson bracket defined on the phase space,

{xμ, pν}P.B. = δμν, pμ ≡ dxμ

dλ
. (2.124)

Using the above show that for any two Killing vector fields ξ1, ξ2,

{Pξ1 , Pξ2}P.B. = P{ξ1,ξ2}L.B. . (2.125)

That is, momenta associated with the Killing vectors satisfy the same algebra as the
Killing vectors.

2.9 Killing tensors.
As a generalization of Killing vectors, one can define a rank k Killing tensor

Kμ1μ2···μk as a symmetric tensor obeying the Killing tensor equation

∇(μ1Kμ2μ3···μk+1) = 0 (2.126)

where (· · · ) stands for symmetrization.
(1) With this definition, one can readily see that any metric with Levi–Civitá

connection is indeed a second rank Killing tensor.
(2) Let ξμ

i be Killing vectors; show that any symmetric product of them,

Kμ1μ2···μn := K(i1i2···in)ξ
μ1
i1

· · · ξμn
in

(2.127)

where K(i1i2···in) are some constants, is a Killing tensor. Killing tensors which may
be written in terms of lower rank Killing tensors are called reducible.

(3) Show that the rank k Casimirs of the algebra of Killing vectors form a rank k
Killing tensor.

(4) Consider two Killing tensors K(1) and K(2) of rank n,m. Their Schouten–
Nijenhuis bracket [189,190] is defined as

μ1μ2···μm+n−1
SN := nKα(μ1μ2···μn−1

(1) ∇αKμnμn+1···μm+n−1)

(2)

− mKα(μ1μ2···μm−1
(2) ∇αKμmμm+1···μm+n−1)

(1) .
(2.128)

Show the above bracket yields another Killing tensor from two given Killing tensors.
Show also that metric (as a second rank Killing tensor) commutes with all Killing
tensors.

(5) Show that for geodesic paths xμ(τ),

PK := Kμ1μ2···μk ẋ
μ1 ẋμ2 · · · ẋμk (2.129)
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is a conserved quantity on a geodesic. In particular, gμν ẋμ ẋν = const. for any
geodesic.

(6) The Carter constant C [172] for the Kerr metric is related to a Killing two-
tensor, C = Cμν ẋμ ẋν . Find Cμν for Kerr and KN geometries. What is Cμν for the
Schwarzschild case?

2.10 More on comparison of fiducial and free-fall observers.
We discussed in Sect. 2.1.5 how to compare the frequencies two fidos measure.

One may repeat the same analysis for two free-fall observers and a free-fall and a
fido at the same radius.

(1) Consider two radially free-fall observers. Their paths are given by (2.28).
Assume both of them start at rest in the asymptotic region, v∞ = 0. Therefore, for
both ṙ2 = rh/r , ṫ = (1 − rh/r)−1.

(1-1) Show that their boost factor at a given radius r is locally given by

γ (r) := 1/

√

1 −
(
dr

dt

)2

=
(

1 − rh
r

+ 2r2h
r2

− r3h
r3

)−1/2

.

(1-2) Suppose that the observer at infinity is sending in a signal of frequency ω∞.
Show that the frequencies of two such free-fall observers at radii rA, rB measure are
related as γ (rA)−1ωA = γ (rB)−1ωB = ω∞.

(1-3) Show that the velocity as measured by the asymptotic observer and hence
the boost factor is maximized at r = rISCO = 3rh , while the boost factor is equal to
one at r = ∞ and r = rh .

(1-4) Compare this with the case of two fidos at different radii.
(2) Complete the above analysis by comparing frequencies measured by a fido

and a free-fall observer (as described above) at the same radius r . Analyze this for
r = rh case.

2.11 Near horizon geodesics.
(1) Study geodesics of the near horizon metric (2.10).
(2) Show that the geodesics of the Schwarzschild geometry in the near horizon

region match with the geodesics found in (1) of this exercise.
(3) Study null geodesics at ρ = ρ0 of the near horizon metric. How much coordi-

nate time does it take to send and receive a light signal between two antipodal points
on the S2?

(4) Repeat the above exercise for the Kerr geometry given in (2.74).

2.12 Cross-section of Schwarzschild black holes.
(1) Using (2.26), compute the light deflection angle as a function of the impact

parameter for orbits in the r > 3GNM region.
(2) Compute the differential and total cross-section of a black hole for light rays.

Since the gravity force is long-range, one would expect the total cross-section to be
infinite, as in the Rutherford scattering.
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(3) GR deviations from Newtonian gravity may be quantified through the dif-
ference between this cross-section and the Rutherford cross-section. Compare this
regularized total cross-section with the area of the photon-sphere.

(4) Repeat the above three parts for timelike geodesics.
(5) Bonus level: Repeat the above for Kerr black hole.

2.13 More on timelike geodesics in Schwarzschild geometry.
(1) Redo the analysis of radial timelike geodesics in the asymptotic observer’s

frame. How much time does it take for a particle starting at r0 > 2GNM to pass
r = 2GNM?

(2) Analyze the trajectories of a free massive particle, i.e. write the counterpart
of (2.26) for timelike geodesics and explore its solutions.

2.14 Outgoing Eddington–Finkelstein and Gaussian null coordinate systems.
(1) The outgoing EF coordinate system uses r , u given in (2.37). Show that in

this coordinate system the metric is

ds2 = − f (r) du2 − 2drdu + r2d�2 . (2.130)

Here, u ∈ (−∞, +∞), r > 0, and ∂u is a globally defined Killing vector field which
becomes null at f = 0, and is spacelike (timelike) in f < 0 ( f > 0) regions. The
vector ∂r is past-oriented null and ∂r · ∂u = −1.

(2)One can use any (globally defined) vector field N to define a coordinate system.
Such coordinate systems, if the vector is timelike, spacelike, or null, are respectively
called Gaussian timelike, spacelike, or null coordinate systems. We first discuss the
Gaussian null case:

– Define the coordinate r such that N = ∂r .
– Define the coordinate v such that ∂v · ∂r = 1.
– One may then define two other spacelike coordinates xa .
Show that the metric in Gaussian null coordinate takes the form

ds2 = gvvdv
2 + 2drdv + 2gadvdx

a + gabdx
adxb. (2.131)

Depending on the symmetries and the specific solution under consideration, metric
coefficients gvv, ga, gab can have specific general features.

(3) Verify that the ingoing and outgoing EF coordinate systems are indeed in
Gaussian null form.

(4) Repeat the above procedure for a (timelike) Gaussian coordinate system based
on the timelike vector field T .

2.15 Geodesic completeness of flat space.
Show that flat space inMinkowski coordinates is geodesically complete by study-

ing possible extensions of null, timelike, and spacelike geodesics.
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2.16 More on EF and Kruskal coordinates.
(1) Convince yourself that the original Schwarzschild t, r coordinates, with r >

rh , cover only quadrant I, the ingoing EF coordinates quadrants I, II or III, IV and
outgoing EF coordinates quadrants I, IV or II, III, where the quadrants refer to the
Kruskal diagram 2.4.

(2) Show that in Kruskal coordinates, the Killing vector field which is of unit
norm at infinity and is timelike in the region UV < 0 is of the form

ζH = 1

κ
(V ∂V −U∂U ) . (2.132)

What is the norm of this vector at the horizon UV = 0?

2.17 Schwarzschild and Reissner–Nordström geometries in various coordi-
nates.

(1) Isotropic coordinates. Find the coordinate transformation which bring the
Schwarzschild geometry to the spatially isotropic form

ds2 = −G(ρ)dt2 + F(ρ)dxidxi ρ2 := xi xi (2.133)

where xi are Cartesian coordinates on the spatial sections.
– What are the functions F , G?
– Which of the four quadrants of the Kruskal diagram 2.4 do the isotropic coor-

dinates cover?
– Write the RN metric in isotropic coordinates. Specifically, write the metric for

the extremal case and verify that in this case F = G−1.
(2) Israel coordinates [44]. Consider the metric

ds2 = 2dudz + (
z2

2Mr
)du2 + r2d�2 (2.134)

where r = 2M + uz/(4M) and u, z ∈ R.
– Show this is a vacuum Einstein solution.
– Show that in the region uz > 0, the metric is converted to the Schwarzschild

solution upon t = r − 2M ln( u
2z ).

– Explore radial timelike geodesics of (2.134).
– Where is horizon r = 2M in this coordinate system?
– Which part of the maximally extended Schwarzschild geometry is covered in

this coordinate system?
– One may also write the RN metric in Israel coordinates, where the z2

2Mr is
replaced by ( z

r+r )
2 ((r+ − r−)r − r+r−) and r± are the inner and outer horizon

radii. Show that r = r+ + uz(r+−r−)

2r2+
. Find t = t(r , u, z) which brings this metric to

the usual RN coordinate system.
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2.18 Couch–Torrence inversion symmetry of extremal Reissner–Nordström.
Consider the extremal RN metric,

ds2 = − f 2(r)dt2 + dr2

f 2(r)
+ r2d�2, f (r) = 1 − Q

r
. (2.135)

(1) Rewrite the metric in coordinate R = Q
r−Q .

(2) Show that upon inversion of R, R → 1/R, the metric goes to itself up to the
conformal factor R2.

(3) Show that a similar inversion symmetry does not work for extremal KN black
holes.

The above observation that the extremal RNmetric is conformally invariant under
a radial inversion was first made by Couch and Torrence [191]; see [192] for more
recent follow-ups and references.

2.19 Einstein–Rosen bridge.
Consider the constant time slice of Schwarzschild solution in the isotropic coor-

dinates,

ds2 =
(
1 + M

2ρ

)4 (
dρ2 + ρ2d�2) . (2.136)

(1) Show (2.136) has two asymptotically flat regions ρ → 0 and ρ → ∞.
(2) Show that these two asymptotically flat regions are related by a ‘throat’ at ρ =

M/2. Constant t surfaces in the isotropic coordinates are Einstein–Rosen bridges.

2.20 Null geodesics of two conformally related metrics.
Consider two metrics g̃μν, gμν related by a Weyl scaling

g̃μν = �2(x)gμν (2.137)

where we assume the conformal factor � to be a smooth positive function over the
spacetime.

(1) Show that the Christoffel symbols of the two spacetimes are related as

�̃α
μν = �α

μν + �−1(δα
μ∂ν� + δα

ν∂μ� − gμν∂
α�) . (2.138)

(2) Consider a lightlike path whose velocity is given by the null vector field uμ.
Show that whenever gμνuμuν = 0 also g̃μνuμuν = 0.

(3) Recall that d�
dλ = uμ∂μ�, where λ is the affine parameter along the path.

Then show that the null geodesic equation for g̃ and g are related by a change of
path parameter. Find this path reparametrization as a function of �.
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2.21 Stereographic coordinates.
Consider the Euclidean plane in two dimensions in polar coordinates, ds2 =

dr2 + r2 dϕ2 with ϕ ∼ ϕ + 2π and r ∈ R
+
0 . Introduce the new coordinate θ defined

by r = cot θ
2 and check the range of this coordinate, as well as what happens when

you take r → ∞. Which Euclidean manifold do you obtain when adding the point
r = ∞?

2.22 Penrose diagram for AdS 2.
AdS2 in global coordinates is given by

ds2 = L2

cos2 θ

(−dτ 2 + dθ2
)

(2.139)

where −π/2 ≤ θ ≤ π/2. Draw the Penrose diagram of AdS2 and show that it is a
vertical strip with two disconnected boundaries at θ = ±π/2. This is in contrast with
the cylinder depicted in Fig. 2.8 for higher-dimensional AdS spaces.

2.23 Getting acquainted with τ, χ coordinates of Schwarzschild metric (2.60).
(1) Recalling (2.43), show that both of the interesting τ = ±χ lines correspond

to r = rh in the original Schwarzschild coordinate system. For this reason, H±
are called bifurcation horizon and their intersection is the bifurcation surface B

(cf. Fig. 2.6).
(2) Show that on thewhole Penrose diagram, the flow of the coordinate τ is always

along upward vertical lines.
(3) Analyze the flow of Schwarzschild time t in regions I, II, III and IV. Note

that ∂t is a timelike Killing vector only in regions I, III, while in regions II, IV this
Killing vector is spacelike. Can we use t as the physical time in regions I, III?

(4) Draw a constant t and a constant τ slice on the Penrose diagram. Are these
Cauchy surfaces? Note the time orientation of these surfaces.

(5) Draw constant r and constant χ curves in various regions of the Penrose
diagram. When do these coincide?

(6) Convince yourself that τ + σ1χ = σ2π , where σ1, σ2 = ±1, indeed corre-
spond to future and past null infinities, respectively for σ1σ2 = +1 and σ1σ2 = −1.

2.24 More examples of Penrose diagrams.
(1) Consider a plane-wave geometry

ds2 = −2dudv − H(u, r , φ)dv2 + dr2 + r2dφ2, u, v ∈ R, r ∈ [0,∞), φ ∈ [0, 2π ]
(2.140)

with the simple choice H(u, r , φ) = μ2r2. Draw a Penrose diagram of this geom-
etry. See [193] for hints and discussions.

(2)Draw the Penrose diagram corresponding to a ‘one-sidedAdS–Schwarzschild’
black hole, i.e. the geometry associated with a spherically symmetric gravitational
collapse in AdS.

(3) Repeat (2) for the spherically symmetric gravitational collapse on the dS
geometry.
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(4) Draw the Penrose diagram of the collapsing charged and/or rotating matter.

2.25 Geodesics and particle paths in Reissner–Nordström geometry.
(1) Explore null and timelike geodesics in the RN black hole. In particular, derive

the radius of the photon-sphere and the ISCO.
(2) Study the motion of a particle of mass m and charge q around a RN black

hole of mass M and charge Q. Note that in this case due to the presence of Coulomb
force, the particle does not move on a geodesic. Explore the innermost circular orbit.
Can the radius of this circular orbit (for a range of q/m) be smaller than the ISCO
radius of part (1) of this exercise?

2.26 Null geodesics and photon-sphere of Kerr geometry.
(1) Work out null geodesics, radial, and in general those with non-zero impact

parameters for the Kerr geometry. Discuss cases with C = 0 and C �= 0, where C is
the Carter constant of motion discussed in Sect. 2.5.2.

(2) Discuss what is the shape of the photon-sphere in Kerr geometry. How does
the photon-sphere depend on the Kerr parameter a/M? Analyze the extremal regime
a/M → 1.

2.27 Zero angular momentum observer of Kerr geometry.
Consider an observer with zero angularmomentum J and define its angular veloc-

ity (as measured by the asymptotic observer) as � := dφ/dt .
(1) Compute � as a function of r , θ .
(2) Show that �

Ma > 0.
(3) At which radii does �(r , θ) become θ -independent?
(4) Show that �(r → ∞) = 0 and �(r = r+) = �+

H
given in (2.78).

(5) What is the maximum value of �(r , θ) and at which r , θ does it happen?
(6) One may conversely explore how far one can co-rotate with a black hole of a

given mass and angular momentum. That is, consider an observer (not necessarily a
free-fall observer) with angular velocity�+

H
. How far can one go out and still remain

on a timelike or null trajectory in the region r > r+?

2.28 More on the ergoregion.
(1) While ∂t and ∂φ are both spacelike in the ergoregion, find their linear com-

binations which are timelike. That is, what are the allowed values of α in the linear
combination ξ = ∂t + α∂φ that make ξ a timelike Killing vector in the ergoregion?

(2) Compute the area of the ergosphere and compare it to the area of the outer
horizon. For which value of the Kerr parameter a/M is the area of the ergosphere
maximized?
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2.29 Gyromagnetic factor of Kerr–Newman black holes
According to the theory of Dirac spinors, a charged fermion of charge q and mass

m that is described by the Dirac equation has a magnetic dipole moment μ,

μ = q

2m
g S (2.141)

where S is its spin vector and g is the gyromagnetic ratio. Dirac’s theory predicts
g = 2 for any Dirac particle at the classical level.

Brandon Carter observed in [172] that the KN black hole also has g = 2. To
see this, consider a KN black hole of mass M and electric charge Q and rotation
parameter a.

(1) What is the magnetic dipole moment μKN associated with the geometry as
viewed by the asymptotic static observer?

(2) Compute μKN/JKN where JKN is the angular momentum of the black hole.
Show that in analogy to (2.141) the black hole has g = 2, as a usual Dirac particle.

(3) In a similar way, one can show that the KN solution has quadrupole or higher
poles. Compute the magnetic quadrupole for the KN geometry. Note that Dirac
particles do not have such quadrupole.

2.30 Distributional energy–momentum tensor for Schwarzschild black holes.
Show that Schwarzschild black holes have a distributional energy–momentum

tensor localized at the center of the black hole, Tμ
ν = −M/GN δ(3)(x) δ

μ
t∗δ

t∗
ν where

t∗ = t − 2M ln(2M − r) and t, r are the Schwarzschild time and radial coordinates.
Bonus level: generalize this to other black holes, like RN or Kerr.

2.31 More on AdS–Schwarzschild solutions.
As discussed, on an AdS background we can have all possible horizon topologies,

S2, T2, and a general handle body of genus g > 1. These black holes besides their
horizon topology have different physical properties explored in this exercise.

(1) Show that for k = +1, 0,−1, the isometry of the black hole solution (2.89)
besides the time translation respectively involves SO(3), I SO(2), SO(2, 1).

(2) Compute surface gravity of black holes in (2.89) for various k.
(3) For the AdS case (� < 0), explore the dependence of surface gravity on k for

a given mass parameter M .
(4) Is there a (blackhole) solution that interpolates betweenAdS4 in the asymptotic

region and the Nariai-like solution (2.142) in the interior?

2.32 The Nariai-like AdS2 × �2
g solution.

Show that the metric

ds2 = �2

3

( − sinh2ρ dτ 2 + dρ2 + dχ2 + sinh2χ dϕ2) (2.142)

solves (2.88), which is an AdS2×H2 solution with equal radii for AdS2 and H2 parts.
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2.33 Observer dependence of ergoregion for Kerr–AdS black holes.
Show that Kerr–AdS black holes have no ergoregion, in the sense that there are

asymptotic observers who see a Killing vector that is timelike from the asymptotic
boundary all the way to the black hole horizon. Explain why no such observers exist
for asymptotically flat Kerr black holes.

2.34 ISCO for (A)dS black holes.
(1) Explore the ISCO for dS–Schwarzschild black holes of mass M . Compare the

ISCO radius to that of Schwarzschild black holes.
(2) Explore the ISCO for AdS–Schwarzschild black holes of mass M and with

horizon curvature k. Does the ISCO radius depend on the horizon topology?Compare
again with Schwarzschild.

2.35 Penrose diagram of cosmological backgrounds.
Consider the Friedmann–Lemaître–Robertson–Walker (FLRW) metric in the

comoving frame,

ds2 = − dt2 + a2(t)(dx · dx) (2.143)

where a(t) is the scale factor. Let a(t) = t1+α . Study the causal structure of this
geometry and draw its Penrose diagram for α > 0 and α < 0.

2.36 Majumdar–Papapetrou multi-centered black hole solution.
The first multi-centered black hole solution was constructed independently by

Majumdar and Papapetrou in 1947 [194,195]. In this exercise, we review their con-
struction.

(1) Consider an extremal RN solution of mass and electric charge M = Q (we are
working in GN = 1 units). Study the radial trajectory of particles with charge q and
mass m. Show that for m > q the particle falls into the black hole, while for m < q
it is repelled, and for m = q there is no force. That is, for m = q one can place the
test particle in any arbitrary point with respect to the extremal black hole.

(2) The no force condition discussed above still holds if we consider backreaction
of the test particle. That is, we can have a static solution consisting of two extremal
mass/charge centers of, e.g. charges Q1, Q2. To see this, start with the following
ansatz:

ds2 = − 1

U 2(x)
dt2 +U 2(x) dx · dx

A(x) = 1

U (x)
dt .

(2.144)

– Show that the ansatz (2.144) solves the field equations if

∇2U (x) = 0 (2.145)

where ∇2 is the (flat) Laplacian in three dimensions.
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– The most general solution is hence

U (x) = 1 +
∑

n

Qn

|x − xn|

describing a multi-centered solution with charges Qn sitting at xn .
(3) Show that for single-centered solution the above reduces to an extremal RN

solution, written in isotropic coordinates (cf. Exercise 2.17).
(4) Study isometries, asymptotics, and the causal structure of a generic multi-

centered solution. See [196] for more discussion and analysis.
(5) Explore the circular orbits and ISCO for a multi-centered black hole.

2.37 Multi-centered stationary black holes—Israel–Wilson solutions.
Motivated by theMajumdar–Papapetroumulti-centered solution, a stationary gen-

eralization was constructed in [197], which we review in this exercise.
(1) Starting with the ansatz

ds2 = − 1

U 2(x)
(dt + ω · dx)2 +U 2(x) dx · dx (2.146)

show that the above solves the field equations of Einstein–Maxwell theory if

∇2U (x) = 0 ∇ × ω = i
[
U∇Ū − Ū∇U

]
(2.147)

where ∇2 is (flat) Laplacian in three dimensions and U is in general a complex
solution, and the field strength is given by

Fti = ∂i�, Fi j = |U |2 εi jk∂kχ (2.148)

where U−1 = � + iχ . The most general solution is again

U (x) = 1 +
∑

n

Qn

|x − xn| Qn = Mn + i Nn . (2.149)

Show that for real solutions, the case Nn = 0 reduces to the Majumdar–Papapetrou
solution discussed in Exercise 2.36.

(2) Show for the single-centered case that the solution above reduces to an extremal
charged-NUT solution.

(3) Study the asymptotic behavior of the solution and discuss what are its NUT
charges. For further discussion, see [196].

(4) Explore whether we can have such multi-centered solutions for extremal Kerr
geometries.Canwe ‘sumup’ extremalKerrmetrics, just like extremalRNor extremal
charged-NUT solutions? Why/Why not?
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2.38 Near horizon extremal Kerr geometry.
In this exercise, we explore the near horizon limit for extremal Kerr black holes,

a = M in (2.74).
(1) Perform the coordinate transformation

r = a + ερ, t = τ/ε, ϕ = φ + t

2a
(2.150)

where ε is a parameter.
(2) Take the limit ε → 0 while keeping ρ, τ, ϕ fixed and show that the extremal

Kerr geometry reduces to [198,199]

ds2 = a2�(θ)
(

− r2dt2 + dr2

r2
+ dθ2 + γ (θ)2(dϕ + r dt)2

)
(2.151)

where

� = 1 + cos2 θ , γ (θ) = 2 sin θ

1 + cos2 θ
. (2.152)

(3) Show that the above is a solution to the Einstein vacuum equations.
(4) Explore isometries of this solution and show that it has four Killing vectors

ξ− =∂t ξ0= t∂t−r∂r ξ+ = 1

2
(t2+ 1

r2
)∂t−tr∂r − 1

r
∂ϕ ξφ = ∂ϕ (2.153)

which span SL(2,R) ×U (1). (It was shown that this is the unique vacuum Einstein
solution with these isometries [200].)

2.39 Kerr–Schild coordinates. [201]
Kerr–Schild coordinates allow decomposing a metric

gμν = ημν + H kμkν (2.154)

into the Minkowski metric η, a scalar function H , and a vector kμ = ημνkν that
is null vector with respect to η. Of course, not every metric can be written in the
Kerr–Schild form.

(1) Show that kμ is also null with respect to gμν .
(2) Show that Schwarzschild and Kerr can be brought to the Kerr–Schild form.
(3) Write the RN solution in Kerr–Schild form and determine the Maxwell gauge

field in Kerr–Schild coordinates.
(4) Starting with the Kerr–Schild metric (2.154), show that the Einstein(–

Maxwell) equations imply geodecity of kμ. What is the equation for H?
(5) Can the AdS or dS geometries be written in the Kerr–Schild form (2.154)?
(6) Generalize the Kerr–Schild form (2.154) by replacing η with another back-

ground ḡμν and kμ to be a null vector field with respect to ḡμν . Can (A)dS–
Schwarzschild be written in this generalized Kerr–Schild form with ḡ being the
(A)dS metric?
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(7) Show that all metrics in the Plebanski–Demianski family are of the generalized
Kerr–Schild form.

2.40 More on asymptotically locally flat vacuum solutions.
Consider the Kerr–Taub–NUT family of solutions, i.e. � = α = Qe = Qm = 0

solution in the Plebanski–Demianski family (2.97).
(1) Explore the asymptotic behavior of the geometries, i.e. large r behavior in

the metric (2.97). Show that the NUT charge l appears explicitly in the asymptotic
metric.

(2) Explore the isometries of this asymptotic metric and show that locally it is
like aMinkowski space M4. Show that globally it is an orbifold of Minkowski space,
M4/�l , where �l is a certain element in the Poincarè isometry group specified by
the NUT charge parameter l.

(3) Find �l and use the above picture to give a geometric meaning to the NUT
charge.

(4) Extend the ADM charge analysis such that it captures the NUT-type charges.
(5) Explore the near horizon region of the Kerr–Taub–NUT geometry. What is

the geometry and metric of the constant t surface at r = rh? What is the topology of
the horizon?

(6) Bonus level: Repeat the exercise for the Kerr–AdS–Taub–NUT case.

2.41 Collapsing null dust-shell and Vaidya solutions.
The Vaidya metric with step-function mass function (2.109) is a solution to Ein-

stein equations with null dust-shell energy–momentum tensor (2.110). The same
solution may be viewed as two vacuum solutions corresponding to the two sides (in
and out) of the null shell. Construct this solution using Israel junction conditions
[108,202]. That is, match a Minkowski space at v < 0 to a Schwarzschild space of
mass m at v > 0 and show that the tension of the shell at v = 0 is given by (2.110).

2.42 McVittie solutions.
One may ask what is the geometry associated with a star, assumed to be a spher-

ically symmetric body of mass in a cosmological FLRW (2.143) background. Such
a solution was first written by McVittite in 1933 [203] with metric

ds2 = −G(ρ, t)dt2 + F(ρ, t)
[
dρ2 + ρ2d�2] (2.155)

with

F(ρ, t) = μ2
0

μ(t)2

(
1 + μ(t)

2ρ

)4

, G(ρ, t) =
(
1 − μ(t)

2ρ

1 + μ(t)
2ρ

)2

(2.156)

where μ(t) is a function of t and μ0 is μ(t) at some initial time t0.
(1) Show that forμ(t) = const., the McVittie geometry reduces to Schwarzschild

in isotropic coordinates, cf. (2.133) in Exercise 2.17.
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(2) Find the energy–momentum tensor Tμ
ν which makes (2.155) a solu-

tion to Einstein equations. If we write in the form of a perfect fluid, Tμ
ν =

diag(−ρ(t), P(t), P(t), P(t)), find ρ(t), P(t) in terms ofμ(t).What is the equation
of state of the perfect fluid?

(3) Compute the ADM mass of (2.155) and show it is μ(t)/GN which is time-
dependent. Explore the time-dependence of the mass.

(4) What is the causal and horizon structure of the McVittie solution? See [204]
for further discussions.



3FormalDefinitions andClassic
Theorems

Abstract

In this chapter, we make more precise the basic notions associated with black
holes, starting in Sect. 3.1 with the mathematical definition of black holes and
various definitions of horizons. We discuss their physical significance. In Sect.
3.2,we summarize classic theorems and conjectures, namely singularity theorems,
focusing theorem, area theorem, uniqueness theorems, topology theorems, and the
cosmic censorship conjecture. In Sect. 3.3, we focus on the area theorem, also
known as the second law.

3.1 Mathematical Definitions of Black Holes and Horizons

In the previous chapter, we discussed solutions to the Einstein equations that had a
null hypersurface dividing the spacetime into two causally disconnected regions. This
null hypersurface was called ‘horizon’, but we were not precise about its definition.
In this section, we review different notions of horizons, some of which are defined
locally and others globally. We also provide the precise definition of a classical black
hole. Each of the definitions while useful in physically interesting cases has its own
limitations which we are going to point out.

3.1.1 Killing Horizon and Surface Gravity

We start with a simple, local, and covariant horizon definition, whosemain drawback
is that it does not apply to generic time-dependent black holes, but rather requires
stationarity.

A null surfaceN is a codimension-1 hypersurface whose normal l is null, l2 = 0.
For concreteness, assume the hypersurface defined by r = r0 = const., where r is
some adapted ‘radial’ coordinate. Then the normal vector is given by lμ = f (xν)gμr

with some non-vanishing normalization function f (xν), and l2 = 0 implies grr = 0.
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If the null vector l is a Killing vector ξ for some choice of the function f (xν),
then the null surface N is called a Killing horizon.

The normal vector l to a null hypersurface is also tangent to it, implying that
lμ = dxμ/ dλ generates a null geodesic xμ(λ) parameterized by λ. The non-affinity
of the geodesic lμ∇μlν |N = lν d ln f / dλ depends on the normalization function f .
For constant f , the null geodesic is affinely parametrized. For Killing horizons, the
non-affinity of the null geodesic has a physical interpretation as surface gravity.

•> Surface gravity

The surface gravity κ of a Killing horizon with normal Killing vector ξ is defined as
non-affinity parameter of the null geodesic

ξμ∇μξν
∣
∣N =: κξν (3.1)

where |ξ |2N = 0. A straightforward calculation (see Exercise 3.1) yields

κ2 = −1

2
(∇μξν)

2
∣
∣N . (3.2)

Surface gravity depends on the normalization of the Killing vector ξ . Rescaling
ξ → αξ with some constant α also rescales surface gravity correspondingly, κ →
ακ . Therefore, surface gravity is uniquely defined only if the normalization of the
Killing vector ξ is fixed. In many black hole applications, this is done by assuming
a preferred normalization of ξ in the asymptotic region. For example, in the Kerr
family of black holes, one assumes limr→∞ ξ · ∂t = −1 so that ξ = ∂t + �H ∂ϕ .

Once the normalization is fixed, surface gravity turns out to be a specific constant
that characterizes key properties of stationary black holes. This theorem is known as
the zeroth law of black hole mechanics.

•> Zeroth law of black hole mechanics

Surface gravity κ is a constant over a Killing horizon with Killing vector ξ .

A necessary condition for this theorem to hold is ξμ∂μκ = 0 on the Killing hori-
zon. A partial proof is left as an exercise, see Exercise 3.1. A full proof will be
provided in Sect. 5.5.1.

The definition of a Killing horizon is covariant and local in contrast to other hori-
zon definitions we shall encounter below. However, it is not necessarily an observer-
independent notion and does not necessarily describe a black hole spacetime. The
prime non-black hole example is a Rindler observer of constant acceleration a in a
flat spacetime, which perceives a Rindler horizon with surface gravity κ = a (see
Exercise 3.7).
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Nevertheless, Killing horizons are a useful notion for black holes, but require sta-
tionarity, while generic black hole spacetimes do not necessarily feature any Killing
vector. Thus, the discussion in this section cannot be applied to non-stationary black
holes.

A special case arises when surface gravity vanishes for a stationary black hole.

•> Extremal black holes

A Killing horizon with vanishing surface gravity, κ = 0, is called degenerate. A
black hole with a degenerate Killing horizon is called extremal.

Examples include extremal RN (M2 = Q2
e + Q2

m) and extremal Kerr (M2 = a2).
As we also see from these examples, for extremal black holes, the mass parameter
M is specified in terms of parameters of the solution, which are related to other
conserved charges of the system.

In many stationary black hole applications with κ �= 0, the Killing horizon bifur-
cates. That is, the horizon has two branches that intersect on a codimension-2 space-
like surface called bifurcation surfaceB, see Fig. 3.1. For some black holes, like Kerr
or KN, the bifurcation surface is a compact orientable surface of spherical topology.
As discussed in Sect. 2.7 on AdS backgrounds, the bifurcation surface can have a
generic topology.

To see how the Killing horizon bifurcates, locally parametrize the Killing vector
generating the horizon as ξ = ∂σ . Next, consider a congruence of null geodesics
parametrized by s = s(σ ) such that their velocity is along ξ , i.e.

ξμ = f (s)
dxμ

ds
f (s) = ds

dσ
. (3.3)

The definition (3.1) implies κ = ∂σ ln | f |. Constancy of κ along orbits of ξμ for
κ �= 0 yields

f = κs s = ±eκσ . (3.4)

There is a positive and a negative branch for orbits of ξμ, s ∈ (−∞, 0) and s ∈
(0,∞). Each of the two branches in turn has an outgoing and an ingoing branch,
corresponding to the two possible null directions, so in total, there are four separate
lines on a bifurcate Killing horizon, which join at the bifurcation surface B. The
horizon generating Killing vector field vanishes at the bifurcation surface, ξμ|B =
0. Bifurcate Killing horizons split the spacetime into four regions (‘wedges’), see
Fig. 3.1. The simplest example with a bifurcate Killing horizon is 2-dimensional
Rindler spacetime, see (2.39). There, the four wedges correspond to x > |t | (right
wedge), x < −|t | (left wedge), t > |x | (upper wedge) and t < −|x | (lower wedge),
where t, x are standard Minkowski coordinates (2.41).
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Fig. 3.1 Dotted lines show
orbits of ξμ, dashed lines
show the bifurcate Killing
horizon with bifurcation
surface B, and arrows
denote the Killing flow

3.1.2 Event Horizon andMathematical Black Hole Definition

Our second definition, the event horizon, is covariant and global. It is used to define
the term ‘black hole’ mathematically. Its main drawback is that one needs to be able
to define and know the infinite future of spacetime, which makes this notion rather
limited for practical applications such as astrophysics or numerical GR. Additional
drawbacks are discussed at the end of this subsection.

In order to define an event horizon, we need a couple of other definitions, starting
with the causal past of a point p. It is denoted by J−(p) and comprises the set of
all events in spacetime that can be reached from p by a causal curve, i.e. either a
timelike or a null geodesic (see, e.g. the left plot in Fig. 3.2). The timelike past of a
point p is defined similarly, replacing ‘causal’ with ‘timelike’ in the definition above,
and is denoted by I−(p). The same definition extends to arbitrary sets � of points,
J−(�). The boundary of the causal past of some set � is denoted by an overdot,
J̇−(�). In Fig. 3.2, we show two examples in 2-dimensional Minkowski space.

The second notionwe need is future null infinity, denoted by I+.We have encoun-
tered it already in the construction of Penrose diagrams. For a precise definition, we
refer to [132]. Whenever a Penrose diagram exists, I+ is defined as the set of all
points at the conformal boundary of the Penrose diagram that do have a non-vanishing
timelike past in the spacetimemanifold. In asymptotically flat spacetimes,I+ is itself
a null curve, while in AdS, it is timelike, and in dS, it is spacelike; see Fig. 3.3.



3.1 Mathematical Definitions of Black Holes and Horizons 91

Fig.3.2 Left plot: shaded area is I−(p) (with boundaries: J−(p)); γ is a generic causal curve with
future endpoint p. Right plot: shaded region is I−(�) (with boundaries: J−(�))

•> Future event horizon

Given a spacetime manifoldM with future null infinity I+, the future event horizon
H+ is defined as

H+ := J̇−(I+) ∩ M (3.5)

In words: the future event horizon is the intersection of the boundary of the causal
past of future null infinity with the spacetime manifold.

Often the qualifier ‘future’ is omitted and one just talks about the event horizon,
meaning the future event horizon.

The mathematical definition of a black hole is very similar and shows that the
event horizon is the boundary of the black hole region.

•> Mathematical black hole

Given a spacetime manifold M with future null infinity I+, the black hole region
BH is defined as

BH := M − J−(I+) (3.6)

In words: the black hole region is the complement of the causal past of future null
infinity within the spacetime manifold.

For example, Schwarzschild-AdS, Schwarzschild, and Schwarzschild-dS black
holes are displayed in Fig. 3.3. The black hole region is shaded in red and the future
event horizon is visible as red lines, while I+ is visible as blue lines.

If one is interested in white holes and past event horizons, one can introduce them
by exchanging future with past and I+ with I− in the definitions of black holes and
future event horizon.
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Fig.3.3 Black hole (shaded red), event horizon (red lines), I+ (blue lines), and timelike past of I+
(shaded blue); from left to right: Schwarzschild-AdS, Schwarzschild, and Schwarzschild-dS (to be
continued or identified at wavy lines)

We conclude this subsection by listing problematic issues of the black hole defi-
nition in terms of an event horizon. The most prominent one we mentioned already:
this definition is useless for astrophysics and cumbersome for numerical GR since it
requires the knowledge of the infinite future. Relatedly, its teleological nature means
there is no physical experiment that can reliably detect an event horizon. For exam-
ple, in the Vaidya black hole, cf. Sect. 2.8, an observer can be trapped behind an
event horizon even though the spacetime is Minkowski space in some open patch; in
Fig. 2.19, this applies to observers to the left of the infalling matter—some of them
will be outside the event horizon, some of them inside, and some of them on it, but
all of them observe precisely the same local physics.

Additionally, the definition does not apply to spacetimes that do not allow for
conformal completion, such as Lifshitz, Schrödinger or warped black holes, see
[205]. Even within the class of spacetimes that allow conformal completions, there
is a number of technical issues, such as the possibility of several inequivalent con-
formal completions, poor differentiability of I+, etc., see [138] for more on these
mathematical aspects and suggested improvements.

Last but not least, once quantum effects are taken into account none of the defini-
tions in this section or in textbooks like [138] are expected to be applicable. We shall
come back to this problematic issue of not knowing precisely what a black hole is,
quantum mechanically, in the final chapters of this book.

In Sect. 3.2.5, we will discuss classic theorems that are built around the notion of
the event horizon.

3.1.3 Apparent Horizons andTrapped Surfaces

The shortcomings of Killing and event horizons led to the development of additional
notions of horizons that apply to non-stationary spacetimes and do not require knowl-
edge of the infinite future. Among the most prominent such definitions are apparent
horizons.

In order to define them, we need to introduce the notion of trapped surfaces, which
are closed codimension-2 surfaces with negative expansions. Apparent horizons are
then marginally trapped surfaces. Let us unpack this statement.

The induced metric on the trapped surface

qμν = gμν + lμnν + nμlν (3.7)
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is constructed from the spacetimemetric gμν and the twonull normals l,n, (l2 = n2 =
0) normalized conveniently, lμnμ = −1. By convention, we assign l to be outward
pointing and n to be inward pointing, whenever this distinction makes sense. Given
these data, the expansions are defined as

θ+ := qμν∇μlν θ− := qμν∇μnν . (3.8)

Depending on the signs of the expansions,we have now the following possibilities:

1. Normal surface. θ+ > 0, θ− < 0
2. Trapped surface. θ± < 0
3. Anti-trapped surface. θ± > 0
4. Marginally trapped surface. θ+ = 0, θ− < 0
5. Marginally anti-trapped surface. θ+ > 0, θ− = 0
6. Extremal surface. θ± = 0

The apparent horizon is defined to be the outermost marginally trapped surface.1

Advantages of this definition are the applicability to numerical GR, the (quasi-)
locality of the definition, and the generality, i.e. no restriction to stationarity is nec-
essary like for Killing horizons.

A key distinction to the previous horizon definitions (and to the one in the next
subsection) is that the codimension-1 hypersurface generated by the time-evolution
of an apparent horizon can have any signature, whereas Killing, event, and Cauchy
horizons are alwaysnull hypersurfaces.This property can allowdescribing thegrowth
and decay of a black hole in terms of a growing/shrinking apparent horizon. See
Fig. 3.4 for a typical example, fromwhich the teleological nature of the event horizon
is evident: it exists even in vacuum and before any physical black hole formation has
happened; by contrast, the apparent horizon keeps growing as more and more matter
falls into the black hole and asymptotically approaches the event horizon after the
formation process has settled down.

The main disadvantage of apparent horizons is that they are slicing-dependent;
indeed, even for a spacetime as simple as Schwarzschild, it is possible to slice it in
such a way that no apparent horizon exists [207].2 Thus, the absence of apparent
horizons is not proof of the absence of black hole formation. Despite this, apparent
horizons remain a key diagnostic tool in numerical GR to study black hole formation
[113].

1 This is the definitionmost commonly used in numerical GR and seems to be themost practical one;
there are alternative definitions of apparent horizons that require asymptotic flatness and additional
conditions, see, e.g. [206]. The qualifier ‘outermost’ is required to make sure that there is no larger
marginally trapped surface. We should also note that the term apparent horizon is also commonly
used in the context of cosmology where it usually refers to a particle horizon, see Exercise 3.15.
2 For spherically symmetric spacetimes this problem is absent as long as the slicing respects spherical
symmetry [208]. Typically, as long as one is not actively looking for trouble, apparent horizons are
convenient tools in applications.
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Fig. 3.4 Apparent horizon (green) and event horizon (red) in Vaidya-like black hole

3.1.4 Cauchy Horizons and Predictability

The horizon definitions above are intended in a positive way, i.e. to define interesting
properties (such as the existence of black holes) in spacetime. By contrast, Cauchy
horizons defined in this subsection may indicate problematic aspects of spacetime.

Again we need a couple of definitions.

• Achronal sets are defined to be subsets of the spacetime manifold that have no
pair of points p, q such that q ∈ I+(p), i.e. no pair of points can be connected by
a timelike curve, but they can be connected by spacelike or null curves. Typical
achronal sets are constant time slices of a spacetime. The Killing or event horizon
of a Schwarzschild black hole or asymptotic (future or past) asymptotic infinity
in flat spacetime are other examples of achronal sets.

• Future/past inextendible curves are curves without future/past endpoint.
• The future domain of dependence D+(S) of a closed achronal set S is given

by the set of all points p in spacetime such that every past inextendible causal
curve through p intersects S. The past domain of dependence D−(S) is defined
analogously, replacing future ↔ past. The physical significance of D−(S) is that
it defines the part of spacetime that can causally affect the data on S. Similarly,
solutions to standard (hyperbolic) field equations in the D+(S) region are uniquely
determined by initial data on S. The domain of dependence D(S) is the union of
future and past domain of dependences. See Fig. 3.5.

We define now the Cauchy horizon of a closed achronal set S, C(S):

C(S) := (

D+(S) − I−[D+(S)]) ∪ (

D−(S) − I+[D−(S)]) (3.9)
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Fig. 3.5 Future and past
domains of dependence for
an achronal surface S

S

D +(S )

D − (S )

In plain English, the Cauchy horizon C(S) is the boundary of the domain of depen-
dence of S.

Relatedly, a Cauchy surface is a (non-empty) closed achronal set� in some (con-
nected) spacetime manifold if and only if C(�) = ∅. That is, a Cauchy surface is
a constant time slice (which may have null segments) without a Cauchy horizon.
Spacetimes with a Cauchy surface � are called globally hyperbolic. Cauchy sur-
faces are physically important as they serve as surfaces one can put initial data on
and deterministically evolve them using Einstein or other field equations. Given the
importance of Cauchy surfaces for physics, generic achronal sets are also called
partial Cauchy surfaces. In this terminology, a Cauchy surface is a partial Cauchy
surface on M such that M = D+(�) ∪ D−(�), see Figs. 3.6 and 3.11 for exam-
ples of Cauchy surfaces. See Exercise 3.17 for an alternative definition of (partial)
Cauchy surface and horizon.

A Cauchy horizon for a given achronal set S, C(S), provides a boundary for pre-
dictability and deterministic classical evolution from S. As such, it is not a property
of spacetime itself, but of the set, which may simply be too small to provide enough
data to predict all events in spacetime. In globally hyperbolic spacetimes, a Cauchy
horizon can always be avoided by suitably extending the set S to the whole space-
time. However, this need not be possible in generic spacetimes, because even after
an infinite extension of S, there could be a Cauchy horizon. Whenever this happens,
Cauchy horizons are properties of spacetimes, easily spotted in Penrose diagrams.
The presence of a spacetime Cauchy horizon means that spacetime is not globally
hyperbolic. An undesirable aspect of a spacetime Cauchy horizon is the loss of pre-
dictability: physics in regions beyond the Cauchy horizon is not uniquely determined
from initial data on S.

In Fig. 3.6, we revisit the Schwarzschild Penrose diagram, where we have drawn
two Cauchy surfaces �1, �3 and the partial Cauchy surface �2. For an observer
remaining in region I for all practical purposes, �2 is like a Cauchy surface since the
domain of dependence of �2 is precisely the full region I, so all events therein can
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Fig. 3.6 (Partial) Cauchy surfaces for Schwarzschild

be predicted/retrodicted using the initial data on �2. Schwarzschild does not have a
Cauchy horizon and hence is globally hyperbolic.

In Fig. 3.7, we revisit the RN Penrose diagram. The red lines highlight the future
and past Cauchy horizons C±. Three typical partial Cauchy surfaces �1, �2, �3 are
also depicted. Since neither of them can be extended further, the Cauchy horizon
is a property of the RN spacetime, rather than a property of the partial Cauchy
surfaces.With initial data on these surfaces in principle, one can predict (or retrodict)
everything that happens in regions I, II, III, and IV. The RN black hole is not globally
hyperbolic.

Cauchy horizons are arguably artifacts3 of some approximation and hence should
not be taken as seriously as event horizons (or apparent horizons), which are more
stable features of spacetimes. The usual argument is to switch on some perturbations
on geometric background with spacetime Cauchy horizon, and to observe that near
the Cauchy horizon, the perturbation gets infinitely enhanced due to blue shifts [209];
see Sect. 3.2.7 for more discussion. (The precise nature of that singularity remains
a research topic; see, e.g. [210].) Thus, this line of argument suggests that Cauchy
horizons are converted into singularities when (arbitrarily small) interactions are
taken into account.

3.1.5 Other Horizon Definitions

We collect, in this final subsection, additional prominent horizon notions, namely
stretched, isolated, and dynamical horizons.

3 Important exceptions are asymptotically AdS spacetimes. In this case, the failure of global hyper-
bolicity is irrelevant if one considers radial evolution instead of temporal evolution. Instead of initial
data, one thus provides boundary data, which can be interpreted holographically; see Chap. 8.
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Fig. 3.7 RN black hole with
Cauchy horizon (red lines)

Fig. 3.8 Stretched horizon S

for an eternal Schwarzschild
black hole

Stretched horizon.Astretchedhorizon is an inextendible timelike codimension-1
surface located outside the event horizon. Typically, it involves a stretching parameter
such that the stretched horizon coincides with the event horizon in the limit of that
parameter going to zero. It can be a useful notion when studying quantum physics
close to the horizon. The key physical idea is that there should be a UV cutoff on the
infinite redshift factors. The inverse of this cutoff is essentially the spatial distance
between stretched and event horizon. In Fig. 3.8, we display the stretched horizon
for an eternal Schwarzschild black hole.

Isolated horizon. An isolated horizon is a codimension-1 null hypersurface that
generalizes the notion of a Killing horizon and, like apparent horizons, is marginally
trapped. However, no Killing vector is necessary to define isolated horizons. The
physical key assumption is that there is no matter flux across the null hypersurface,
so the black hole is in equilibrium, even though its surroundings may be dynamical.
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Thus, isolated horizons describe only those parts of a horizonof time-dependent black
holes where no essential dynamics happens. The black hole must neither grow nor
shrink to be well-approximated by an isolated horizon. See [206,211] and Exercise
3.14 for more on the definition of isolated horizons.

Dynamical horizon. While isolated horizons are an improvement over Killing
horizons in terms of generality, over event horizons in terms of quasi-locality, and
over apparent horizons, in terms of slicing independence, they fail to be applicable to
some of the most interesting aspects of black hole physics like black hole formation.
Dynamical horizons repair this deficiency since they allow for matter fluxes while
keeping the positive aspects of isolated horizons. Dynamical horizons are space-
like marginally trapped codimension-1 hypersurfaces. See [206,211] for more on
dynamical horizons and further horizon concepts not covered in this book.

A Penrose diagram displaying various horizon notions for a Vaidya black hole is
shown in Fig. 3.9. Before v0 spacetime is locally Minkowski, but due to its teleolog-
ical nature, there is already part of Minkowski spacetime hidden behind the event
(red dashed) or stretched (red dotted r = 2M + ε) horizon. For comparison, the line
r = 2M , which at late times coincides with the event horizon, is shown as a gray
dotted curve. Between v0 and v1 matter, indicated by the blue arrows, falls into the
black hole. The dynamical horizon (thick green line) grows between v0 and v1 until
it reaches the isolated horizon (blue thick line). Since no matter is assumed to fall
into the black hole at later times, the isolated horizon here coincides with part of the
event horizon. After v1, spacetime is locally Schwarzschild. The physical black hole
region is shaded in gray. The red shaded region depicts the part of the spacetime that
would be considered as part of the black hole according to the mathematical defini-
tion, but that is not part of the physical black hole; the light red shaded region shows
the part of spacetime behind the stretched horizon that is not also behind the event
horizon. The line r = 0 on the left looks like a boundary of the Penrose diagram, but
is really just the center; recall that, at each point, one should imagine a 2-sphere of
varying size, and this size shrinks to zero at r = 0. The upper left part of the Penrose
diagram was stretched to the left as compared to Fig. 2.19 only for better visibility
of the dynamical horizon.

3.2 Classic Conjectures andTheorems

The precise definitions in the previous section allow us to prove numerous theorems
and formulate sharp conjectures regarding uniqueness, singularities, and certain con-
vexity properties. It is not the purpose of this book to fully do justice to these theo-
rems; the interested reader is instead referred to the extensive literature and classic
textbooks, e.g. [132,138].

We shall discuss in some detail one of the technical tools that features prominently
in several theorems, namely theRaychaudhuri equation.Wedo this partly to highlight
generic structures of how the proofs of such theorems work, and partly because this
equation has several applications besides being a tool to prove theorems, in other
areas of gravitational physics, in particular in cosmology.
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Fig.3.9 Vaidya black hole with matter fluxes between v = v0 and v = v1 > v0. Dynamical (green)
and isolated (blue) horizons bound the physical black hole. Event (red dashed) and stretched (red
dotted) horizons bound the mathematical black hole. The part of spacetime v > v1 is described by
the Schwarzschild metric and v < v0 by the Minkowski metric

3.2.1 Raychaudhuri Equation

Congruence is a set of curves such that exactly one curve goes through each point in
spacetime, i.e. the curves do not intersect. A geodesic congruence is a congruence
where each curve in the set is a geodesic. For now, we are interested in timelike
geodesic congruences. One can think of this congruence as the paths of a family of
massive test particles propagating in some background spacetime.

Consider a geodesic congruence in a spacetime of generic dimension D and
denote the tangent vector field to the congruence by tμ, normalize it, t2 = −1, and
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define the velocity tensor field Bμν := ∇ν tμ. Due to normalization and geodecity,
tν∇μtν = tμ∇μtν = 0. That is, the velocity tensor projects to zero when contracted
with the tangent vector, Bμν tν = Bμν tμ = 0. The tensor �μν = gμν + tμtν has the
same property, �μν tν = �μν tμ = 0, but additionally is a projector mathematically,
since it is idempotent, �μ

ν�
ν
λ = �μ

λ. Using this projector, we decompose the
velocity tensor into its algebraically irreducible components: a trace part (expansion
� := Bμ

μ), a symmetric traceless part (shear σμν := B(μν) − 1
D−1 ��μν) and an

antisymmetric part (twist ωμν := B[μν]),4 so that

Bμν = σμν + ωμν + 1

D − 1
��μν . (3.10)

Raychaudhuri’s equation is a statement about acceleration, in particular about
the rate of change of the expansion �. Taking the trace of the identity tλ∇λBμν =
∇ν(tλ∇λtμ) − (∇ν tλ)(∇λtμ) + tλ[∇λ, ∇ν]tμ = −Bλ

νBμλ − Rα
μλν tλtα yields

tλ∇λB
μ

μ = −BμνBνμ − Rμν t
μtν (3.11)

which is almost the final result. Defining d/ dτ := tμ∇μ and expanding the quadratic
term in B in terms of its irreducible components (3.10) establishes Raychaudhuri’s
equation.

•> Raychaudhuri equation

d�

dτ
= − 1

D − 1
�2 − σμνσ

μν + ωμνω
μν − Rμν t

μtν (3.12)

This is a pure geometric equation and is true for any geodesic congruence. A key
aspect of the right-hand side of Raychaudhuri’s equation is that the first and second
terms are non-positive, and the third term vanishes for twist-free congruences. The
sign of the last term can be positive or negative. In particular, if the spacetime solves
the Einstein equations and the energy–momentum tensor satisfies the Strong Energy
Condition (SEC, see below), the last term is non-positive.

3.2.2 Classical Energy Conditions

The right-hand side of Raychaudhuri’s equation (3.12) contains the term Rμν tμtν ,
which is notmanifestly positive.Various proofs assumecertain ‘curvature conditions’
requiring non-negativity of this term or other suitable combinations of Ricci tensor

4 Note that in our conventions the symmetric and antisymmetric parts of a tensor are defined as
B(μν) := 1

2 (Bμν + Bνμ) and B[μν] := 1
2 (Bμν − Bνμ).
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along causal vector fields. The main task of such curvature conditions is to guarantee
suitable convexity conditions, e.g. see [132,212]. Such curvature conditions on-shell
may be mapped onto energy conditions. For example, if we take the trace-reversed
Einstein equations and contract them twice with a timelike vector field tμ,

Rμν t
μtν = 8πGN

(

Tμν t
μtν + 1

2 T
)

(3.13)

then the convexity condition required in Raychaudhuri’s equation, Rμν tμtν ≥ 0, is
implied by the SEC,

SEC : Tμν t
μtν + 1

2
T ≥ 0, ∀ timelike tμ. (3.14)

Since the SEC is violated already by some physically relevant cases, e.g. the
inflationary phase of our universe or its current accelerated expansion phase today,
it is not physically reasonable to assume that all physical matter should satisfy such
a condition. Therefore, a zoo of seemingly reasonable alternative energy conditions
was invented.5 The most universal of these classical energy conditions is the so-
called null energy condition (NEC),

NEC : Tμνk
μkν ≥ 0 ∀kμkμ = 0 (3.15)

Several classical theorems about focusing, singularities, and area growth of black
holes can be sharpened by assuming NEC instead of one of its stronger cousins.
While reasonable for classical matter, NEC fails semiclassically. In such cases, and
even fully quantum mechanically, an averaged version of NEC holds, the so-called
averaged null energy condition (ANEC).

∫

dxλ 〈Tμν〉 kλk
μkν ≥ 0 ∀kμkμ = 0 (3.16)

Here 〈 〉 denotes the expectation value, and the integral extends over the null direction
generated by kμ from past to future null infinity. ANEC was proved in [215,216].
We shall come back to quantum versions of NEC, QNEC, in Sect. 8.2.

5Within Einstein GR, the SEC and NEC are equivalent to a simple curvature condition. There are,
however, two other energy conditions usually discussed. TheWeak Energy Condition (WEC) which
states Tμν tμtν ≥ 0 for any timelike tμ and Dominant Energy Condition (DEC) which stipulates
for any future-oriented causal vector field Cμ, −Tμ

νCν is future-oriented causal vector field. The
DEC is, e.g. used in the proof of cosmic no-hair theorem by Wald [213] and WEC is used to argue
for the nonexistence of superluminal propagation or in the analysis of traversable wormholes. See
[214] for more discussions on the energy conditions.
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3.2.3 Singularity Theorems

Before addressing singularity theorems, we should define what is meant by ‘singu-
larity’. There is a biodiversity of singularities, including singularities in curvature
invariants, in deficit angles (orbifold singularity), in the causal structure, in the topo-
logical structure, and in tidal forces, e.g. see [153,217]. The classical general rel-
ativistic perspective is to remove all singularities from spacetime, thereby defining
a spacetime to be singular if it has some boundaries that can be reached with finite
proper time or finite affine parameter. In other words, we can verify that spacetime is
singular by sending test particles in all possible directions and checking whether or
not they reach the end of maximally extended spacetime in finite proper time. If they
do, then we say spacetime is geodesically incomplete, which is used as a synonym
for spacetime being singular.

The overall strategy of proving singularity theorems is as follows. Assume some
convexity conditions (like an energy condition) and some trapping conditions (like
the negativity of expansion), then use tools like Raychaudhuri’s equation to deduce
the existence of a singularity. Physically, the conclusion of these theorems is that
black holes contain singularities, which is just a way of the classical theory telling
us that it should not be applied to the center of a black hole. So one can replace
‘singularity’ with ‘breakdown of the classical approximation’.

•> Focusing theorem

We show a simple theorem that implements and illustrates the strategy outlined
above. Let tμ be the tangent vector field in a timelike twist-free geodesic congruence
and assume Rμν tμtν ≥ 0. If the expansion � associated with this congruence takes
the negative value �0 at any point of a geodesic, then the expansion diverges to −∞
along that geodesic within a proper time τ ≤ (D − 1)/|�0|.

The proof of this theorem uses Raychaudhuri’s equation (3.12), which together
with the assumptions stated in the theoremyields the differential inequality d�/ dτ ≤
−�2/(D − 1). Integrating this inequality establishes

�−1(τ ) ≥ �−1(τ0) + (τ − τ0)/(D − 1) (3.17)

Without loss of generality, we fix τ0 = 0 to be the timewhen� = �0 < 0, and hence
see that the left-hand side must have a zero at some finite time τ ≤ (D − 1)/|�0|.
This implies that 1/� goes to zero from below so that � → −∞. This is what we
wanted to prove.

Note that the theorem above only shows a singularity in the congruence and not
a singularity in spacetime. However, similar assumptions and proof techniques are
used in the actual singularity theorems. We state now a classic singularity theorem
by Hawking and Penrose [45].
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•> Singularity theorem

Assuming the following four conditions, spacetime contains at least one incomplete
timelike or null geodesic, and hence by definition has a singularity. 1. Rμνkμkν ≥ 0
for all null and timelike kμ, 2. No CTCs exist, 3. Spacetime is generic, in the sense
that there is at least one point on each timelike geodesic where, for any given causal
vector kμ, Rμνλσ kμkν �= 0, 4. At least one of the following three properties holds:
I. spacetime is a closed universe, II. spacetime possesses a trapped surface, and
III. there is a point where the expansion of all future (or past) directed null geodesics
emanating from this point becomes negative along each of these geodesics.

For applications to black hole physics property II. holds, so if the first three
assumptions also hold then black hole spacetimes are necessarily singular.

The status and zoology of singularity theorems is summarized in [138,218].

3.2.4 Asymptotic Flatness

It is useful to have a notion for spacetimes that approximate Minkowski spacetime at
large distances, namely asymptotic flatness. There are different classes of possibilities
for defining this notion:

1. one could demand a certain fall-off behavior of the metric components, e.g. in
some adapted coordinate system (e.g. Minkowski/Cartesian coordinates);

2. one could demand certain fall-off behavior of the Riemann-tensor components;
3. one could require an asymptotic (conformal) boundary identical to that of

Minkowski spacetime, i.e. with I+, I− and i0, and possibly also with i±.

These notions are not completely independent from each other and given some extra
assumptions either of them can imply the other two, see e.g. [219] and Exercise 3.21.

The first one is the most straightforward to define: we can simply demand that
there exists a coordinate system xμ such that the metric is given by

gμν = ημν + o(1) r =
√

∑

i

x2i → ∞ . (3.18)

More suitable coordinate systems, likeBondi–Sachs coordinates, are used in practice;
see e.g. [220]. According to this definition, any asymptotically flat metric can be split
into a fixed asymptotic background ḡμν and subleading terms δgμν ,

gμν = ḡμν + δgμν, (3.19)

where ḡμν is a fixed metric of vanishing curvature, a metric for flat space. A disad-
vantage of this definition can be its coordinate-dependence or rather, the necessity to
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Fig. 3.10 Asymptotic
structure of asymptotically
flat spacetimes. The question
mark indicates that the
interior of the Penrose
diagram could be continued
in infinitely many different
ways, including all the
asymptotically flat black
hole solutions discussed in
Chap. 2

perform a diffeomorphism to bring themetric into the form (3.18) or, more generally,
into the form (3.19). Moreover, this definition is local, so it is blind to global aspects.
An advantage of this definition is that it allows introducing the notion of asymptotic
Killing vectors ξ ,

Lξ gμν = O(δgμν) (3.20)

where gμν is any metric subject to the fall-off conditions (3.19) and δgμν are allowed
fluctuations therein. The asymptotic Killing vectors are approximate isometries of
the metric up to order δgμν . This notion of asymptotic Killing vectors is of relevance
far beyond asymptotically flat applications, and we shall come back to it in later
chapters. (See also Exercises 3.21 and 3.22.)

The second possibility is slightly less coordinate dependent, but still local. Again,
we take a limit of some radial coordinate r → ∞ and investigate the components of
the Riemann tensor in the Cartan formulation (see Appendix C). For asymptotic flat
spacetimes

Rabcd = o(1) r → ∞ (3.21)

where Rabcd is defined in (C.14). In many applications, one can further specify the
precise fall-off behavior by parametrizing Rabcd ∼ O(r−λ) with some positive λ

(which can differ for different components). For asymptotically flat geometries in
the Plebanski–Demianski family, using the radial coordinate defined in (2.97), it
turns out λ ≥ 3.

The third option is coordinate independent and global. Thus, it can be the most
useful one for proving certain theorems. Indeed, when assuming asymptotic flatness
in theorems in the next sections, we always mean this global notion. The key aspect
is that the spacetime must allow a conformal compactification, i.e. the drawing of
a Penrose diagram, and the asymptotic boundary must look like in Fig. 3.10. So in
short, any spacetime that has a conformal compactification leading to the same form
of I+, I−, and i0 as Minkowski space is called asymptotically flat. This definition of
asymptotic flatness includes most of the black hole solutions discussed in Chap. 2,
most notably the family of Kerr black holes. However, there is a lot of fine print in this
definition (not spelled out here) regarding smoothness properties of the compactified
metric; see for instance [2,221].
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Fig. 3.11 Event horizon for
collapsing matter has a past
endpoint P ; dotted line:
continuation of the null
geodesic which reaches i+;
dashed line: typical matter
trajectory during collapse;
�i : Cauchy surfaces

3.2.5 HorizonTheorems

We collect here three classic theorems that relate to event horizons, postponing a
discussion of black hole uniqueness, cosmic censorship, and the area theorem to the
following sections.

The first one concerns the question of whether or not event horizons can end in the
past and/or the future. When considering dynamically generated black holes through
the collapse of matter, the event horizon indeed has a past endpoint; see Fig. 3.11.
However, it cannot have a future endpoint, as guaranteed by Penrose’s theorem [41]:

Horizon theorem I. Future event horizons cannot have future endpoints.
See Exercise 3.23 for a hint on the proof and some important byproducts of

the theorem. A similar theorem holds, where the instances of the word ‘future’ are
replaced by ‘past’.

The second theorem is by Hawking [222] and relates event horizons to other
horizon notions, showing that under certain conditions this global horizon definition
reduces to a local one.

Horizon theorem II. In stationary asymptotically flat spacetimes, an event hori-
zon is necessarily a Killing and an apparent horizon.

The converse is not necessarily true, i.e. a Killing horizon need not be an event
horizon, with Rindler space as the simplest counterexample. For a proof of this
theorem within Einstein–Maxwell theory, see [132].

The third and final theorem is concerned with the topology of constant time
sections of the event horizon. Since all Kerr black holes in asymptotically flat space
have spherical horizon topology, it is fair to ask whether this is accidental or a generic
feature of black holes. The answer is provided by the next theorem.

Topology theorem. In stationary asymptotically flat 4-dimensional spacetimes,
each connected component of the compact cross-section of the event horizon with
some achronal slice is topologically a 2-sphere.
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In particular, toroidal or higher genus topologies of isolated black holes are prohib-
ited by this theorem. For proofs with varying sets of assumptions, see e.g. [223–225].

There are two simpleways to evade the topology theorem: the first onewe encoun-
tered already in Sect. 2.6, where the assumption of asymptotic flatness was replaced
by asymptotic AdS behavior. The second possibility is to consider more than four
spacetime dimensions. Indeed, in five spacetime dimensions, black rings exist [226]
with horizon topology S1 × S2; see Sect. 7.4, and [227] for the zoology of these
higher-dimensional black objects.

3.2.6 Uniqueness Theorems

Historically, the first uniqueness theorem is due to Birkhoff (1923) [228]6 which
states that any spherically symmetric vacuum solution to Einstein gravity is static
and hence given by the Schwarzschild solution. The converse does not hold in general
(staticity does not necessarily imply spherical symmetry), but it does so for black
holes.

Uniqueness of Schwarzschild solution, Israel (1967) [230]. Let (M, g) be a
static, asymptotically flat, vacuum black hole spacetime solution that is regular on,
and outside an event horizon, then (M, g) is isometric to the Schwarzschild solution.
This theorem establishes that static vacuum multi-black hole solutions do not exist
[231].

Uniqueness of Kerr solution, Carter (1971) [232] and Robinson (1975) [233]. If
(M, g) is a stationary, axisymmetric, asymptotically flat vacuum spacetime suitably
regular on, and outside, a connected event horizon, then (M, g) is a member of the
2-parameter non-extremal Kerr family of solutions [25]. The parameters are mass M
and angular momentum parameter a, with M > |a|. The Carter–Robinson theorems,
therefore, generalize the previous considerations by relaxing staticity to stationarity
and spherical symmetry to axisymmetry and establish the uniqueness of Kerr black
holes as the only asymptotically flat stationary and axisymmetric vacuum spacetimes
that are non-singular on and outside an event horizon.

Rigidity theorem, Hawking (1972) [223]. This theorem strengthens the Carter–
Robinson results by proving that for black holes stationarity implies axisymmetry.We
note that the rigidity theorem implies Horizon theorem II. of the previous section,
that the event horizon of a stationary black hole solution is also a Killing horizon.

Uniqueness of RN solution. In 1968, Israel [234] extended the Birkhoff theorem
to Einstein–Maxwell theory and proved the uniqueness of RN black hole as the only
static, asymptotic flat electrovac solution which is regular outside its horizon. Israel’s
theorem established that spherical symmetry follows from the other assumptions.We
note that the multi-black hole Majumdar–Papapetrou solutions, see Exercise 2.36,
does not respect the regularity condition and hence is not at odds with this theorem.

6We note that a similar theorem was presented by J.T. Jebsen [229] two years earlier.
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Uniqueness of KN solution, Mazur (1982) [235] and Bunting (1983) [236].
Carter, Robinson, and Hawking’s rigidity theorems for Einstein vacuum solutions
have been extended to Einstein–Maxwell theory. A stationary, asymptotically flat
analytic solution of the Einstein–Maxwell equations that is suitably regular on, and
outside an event horizon is axisymmetric and necessarily falls into the non-extremal
KN family.

The original uniqueness theorems were proven for non-degenerate horizon cases,
non-extremal Kerr or KN black holes. These proofs have, however, been extended
to the extremal case, e.g. see [200,237,238].

No-hair statements.There has been a continued effort in extending and generaliz-
ing uniqueness theorems for stationary black hole solutions for Einstein gravity with
different matter fields, asymptotic behavior, and in diverse dimensions. The no-hair
theorem/conjecture of Wheeler states that a black hole solution is described by just a
few numbers. In the case of asymptotically flat solutions to Einstein–Maxwell theory
in four dimensions, these few numbers are mass m, angular momentum parameter
a, electric, or magnetic charges. See [239] and references therein for a more detailed
discussion on the stationary black holes and their (non)uniqueness.

3.2.7 Cosmic Censorship Conjecture

Singularity theorems show that there are always singularities hidden behind black
hole horizons. Cosmic censorship conjecture (CCC) conjectures that the converse is
true as well: singularities are always hidden by horizons. Singularities that violate
cosmic censorship are often referred to as ‘naked’.

The original motivation for the CCC was the somewhat misguided belief that
singularities lead to a loss of predictability or lack of determinism and that Nature
should have a mechanism built-in, such as cosmic censorship, to forbid this. The
current perspective on singularities is quite different: if they were accessible to a
distant observer they would provide excellent probes for testing QG, so what breaks
down is not predictability but rather the classical approximation. However, it appears
to be true that most singularities are screened by black hole or observer horizons,
including the Big Bang singularity.

While there are counterexamples to the strictest formulation of CCC already
in relatively simple systems, like spherically symmetric Einstein-massless-Klein–
Gordon theory [240,241], these examples do not represent generic situations. It is
possible to generate naked singularities from fine-tuned initial data, but in the whole
set of possible initial data, they represent a set of measure zero in known examples.
Thus, refined versions of CCC could hold.

The statements above are known as ‘weak CCC’. There is also a strong CCC
(which is logically independent of the weak CCC, as neither implies the other),
which states that Cauchy horizons should not form through Cauchy evolution. The
physical motivation here is that, in realistic situations, we may not expect a loss of
predictability, and hence no Cauchy horizon. However, again there are counterex-
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amples for some formulations of strong CCC [210], so both weak and strong CCC
keep evolving with our understanding of classical and quantum gravity.

3.3 Optical Focusing Equation and Area Theorem (2nd Law)

The discussion that led to Raychaudhuri’s equation (3.12) can be generalized to null
geodesic congruences. The expansion θ = ∇μkμ (with null tangent vector kμ =
(d/ dλ)μ and affine parameter λ) obeys [242]

dθ

dλ
= − θ2

D − 2
− σμνσμν − Rμνk

μkν (3.22)

where σμν is again the shear. The expansion can be interpreted geometrically as the
logarithmic derivative of an area element A spanned by infinitesimally neighboring
null geodesics,

θ = lim
A→0

d ln A

dλ
(3.23)

The classic focusing theorem states

dθ

dλ
≤ 0 (3.24)

provided the null curvature condition holds, Rμνkμkν ≥ 0, except at caustics (i.e.
loci where θ → −∞). The null curvature condition holds provided the classical
Einstein equations are obeyed and matter obeys the NEC (3.15).

An interesting consequence of the focusing theorem is Hawking’s area theorem,
also known as the second law of black hole mechanics [77]. See [243] for a proof
under rather generic assumptions.

•> Second law of black hole mechanics

The area of sections of future event horizons in spacetimes satisfying the NEC is
non-decreasing toward the future, provided the horizon is geodesically complete or
spacetime has a globally hyperbolic conformal completion.

To highlight the similarity to the second law of thermodynamics, the area law is
often schematically written as

δA ≥ 0 (3.25)

suggesting the interpretation of area being proportional to entropy.

The idea in Hawking’s original proof is to show that all ways of changing the
area yield increasing it. Geometrically, there are two sources of area change: 1. null
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generators could be added to (or subtracted from) the horizon, and 2. existing null
generators could expand or contract. Regarding the former, subtracting generators
would contradict Penrose’s theorem as the generators of the future event horizon
have no future endpoint, and hence option 1. can only result in an area increase.
The second option can be studied locally for each area element. We exploit (3.23),
rewritten as dA/ dλ = Aθ . Then it is sufficient to show that, given suitable regularity
assumptions, the expansion is non-negative on the horizon, θ ≥ 0. The latter part
may be proven by contradiction: assuming θ < 0 leads either to a singularity (which
is assumed to be absent as part of the input in the theorem) or to a caustic (which
would lead to timelike-connected points on the horizon, another impossibility). Thus,
horizon generators cannot contract, which proves the second law.7

Further Reading

Classic textbooks and reviews include the Hawking–Ellis book on the large-scale
structure of spacetime [132], the textbook byWald [109], lecture notes by Townsend
[244] and by Reall [245].

Singularity theorems specifically are covered in [246,247], uniqueness theorems
in [239], rigidity theorems in [248,249] and references therein, and attempts to
construct black holeswith scalar hair in [250,251]. No-hair theorems are summarized
in [252] and its observational tests in [253,254].

The CCC is discussed in gravitational collapse at linerized level [255–258] and
non-linearly in [259].

Exercises

3.1 More on non-affinity and surface gravity.
(1) How does changing the normalization of the vector field l which is normal to a

null surfaceN at r = 0, i.e. ξμ = Nlμ, affect the non-affinity parameter κ
(l) defined

as

lμ∇μlν = κ
(l)lν . (3.26)

(2) Show that there is always a normalization N forwhich ξμ becomes the velocity
vector for an affinely parametrized null geodesic at r = 0.

(3) Noting that ξμ is a Killing vector, show that (3.1) implies either κ = 0 or
ξ2|N = 0.

(4) Show that (3.1) may also be written as

− 1

2
∇μξ2

∣
∣N = κξμ (3.27)

(5) Starting from (3.1), using the Killing equation and that ξ[α∇μξν]|N = 0, prove
(3.2).

7We thank Roberto Emparan for suggestions that improved this paragraph.
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(6) Prove that for a Killing horizon surface gravity ξ · ∇κ|N = 0, i.e. κ is a
constant on orbits of ξ .

For the proof, one needs to use the Killing equation∇μξν + ∇νξμ = 0 and (3.28).
(7) Show that Rμνξ

μξν |N = −2κ2.
(8) Show that dξ = 2κε, where ε is the 2-form binormal to the bifurcation surface

B and is normalized as εμνε
μν = −2.

3.2 Some useful Killing vector identities.
(1) Show that for any Killing vector field ξμ,

∇μ∇νξα = −Rβμναξβ. (3.28)

(2) If we have a hypersurface orthogonal (cf. Exercise 2.2) Killing vector field ξμ

ξμRμ[αξβ] = 0, ξμRμ[α∇βξγ ] = 0. (3.29)

3.3 More on Killing horizon.
(1) Are all black hole geometries with a Killing horizon necessarily stationary?
(2) Congruences of null geodesics containing generators of a Killing horizon

have vanishing shear, twist, and expansion at the horizon. To show this, we take the
following steps:

(2-1) Show the generators of a Killing horizon are hypersurface orthogonal and
hence have vanishing twist ω at the horizon.

(2-2) Consider a Killing horizon generated by the Killing vector ξ . The affinely
parametrized tangent to the generators of horizon vμ can be written as vμ = f ξμ +
huμ where h is a function such that h = 0 at the horizon, f is an arbitrary function
and uμ is a vector field. The latter two are smooth at the horizon. Compute ∇μvν

and show it vanishes at the horizon.

3.4 Killing horizon versus ergosphere.
Consider aKerr black hole in the usualBoyer–Lindquist coordinates.As discussed

in Sect. 2.5.1, ergosphere is the hypersurface at which the Killing vector field ∂t
becomes null (while it is spacelike/timelike inside/outside the ergoregion). Does this
mean that the ergosphere is a Killing horizon? If not, why is precisely the ergosphere
not a Killing horizon?

3.5 An alternative way to compute surface gravity.
Suppose that horizon is specified by�(r) = 0 and let nμ be the unit 1-form along

d�.

(1) Show that nν is spacelike in the region outside the outer horizon and becomes
null on the horizon.

(2) Using this, one can decompose the metric as

gμν = hμν + nμnν, hμνn
ν = 0. (3.30)
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One can then compute extrinsic curvature of the constant r surfaces, Kμν = ∇μnν .
Show that,

(dξ)αβ = n[αKβ]μξμ computed at the horizon, (3.31)

where ξμ is the horizon generating Killing vector field. From the above, one can then
read surface gravity κ using the 1-form n.

(3) Use this method to compute surface gravity for a Kerr black hole, both for the
outer and the inner horizons.

3.6 Causal structure on a null hypersurface.
(1) Show that any two points P, Q on any null hypersurface cannot be timelike

separated.
(2) Show that there is always a dimension one curve on a null surface over which

the points are null separated.
(3) Consider two vector fields ξ and X . Let ξ be null on the null surface N and

X spacelike over N . Show that ξ + X is necessarily a spacelike vector field.
Note that the above statements are true for any null hypersurface, in particular,

for event horizons.

3.7 Killing horizons in flat space.
(1) Consider 4-dimensional Minkowski space parametrized as

ds2 = −2 du dv + dy2 + dz2. (3.32)

Show that constant u or v hypersurfaces are null surfaces that may be viewed as
Killing horizons of vanishing surface gravity.

(2) In flat space, we can have null surfaces with non-vanishing surface gravity.
For this, consider a Rindler spacetime (2.39), flat space as seen by an accelerated
observer. Show that ∂τ generates a Killing horizon whose surface gravity is a.

(3) Show that ρ = 0 in the Rindler space is indeed a bifurcate horizon. Here the
bifurcation surface is the yz plane which is noncompact and has a planar topology.

3.8 Surface gravity for generic stationary metrics.
(1) Consider a generic static, spherically symmetric geometry:

ds2 = gtt (r) dt
2 + grr (r) dr

2 + r2 d�2
2. (3.33)

This geometry may be a solution to the Einstein equations with some matter content.
(1-1) Show that ξ = ∂t produces a Killing horizon at roots of 1/grr , r = rh .
(1-2) Show that surface gravity κ is

κ = 1

2

∂r gtt√−grr gtt

∣
∣
r=rh

. (3.34)

(1-3) What are the conditions on gtt , grr if we want the metric (or its Euclidean
sector) to be smooth at r = rh?
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(2) Repeat the above for a generic stationary, axisymmetric geometry. Start with
writing the counterpart of (3.33) for the stationary case.

3.9 Surface gravity for inner horizon.
Black holes like Kerr or KN typically have an outer (event) horizon and an inner

(Cauchy) horizon. For the family of Plebanski–Demianski black holes, these two are
Killing horizons.

(1) Compute the surface gravity for the inner and outer Killing horizons of KN
black holes, respectively κ+, κ−.

(2) Show that κ− ≤ 0 and κ+ ≥ 0 for the Plebanski–Demianski family.
(3) Show that |κ−| ≥ κ+ for generic Plebanski–Demianski black holes, where the

equality happens for the extremal case.
(4) Check whether the above can be a generic feature of any stationary black hole.

3.10 More on trapped surfaces.
(1) Show that from our definitions (3.8) it follows that θ+ ≥ θ−.
(2) Consider a spherically symmetric situation, and let r be the radial coordinate.

Consider a sphere of radius R. Show that the sphere is a trapped surface if R decreases
along any future null direction. So all null rays emanating from the sphere move
toward its center.

(3) When is a trapped surface also a null surface?
(4) Consider an FLRW cosmology (2.143) which has an accelerated expansion,

i.e. α > 0 in the notation of Exercise 2.35. Show that the cosmological horizon is an
anti-trapped surface.

3.11 On apparent, Killing and event horizons.
(1) Show trace of extrinsic curvature for any Killing horizon is zero.
(2) Show the bifurcation surface of a Killing horizon is an extremal surface.
(3) Prove that for a stationary asymptotically flat spacetime an apparent horizon

is also a Killing and an event horizon.
(4) Show that the apparent horizon resides inside the event horizon, as depicted in

Fig. 3.4. That is, argue that inside an apparent horizon, there is always a black hole,
contrary to an event horizon.

Hint:Consider a collapsing spherically symmetric thin shell ofmatter in a vacuum.
The exterior of the shell is a portion of the Schwarzschild spacetime and the interior
of the hollow shell is exactly flat Minkowski space.

3.12 Another definition for event horizon.
Show the following definition for event horizon is equivalent to the one given in

Sect. 3.1.2. Consider any event P and let us define the past (future) particle horizon
Hp(P) (H f (P)) as the boundary of I−(P) (I+(P)) in Fig. 3.2. Choose the point P
such that Hp(P) (H f (P)) includes I− (I+). Then, the event horizon of manifold
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M is

Hp/ f (M) =
⋃

∀P
Hp/ f (P).

3.13 More on stretched horizons.
Consider a Schwarzschild black hole of mass M and suppose that the asymptotic

observer has a UV cutoff � on the frequency of waves she can detect. Recalling the
redshift factor and supposing that a fido sitting at a constant r close to the horizon
can measure frequencies as high as Planck mass MPl, where would this observer
place the stretched horizon?

3.14 Isolated horizons.
Let S denote a trapped surface, as defined in the previous exercise and let Tμν

be the energy–momentum tensor on the spacetime. Isolated horizon (I H ) is then a
codimension-1 null hyper surface of R × S topology such that the momentum flow
of causal matter is always inward on I H , i.e.

P2|I H ≤ 0, where Pi
μ := Tμν�

ν
i , (3.35)

and L�i C |I H = 0 where �i , i = 1, 2 denote the two usual canonically normalized
null vectors �, n and C is the connection 1-form on I H .

Using the Raychaudhuri equation and Einstein field equations, analyze the impli-
cations of having an isolated horizon for the shear and the twist of the null vector
fields �

μ
i .

3.15 Particle and apparent event horizons in cosmology.
Consider an FLRW spacetime (2.143). Let t = 0 denote the big bang time. For

an observer at comoving time t0, show that
(1) cosmological (event) horizon is at comoving radius re = ∫ ∞

t0
dt/a(t), where

a(t) is the scale factor;
(2) cosmological particle horizon is at rp = ∫ t0

0 dt/a(t).
Study re, rp for positive and negative values of the α parameter in Exercise 2.35.

3.16 Domain of dependence of a half spaces.
(1) Consider a (1 + 1)-dimensional flat spacetime parametrized by t, x . What is

the domain of dependence for x > 0 region? Show that this is the Rindler wedge.
(2) Consider an AdS2 space with metric ds2 = �2(−z2dt2 + dz2

z2
), with z ∈

[−∞, +∞]. What is the domain of dependence for the z ≥ 0 region?

3.17 An alternative definition for Cauchy surface and horizon.
In Sect. 3.1.4, we defined the Cauchy horizon of a manifold M starting from a

Cauchy horizon for an achronal set S and then defined a Cauchy surface. Here we
outline a definition that first defines a Cauchy surface while leaving out some details
as exercises.
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Fig. 3.12 Partial Cauchy surface � and the past lightcone of a point P . γ1 has a past endpoint E
and is hence past extendible and γ2 is a past inextendible curve through P

To this end, let us start with the following definitions:
A (partial) Cauchy surface is a codimension-1 hypersurface that no causal curve
intersects it more than once. Thus, a vector field normal to a partial Cauchy surface
is never spacelike.

(1) Show that a partial Cauchy surface is achronal, i.e. it is a spacelike or null
surface. Argue that no two points on a partial Cauchy surface are timelike separated.
A past (future) inextendible causal curve, as the name suggests, is a causal curve
which do not have a past (future) endpoints in a given manifold with metric g on it,
(M, g), see Fig. 3.12.
Future domain of dependence of a partial Cauchy surface �, D+(�) is

D+(�) =
{ ∀P ∈ M such that every past-directed inextendible

causal curve through point P intersects �

}

(3.36)

A manifold M is globally hyperbolic if there exists a surface � such that M =
D+(�) ∪ D−(�).

(2) Show that if such � exists, it constitutes a Cauchy surface for M. Show that
this definition for a Cauchy surface matches the one given in Sect. 3.1.4.
Cauchy horizon: If a spacetime is not globally hyperbolic then D+(�) (D−(�)) has
future (past) boundary inM. Null boundaries of D+(�) (D−(�)) are called future
(past) Cauchy horizon.

(3) Show the above definition of the Cauchy horizon that matches the one given
in the main text.

3.18 More on Cauchy horizons.
(1) Consider a negative mass Schwarzschild geometry and draw its future and

past Cauchy horizons.
(2) Consider the causal diagram of a process of collapse which yields a naked

singularity. Show that it does not have a past Cauchy horizon. Draw its future Cauchy
horizon.

(3) Consider AdS space in Poincaré coordinates. Show that the Poincaré horizon
is a degenerate Killing horizon, nonetheless, it is not an event horizon. Note that AdS
space is not globally hyperbolic and does not have a Cauchy horizon.
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(4) Show that for extremal black holes which have degenerate horizons, the event,
Killing, and Cauchy horizons coincide.

(5) The above fact about extremal black holes means the region inside the horizon
of an extremal black hole is dynamically decoupled from the region outside. To
establish this, show that it takes infinite physical time, as measured by the near
horizon observer, to pass through the horizon.

3.19 On global hyperbolicity of some usual spacetimes.
(1) Show thatMinkowski space is globally hyperbolic. Draw some typical Cauchy

surfaces � on its Penrose diagram.
(2) Show that the Schwarzschild spacetime is also globally hyperbolic. Draw

some typical Cauchy surfaces � on its Penrose diagram.
Do we need to go maximally extended Kruskal coordinates to see that the geom-

etry is globally hyperbolic, or just, e.g. the original Schwarzschild or EF coordinate
system (covering regions I, II in its Penrose diagram) is enough?

(3) Is the spacetime associatedwith a spherical symmetric collapse globally hyper-
bolic? If yes, draw some typical Cauchy surfaces � on its Penrose diagram.

(4) Is a naked singularity (like a negative mass Schwarzschild geometry) globally
hyperbolic? Does it admit a Cauchy surface?

(5) Show that AdS space is not globally hyperbolic. Therefore, to have a well-
defined (deterministic) evolution onAdS space, we need to solve an initial+boundary
value problem.

(6) Is dS spacetime globally hyperbolic?

3.20 Raychaudhuri equation versus geodesic deviation equation
A standard method to encode and measure Riemann curvature is through the

geodesic deviation equation. Consider two close-by timelike geodesics in an affinely
parametrized congruence of geodesics and let τ be the affine parameter. The geodesic
deviation equation is governing the separation between the two geodesics change in
time from τ to τ + �τ .

Compare this geodesic deviation equation and (3.11) or the Raychaudhuri equa-
tion.

3.21 More on asymptotic flat geometries.
We gave two different notions of asymptotic flatness, one based on asymptotic

fall-off of metric and the other on that of Riemann curvature. The purpose of this
exercise is to explore how these two are related to each other.

To this end, let’s consider (3.19) and let ēaμ be the ‘asymptotic orthonormal frame’
(cf. Appendix C) such that ḡμν = ηabēaμē

b
ν and define

δgab := ēμ
a ē

ν
b δgμν = O(r−β), (3.37)

where ēμ
a ēaν = δ

μ
ν and r is the asymptotic radial coordinate defined in (3.18). In the

above, βs can take different positive values for different components of metric.
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(1) Let us suppose that we start with a metric with given fall-off exponents βs.
Compute what are the Riemann fall-off exponents λs, cf. (3.21).

(2) Work out βs and λs for the asymptotically locally flat Plebanski–Deminaski
family of black holes discussed in Sect. 2.7.

(3) Work out βs and λs for GW on a flat space.
(4) Consider the KN metric which is stationary and axisymmetric. Being asymp-

totically flat, it has asymptotic Poincaré symmetry. Explore the asymptotic behavior
of the metric under the other eight symmetry generators (Killing vectors) in the
Poincaré algebra. That is, compute Lξ gμν at leading order in large r , where ξ are
the asymptotic Poincaré generators.

(5) Repeat the previous exercise replacing KN with GW.

3.22 Asymptotically AdS geometries.
Onemay extend the definition of asymptotic flatness to other asymptotic behavior.

For that, we may just take ḡμν to be our fixed and chosen asymptotic metric (instead
of Minkowski) and r is a typical radial coordinate which is taken to be larger than
any other physical length/scale in the problem. Or equivalently, one may compare
Riemann curvature Rμναβ [g] of the spacetimewith metric g with Riemann curvature
of a given asymptotic metric ḡ and then one can compute Riemann curvature in in
an orthonormal frame Rabcd [ḡ], cf. (C.14), such that

Rabcd [g] − Rabcd [ḡ] ∼ O(r−λ), λ ≥ 0. (3.38)

In particular, one may have asymptotic AdS spaces, for which Rμναβ [ḡ] =
− 1

L2 (ḡμα ḡνβ − ḡμβ ḡνα), where L is the AdS radius.
(1) Explore asymptotic Killing vectors of asymptotic AdS4 spaces and show that

they include so(3, 2) asymptotic isometry.
(2) Compute λs for the Kerr-AdS black hole.
(3) Bonus level: Repeat part (2) of this exercise for asymptoticallyAdSPlebanski–

Demianski black holes.

3.23 Proof of Penrose theorem and its byproducts.
(1) Prove Penrose’s theorem that future (past) event horizons cannot have future

(past) endpoints. Use reductio ad absurdum for the proof: assume that such an end-
point exists and then show it is in contradictionwith the definition of an event horizon.

(2) As a byproduct of the above theorem, show that future endpoint of a future
horizon in asymptotic flat spacetimes can intersect asymptotic infinity only at i+ and
not at any other point on I+.

(3) Show that null geodesics can only cross into future event horizons; they can’t
leave it.

3.24 More on energy conditions.
(1) Show that among the classical local (non-averaged) energy conditions NEC

is the weakest, i.e. DEC, WEC, and SEC all imply NEC.
(2) Show that DEC implies WEC.
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(3) Work out what ANEC, NEC, WEC, SEC, and DEC imply for a perfect fluid
with energy-momentum tensor (4.28).

See [214] for more discussions on energy conditions and their implications.

3.25 A consequence of dominant energy condition.
Let (M3, g) be a constant time slice on an asymptotically flat Riemannian 3-

manifold. AssumeM3 to be a totally geodesic submanifold. Show that the condition
ofM3 to have a non-negative scalar curvature is equivalent to the spacetime obeying
the DEC.

3.26 More on black hole horizon topology.
Suppose we have a black hole with a bifurcate Killing horizon B. For a black

hole, by definition B is a 2d surface of finite volume.
(1) Argue using the definition of a bifurcate Killing horizon that B cannot be a

non-orientable surface.
(2) Should B be a connected surface or can have disconnected pieces?
(3) Suppose that B is a connected orientable 2d surface. These are classified by

their Euler character χ = 2 − 2g − b, where b is the number of punctures (bound-
aries). In the family of AdS black holes, we discussed topological black holes which
have arbitrary g but with b = 0. Can B have a non-zero b? See [260] for further
discussions.

3.27 Penrose mass inequality
The Penrose mass inequality was proposed in a seminar in 1971 which was cited

in [222] and mentioned in [53]. It gives a lower bound for the total (ADM) mass of
asymptotically flat spacetimes in terms of the area of suitable surfaces that represent
black holes. Its validity is supported by the CCC and its proof (or disproof) is an
important problem in relation to gravitational collapse [261]. It asserts that for a
black hole of mass M and area A in natural units c, �,GN equal to 1

M ≥
√

A

16π
. (3.39)

(1) Check that the above inequality hold for all black holes in the Plebanski–
Demianski family.

(2) In the family of KN black holes, explore when the equality is saturated.
(3) In the KN family, when is the ratio M/

√
A maximized?

To present the proof of the above inequality, it should be made precise. A precise
version of this inequality, called Riemann–Penrose inequality, has been proven in
[262]. See also [261,263] for more updates.

3.28 Optical Raychaudhuri equation.
(1) Derive the Raychaudhuri equation for null geodesic congruences (3.22). Note

the difference in the coefficient of expansion squared term in null (3.22) and timelike
(3.12).



118 3 Formal Definitions and Classic Theorems

(2) The optical Raychaudhuri equation (3.22) is derived assuming that the null
congruence is affinely parametrized. Repeat the analysis assuming that our null
geodesics have a non-affinity parameter κ (3.26). Show this leads to an extra κθ term
in the right-hand side of (3.22).



4ProbingBlackHoles,Their Formation
andStability

Abstract

This chapter is devoted to observational signatures and the detection of black
holes. We start with some general remarks in Sect. 4.1. Black holes can be probed
by light or other fields scattered off them leading to gravitational lensing, black
hole shadows, and associated images, as discussed in Sect. 4.2. Superradiance,
the Penrose process, and black hole mining are investigated in Sect. 4.3. GW from
black hole mergers can be (and have been) detected from far away, as outlined in
Sect. 4.4. Aspects of black hole accretion disks are mentioned in Sect. 4.5. The
formation process of black holes in shock-wave collisions is summarized in Sect.
4.6. Some physical processes, like the ringdown phase after a black hole merger,
are adequately described by perturbation theory, using, e.g. quasi-normal modes
(QNMs), developed in Sect. 4.7. A similar analysis allows addressing the linear
stability of black holes. Non-perturbative aspects, such as critical collapse and
non-linear stability of black holes, are addressed in Sect. 4.8.

4.1 General Remarks on Black Hole Observations

Like in any empirical science, it is necessary to confront our theoretical knowledge
about black holes with observations. However, it is non-trivial to observe celestial
bodies that by their very definition do not emit light. Thus, naturally black hole
observations are more indirect than observations of luminous stars or galaxies. We
list here a number of ways in which black holes can be observed and refer to the
remainder of this chapter for elaborations on some of these methods. We start with
well-established methods and toward the end of the list move to future possibilities
for observations and more speculative avenues to detect black holes. In the end of
the chapter, we have provided a list of references for further reading.

• Indirect evidence. GR predicts the possibility of black hole solutions as rather
generic endpoints of gravitational collapse and Chandrasekhar’s considerations
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which were briefly reviewed in Chap. 1, show that gravitational collapse is
inevitable for stars similar to but slightly heavier than our Sun. In this sense,
every test of GR indirectly supports the existence of black holes.

• Accretion disks. Black holes can be detected more easily if there is luminous
matter surrounding them, e.g. in the form of accretion disks in X-ray binaries,
e.g. see [112,264,265]. Observations of accretion disks and their spectra together
with numerical simulations of such disks allow reliably extracting the mass of
the invisible center inside the accretion disk. If the mass is significantly higher
than the Chandrasekhar/TOV limit, the most plausible (and sometimes the only
plausible) explanation of the invisible object is that it is a black hole. Accretion
disks are often accompanied by relativistic jets emanating from the poles, but
it is less clear how to deduce the black hole’s nature just from the observation
of jets. Another relevant observational feature is quasi-periodic oscillation. The
first black hole observation, Cygnus X-1, was made in the 1970s, though the
conclusion that it was indeed a black hole was consolidated not before the 1990s,
see [266].

• Motion of nearby stars. For the supermassive black hole near the center of our
Galaxy, Sagittarius A∗, there is a neat way of observing it: there is a handful of
visible stars that move on Keplerian orbits around some invisible center. These
stars have been tracked since 1995, so the orbits are very accurate [267–271].
Indeed, the 2021 physics Nobel prize was in part given to such precise observa-
tions. From these orbits, one can deduce the mass of the invisible object, which is
about 4.3 × 106M� with a size smaller than 0.002 lightyears, which is still larger
than the Schwarzschild radius but not by much. The only plausible explanation
for this invisible object is that it is a black hole. Similar supermassive black holes
have been observed in the center of numerous other galaxies and could be (is
widely believed to be) a generic feature of them.

• Gravitational waves. Black holes emit GW when two of them coalesce in a
merger. Such a black hole merger was indeed the basis of the historic discovery
of GW by LIGO in 2015 [23] and afterward. While GW in general provides only
small signals, the amount of power radiated in black hole mergers is humongous
and exceeds the combined power of all light sources in the observable universe
(for the first black hole merger, GW150914, the peak power was 3.6 × 1049 Watt)
[272]. The shape of the signal during the ‘inspiral-merger-ringdown’ process and
until the two merging black holes (or two compact objects) settle into a black
hole, carries invaluable information about the merger process and the resulting
black hole [273–278].

• Shadows. The EHT has produced the first image of a black hole in 2019 [26,279].
The basic idea is that in order to observe an invisible object (the black hole) in
front of the background universe, we need to shine some light on it. This light may
come from the accretion disk or, other luminous matter behind the black hole in
our line of sight yielding the black hole shadow. The behavior of null geodesics
near black hole horizons produces a characteristic shadow, that is nicely captured
by that image. The black hole in question, M87, is a supermassive black hole in
a nearby galaxy.
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One should, however, note that black hole shadows are observer dependent and
then in principle depend on the angle between the direction toward the black hole
and the line of sight of the observer. Moreover, they depend on the distance to
the black holes and also on whether this distance is constant or vary in time. See
Exercise 4.2 for more discussions.

• Photon-sphere.Not too far outside the horizon there are up to twophoton-spheres,
where light travels on circular orbits. The photon-spheres in principle are observ-
able [280], and even though they have not been observed at the time of writing
this book, one may expect their observation in the near future (see [281] and
references therein).

• Memory effects. Yakov Zel’dovich and Alexander Polnarev discovered an IR
(long distance, low energy) effect of GWs, now known as the memory effect
[282], see also [283]. Namely, a GW passing through an array of detectors in
general leaves behind a persistent change in the mutual distance between any
pairs of detectors. This displacement memory effect could be measured in the
near future (at the time of writing this book), e.g. by LIGO. In the past few years,
several new types of memory effects were uncovered, as well as their relations
to asymptotic symmetries and QFT soft theorems; for lecture notes on this IR
triangle, see [284]. In particular, a memory effect produced at the black hole
horizon by a transient gravitational shock-wave was discussed in [285].

• Gravitational lensing. In principle, it could be possible to detect black holes
through microlensing. The black hole itself acts as a lens for light rays that pass
nearby. So far microlensing has not been used successfully as a way to detect
black holes, but it allows to place bounds on PBHs (see the next item) [286].

• Primordial black holes.All items above concernmostly black holes with masses
above a couple of solar masses. However, as briefly reviewed in Chap. 1, black
holes in principle may exist in any mass range, all the way down to the Planck
mass. A particular class of black holes of potential phenomenological interest is
PBHs, created shortly after theBigBang (if they exist). PBHsmay constitute a part
of the observed dark matter. In addition to some of the detection methods above,
a new possibility is to observe the Hawking radiation of PBHs, see, e.g. [287] for
a discussion of detection methods and how to extract experimental bounds. The
bounds on the allowed mass range of PBHs are tightening rapidly with more data
becoming available; see, e.g. [75] for a recent update, which quote 1016–1017g,
1020–1024g, and 10–102 M�. The last possibility is contentious but of special
interest in view of the recent detection of black hole mergers by LIGO/Virgo.

• Axion clouds.Axions are among the prime darkmatter candidates. They have not
been detected yet, so this item is at the same level as the previous one. However,
if they exist, they may provide an interesting link between the heaviest compact
objects in our universe, black holes, and (presumably) the lightest ones, axions.
Namely, in some models, axions are so light that their Compton wavelength is
of the order of the Schwarzschild radius of stellar black holes. Whenever that
happens, axion clouds can form around black holes, converting them into gigan-
tic ‘atoms’ with characteristic GW patterns that would allow both the indirect
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detection of axions and provide a novel way to detect single black holes (without
companion and not being involved in a black hole merger); see [288].

Despite this impressive list of observational evidence or observation prospect for
black holes, we state the caveat that all of them rely on the assumption that GR is
the correct theory of gravity at the relevant distance scales (e.g. a few kilometers for
stellar sized black holes). Typically, alternative explanations that avoid black holes
are far more contrived than just assuming that GR and its predictions of black holes
are correct.

4.2 Black Hole Photon-Sphere, Shadows, and Images

We have seen in Sect. 2.2.1 that Schwarzschild black holes have a photon-sphere at
r◦ = 3rh/2 = 3M , which is the (unstable) orbit where lightlike particles travel on
circles around the black hole. It lies at half the radial distance of the ISCO. As we
saw in Sect. 2.5 for Kerr black holes, the situation is more intricate. The location of
the ISCO depends on whether the orbit is co-rotating or counter-rotating with the
black hole, and in addition to the horizon radius, it depends on the Kerr parameter
a. Moreover, Kerr black holes have two photon-spheres, both lying in the equatorial
plane, at radial distance

r◦± = 2M
[
1 + cos

(2
3
arccos

±|a|
M

)]
. (4.1)

For slowly rotating black holes, both photon-spheres are close to the Schwarzschild
photon-sphere, r◦± = 3M ± 2a/

√
3 + O(a2/M). For extremal Kerr black holes, the

inner photon-sphere approaches thehorizon,while the outer one is twoSchwarzschild
radii away from the center, r◦− = M , r◦+ = 4M .

There are three interesting aspects of the photon-sphere:

• By definition you can see the back of your own head if you were able to hover on
the equatorial plane of the photon-sphere and look into a direction tangential to
their intersection.

• There is an interesting centrifugal-force reversal for Schwarzschild black holes
at the photon-sphere: outside the photon-sphere observers feel the usual outward
centrifugal force, while inverse the centrifugal force pulls the observer inwards
toward the black hole horizon; on the photon-sphere no centrifugal force is felt,
regardless of the speed of the orbit.

• The black hole photon-sphere in principle leaves an imprint in images of black
holes and their shadows, though at the time of writing this book the photon-
sphere has not been observed yet; for further discussions see e.g. [281] and ref-
erences therein.
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4.3 Penrose Process, Super-Radiance, and Black Hole Mining

Classical black holes are known for having surfaces of no return and that things
cannot escape from them to the outside. There is, however, a surprising physical
effect for rotating black holes that allows, at least in principle, to ‘mine’ black holes
as abundant sources of energy. This effect is called superradiance when referring to
wave scattering and as Penrose process when referring to particle scattering.

To get quickly to the key point, let us focus first on particle scattering, i.e. the
Penrose process. The key observation is that there exists an ergoregion outside the
horizon where the Killing vector that asymptotically generates time translations,
k = ∂t , becomes spacelike. This implies that in the ergoregion there can be particle
states of negative energy as measured by an asymptotic observer. So in principle,
it is possible to throw some unstable object (with energy Ei as measured by an
asymptotic observer) into the ergoregion that splits into two subsystems, one of
which has negative energy E f

1 = −pμkμ < 0, where pμ is the 4-momentum of the

subsystem, while the other one has positive energy, E f
2 > 0. If the negative energy

subsystem falls into the black hole, the positive energy subsystem is allowed to escape
to infinity by conservation laws; more details are deferred to Exercise 4.3. Then, the
outgoing energy E f

2 = Ei − E f
1 > Ei is bigger than the ingoing one. The black

hole has ‘gained’ negative energy and some of its energy (mass) has been carried
away from the hole.

To address the superradiance, the wave-scattering version of the Penrose process,
we need to deal with black hole perturbations. We are not going to do this in full
generality, but restrict ourselves for the time being to scalar perturbations φ(xα)

on Schwarzschild black hole background, in order to understand the techniques
involved. These perturbations satisfy the Klein–Gordon equation

∂μ

(√−ggμν∂ν

)
φ(xα) = 0 (4.2)

which for the Schwarzschild metric (2.1), (2.2) allow a convenient decomposition in
terms of spherical harmonics and plane waves

φ(t, r , θ, ϕ) =
∞∑
l=0

l∑
m=−l

ψl(r , ω)

r
Ylm(θ, ϕ) e−iωt . (4.3)

Using this decomposition together with the tortoise coordinate r∗ = r + rh ln
( r
rh

−
1
)
reduces the Klein–Gordon equation (4.2) to the Regge–Wheeler equation

( d2

dr2∗
+ ω2 − Vl(r)

)
ψl(r∗, ω) = 0 (4.4)

with the effective potential

Vl(r) =
(
1 − rh

r

) ( l(l + 1)

r2
+ rh

r3

)
, rh = 2GNM (4.5)
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Fig. 4.1 Effective potential (4.5) for l = 0, 1, 2 and unit Schwarzschild radius. The height of the
maximum increases with l since there is more centrifugal barrier

Thus, we have a standard (quantum-)mechanical problem of potential scattering on
potentials depicted in Fig. 4.1.

On the horizon (r∗ → −∞) wemust impose infalling boundary conditions, while
at infinity ingoing as well as outgoing (reflected) modes can exist.

lim
r∗→−∞ ψ̂l = e−iωr∗ lim

r∗→∞ ψ̂l = (
AR(ω)eiωr∗ + e−iωr∗) 1

AT (ω)
(4.6)

The functions AR(ω) and AT (ω) are reflection and transmission amplitudes, respec-
tively. A linearly independent set of modes is the complex conjugate of (4.4). Since
the Wronskian of two linearly independent solutions of the Regge–Wheeler equa-
tion (4.4) is constant, evaluation at r∗ = ±∞ yields a quadratic relation between
transmission and reflection amplitudes (which should look familiar from quantum
mechanics),

|AR |2 + |AT |2 = 1 . (4.7)

The squares of the amplitudes are reflection and transmission probabilities, and their
sum adds up to one.

Now consider Kerr black holes, where instead of the Regge–Wheeler equations
perturbations solve the Teukolsky equation [289]. We do not discuss this equation in
detail in the main text but merely highlight the key technical aspect (see Appendix
D for details of the Teukolsky equation). The ansatz for the modes (4.6) still works,
except that in the near horizon limit there is a shift ω → ω − m 
, where m is
the magnetic quantum number in the spherical harmonics decomposition and 
 =
a/(r2+ + a2) is the Kerr horizon velocity (also the tortoise coordinate derivative
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changes to d/ dr∗ = �/(r2 + a2) d/ dr ). The constancy of theWronskian now leads
to a condition slightly different from (4.7), namely

|AR |2 +
(
1 − m


ω

)
|AT |2 = 1 . (4.8)

If the inequality

m
 > ω (4.9)

holds, plugging this inequality into relation (4.8),

|AR |2 − 1 =
(m


ω
− 1

)
|AT |2 > 0 (4.10)

shows that |AR | > 1 in this case. Thus, the reflected amplitude is bigger than the
incoming one! This is superradiant scattering and allows extracting energy from a
Kerr black hole, similar to the Penrose process discussed at the beginning of this
section.

Superradiance only occurs when (4.9) holds whichmeans for modes with positive
spinm. So modes that extract energy from the black hole, necessarily also take away
angular momentum and slow down the Kerr black hole, see Exercise 4.4 for more
analysis. Note also that the superradiance effect is similar to stimulated emission
in atomic physics and in analogy one may expect a spontaneous emission effect.
Such spontaneous superradiance can be shown to occur once quantum effects for the
field perturbations are taken into account. So, the existence of an ergoregion yields
a quantum mechanical instability.

Of course, when this process is repeated often, eventually backreactions need to
be taken into account. Energy extraction slows down the black hole, so the energy
extracted is basically rotational energy. Both from the particle picture and the wave
picture it is clear that there is a natural endpoint of black hole mining: when the
ergoregion ceases to exist or, equivalently, when
 → 0, neither the Penrose process
nor superradiance are possible anymore and this type of energy extraction ends.Given
that for most astrophysical black holes the spin is a sizable fraction of the mass, not
small a/M ratio, black holes could provide an enormous amount of energy through
mining processes a la Penrose or superradiant scattering.

4.4 GravitationalWaves and Black Hole Mergers

Consider the vacuum Einstein equations in D spacetime dimensions and some solu-
tion thereof, ḡμν , referred to as ‘background metric’, such that R̄μν = 0. All barred
quantities are constructed from this background metric. Perturbations around any
such background are given by metrics gμν = ḡμν + hμν . Linearizing in the pertur-
bation hμν means that classically they have to obey the linearized Einstein equations

∇̄λ∇̄μhλν + ∇̄λ∇̄νhλμ − ∇̄μ∇̄νh
λ
λ − ∇̄2hμν + ḡμν∇̄2h = 0 (4.11)
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where h = ḡμνhμν . The linearized equations (4.11) can also be derived from expand-
ing Einstein–Hilbert action for gμν = ḡμν + hμν to second order in perturbation
which leads to the quadratic action,

16πGN δ(2) IEH = 1

2

∫
dDx

√−ḡ hμν �̄μν
λρhλρ (4.12)

with the wave operator

�̄μν
λρ = δρ

ν ∇̄λ∇̄μ + δρ
μ∇̄λ∇̄ν − ḡλρ∇̄μ∇̄ν − δρ

μδλ
ν ∇̄2 + ḡμν ḡ

λρ∇̄2 (4.13)

In many applications it is useful to decompose the perturbations into transverse-
traceless tensor part hTTμν , vector (or gauge) part ξν and trace part h.

hμν = hTTμν + ∇̄μξν + ∇̄νξμ + 1

D
ḡμν h ∇̄μhTTμν = 0 = ḡμνhTTμν (4.14)

Infinitesimal diffeomorphisms of the backgroundmetric induce gauge redundancies,
i.e. hμν is defined up to gauge transformationsLξ ḡμν = ∇̄μξν + ∇̄νξμ. A covariant
family of gauge fixing conditions (with parameter α ∈ R) is given by

∇̄μh
μ

ν = α∂νh
μ

μ (4.15)

For α = 1
2 , this is known as ‘harmonic gauge’ or ‘de Donder gauge’, which may also

be represented in a more background independent way ∇2xμ = 0 where xμ are the
coordinates, or ∂ν(

√− det g gμν) = 0. In this gauge, it is particularly easy to count
the number of graviton polarizations: the gauge choice (4.15) fixes D of the D(D +
1)/2 components of hμν and permits residual gauge transformations generated by
vector fields obeying ∇̄2ξμ = 0, thereby eliminating another D components of hμν .
Thus, Einstein gravity in D ≥ 3 spacetime dimensions has D(D − 3)/2 independent
graviton polarizations.

•> Gravitational waves in 4-dimensional Minkowski space

OnaMinkowski background, thewave equation (4.11) in deDonder gauge simplifies
to a tensorial version of Maxwell’s equations in Lorenz gauge

∂2hμν = 0 (4.16)

which is solved, using the superposition principle, in terms of plane waves

hμν = εμν(k) e
ikμxμ

(4.17)

with null momentum, k2 = 0, and a polarization tensor εμν = ενμ compatible with
de Donder gauge, kμεμ

ν = 1
2 kνε

μ
μ. The four residual gauge transformations,
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∂2ξμ = 0, can be used to set to zero the mixed components, ε0i = 0, as well as
the trace, εμ

μ = 0, of the polarization tensor. For a GW traveling in z-direction,
kμ = ω (1, 0, 0, 1), these gauge fixing conditions imply

εμν =

⎛
⎜⎜⎝
0 0 0 0
0 ε+ ε× 0
0 ε× −ε+ 0
0 0 0 0

⎞
⎟⎟⎠ =: ε+ε+

μν + ε×ε×
μν . (4.18)

The two helicity states ε+
μν and ε×

μν are often referred to as ‘plus-polarization’ and
‘cross-polarization’, respectively.

With a single test particle, it is impossible to detect GW, so let us assume there are
two massive test-particles, one at the origin and the second at some finite distance
L0 along the x-axis. For concreteness, consider a plus-polarized planar GW along
the z-direction, hμν = ε+

μν f (t − z) with f (t − z) � 1, so that the perturbed metric
reads

ds2 = − dt2 + (
1 + f (t − z)

)
dx2 + (

1 − f (t − z)
)
dy2 + dz2 . (4.19)

If both test particles where at rest originally, uμ
1,2 = (1, 0, 0, 0), the geodesic equa-

tion to linearized order reads duμ/ dτ = −δ�μ
00. Since δ�μ

00 vanishes, the particles
remain at rest and the coordinate distance between them does not change. However,
their proper distance

L(t) =
L0∫

0

dx
√
1 + f (t) ⇒ �L0

L0
= L(t) − L0

L0
≈ 1

2
f (t) (4.20)

changes in a time-dependent way. For periodic functions f , the proper distance
oscillates periodically around its mean value L0, which is a measurable effect.

Like light waves, GWneeds a source. In the former case, typical sources are accel-
erated charges, producing dipole (and higher multipole) radiation. In the latter case,
typical sources are accelerated masses, producing quadrupole (and higher multipole)
radiation. To take into account sources, it is useful to define the trace-reversed fluctu-
ations h̃μν := hμν − 1

2 ημν hλ
λ in terms of which de Donder gauge reads ∂μh̃μ

ν = 0
and the linearized Einstein equations on the flat background simplify to

∂2h̃μν = −16πGN Tμν . (4.21)

In terms of the retarded Green function the general solution to the inhomogeneous
wave equation (4.21) yields

h̃μν(t, x) = 4GN

∫
d3x ′ Tμν(t − |x − x′|, x′)

|x − x′| (4.22)
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Taylor-expanding around the origin, x′ = 0, the first term reads h̃μν(t, x) = 4GN
r∫

Tμν + · · · where the quantities

M :=
∫

T 00 =
∫

d3x ′ T 00(t − |x − x′|, x′) (4.23)

Pi :=
∫

T 0i =
∫

d3x ′ T 0i (t − |x − x′|, x′) (4.24)

are mass and 3-momentum of the source. Using twice partial integration identi-
ties like

∫
d3x ′ Tμi = − ∫

d3x ′x ′ i∂ j Tμ j and the conservation equation ∂μTμν = 0,
establishes the emission formula

h̃i j (t, x) = 2GN

r

d2Qi j (t)

dt2

∣∣∣
t→t−|x−x′| (4.25)

in terms of the (second time-derivative of the) quadrupole moment of the source,
Qi j (t) := ∫

d3x ′ x ′i x ′ j T 00(t, x′). Introducing the tracefree quadrupole moment,

qi j := Qi j − 1
3 δi jδ

kl Qkl =
∫

d3x ′
(
x ′i x ′ j − 1

3
δi j (x

′)2
)

T 00(t, x′) (4.26)

allows to write the average power radiated away by GW (also called ‘gravitational
luminosity’) succinctly as

PGW = GN

5
〈...q i j

...
q i j 〉 . (4.27)

A conceptual key point in deriving (4.27) is to define the gravitational stress tensor.
While in general one cannot covariantly define gravitational energy–momentum ten-
sor (see, e.g. [290,291] and references therein), in our case,wherewe are dealingwith
the linearized theory, it is straightforward to do so. One may simply treat (4.12) as
an action for perturbations hμν and compute the corresponding energy–momentum
tensor in the standard canonical way. Doing so, the flux component of it is obtained as
T GW
tz = 1

16πGN
〈ε̇2+ + ε̇2×〉 from its plus- and cross-polarization amplitudes, cf. (4.18).

Here the average is over several wavelengths. The electromagnetic analog of (4.27)
is the formula for the average power emitted by an oscillating dipole, PEM ∼ 〈 p̈i p̈i 〉,
with dipole moment pi . Since there is no dipole GW, up to a numerical factor, the
formula (4.27) thus can be guessed purely on dimensional grounds and by anal-
ogy to electromagnetism. To make this analogy more manifest, sometimes gravi-
toelectromagnetism is invoked, where the Weyl tensor is decomposed into electric
and magnetic parts, Eμν = Cμλνρuλuρ , Bμν = 1

2 εμλ
στCνρστuλuρ , with respect to

some observer with 4-velocity uμ; see for instance [133,292] and references therein.
Binary systems (e.g. consisting of black holes or neutron stars) emit GW over an

extended time period. The gravitational luminosity formula (4.27) permits us to esti-
mate the power radiated by such systems. For instance, a system with characteristic
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mass M and period T has a power given by P ∼ (M/T )10/3 and therefore a period
decrease given by dT / dt ∼ −(M/T )5/3; see Exercise 4.11 for more analysis. Long
before the direct detection of GW, the period decrease of the Hulse–Taylor pulsar
provided striking indirect evidence for their existence [293].

While precise templates for GW-forms are an ongoing research field, e.g. see
[273,278] and its citations, it is easy to provide an upper bound on the GW emission
from a black hole merger, using energy conservation and the second law of black
hole mechanics, cf. discussions in Sect. 5.5. For two Schwarzschild black holes of
equal mass, this upper bound is about 29% of the total mass of original black holes.
Even if the actual gravitational radiation is only a small fraction of that number, the
energy radiated away in form of GW can easily be of the order of solar masses! Thus,
there can be a substantial amount of power in such mergers, larger than typical local
events in our universe. Indeed, it was a merger of two black holes that led to the first
detection of GW [294].

While the most straightforward explanation of the first GW event is that we have
witnessed the merger of two Kerr black holes, it is conceivable that something dif-
ferent from Kerr black holes could mimic that event. Future GWmeasurements may
allow constraining the tidal Love numbers1 of the sources and thus allow discrimi-
nating between Kerr black holes and their speculative alternatives.

4.5 Accretion Disk Physics

Accretion disks around black holes are one of the key players in black hole detection
through X-ray spectra [264,299]. The physics involved is quite intricate and involves
viscousmagnetohydrodynamics,which canbe studied numerically, e.g. see [300] and
references therein. To get the first glimpse into accretion disk physics, we consider
an unrealistic toy model, namely a perfect fluid [264,265,301]. Since perfect fluids
in GR are useful also in several other contexts, such as cosmology or holography, we
provide some details, despite the inapplicability to accretion disk phenomenology.

To the lowest order in a derivative expansion, the fluid data available are the
velocity uμ, normalized without loss of generality to uμuμ = −1, the energy density
ρ and the pressure p. The perfect fluid stress tensor

T perf
μν = ρuμuν + P �μν �μν := uμuν + gμν (4.28)

1 Tidal Love numbers measure the tidal deformability of a self-gravitating object [295] and are
zero for usual black holes, as crystallized in no-hair theorems. We will not go into details, but
just mention here that there are two types of Love numbers, parity even (‘electric’) and parity-odd
(‘magnetic’). For Schwarzschild black holes, all Love numbers vanish, so these black holes cannot
be tidally deformed. Rotating black holes have non-vanishing Love numbers in general, but they
are still pretty stiff, i.e. cannot easily be deformed; see, e.g. [296]. For more discussions on Love
numbers, e.g. see [297,298] and references therein.
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for consistency must obey ∇μTμν = 0. Contracting this conservation equation with
the velocity uν yields the general relativistic analog of the continuity equation, while
contraction with the projection operator�νλ yields the analog of the Euler equations

Continuity: ∇μ

(
uμρ

) + p∇μu
μ = 0, (4.29)

Euler:
(
ρ + p

)
uμ∇μu

ν + �νμ∇μ p = 0 (4.30)

The label ‘projection operator’ is due to the properties uμ�μν = 0 and�
μ
ν �ν

λ = �
μ
λ .

The equations above are not uniquely solvable, as in D dimensions for a givenmetric
there are D + 2 variables ρ, p; uμ but D + 1 equations ∇μTμν = 0, uμuμ = −1.
One extra equation is usually supplemented by an equation of state relating energy
density ρ and pressure p, for instance, some barotropic equation of state expression
pressure as some given function of energy density, p = p(ρ). The simplest ones
describe dust, p = 0, radiation, p = ρ/3, and the vacuum (cosmological constant),
p = −ρ and stiff matter p = ρ.

The perfect fluid is not a realistic model of an accretion disk, as one cannot omit
the effects of viscosity. For the latter, one needs to go higher order in the derivative
expansion of the stress–energy tensor, and effects from magnetic fields. The latter is
usually taken into account using magnetohydrodynamics, often neglecting general
relativistic corrections, see [302] for a review. The additional data available are field
strength Fμν , current jμ, shear viscosity η and bulk viscosity ζ . The equations to be
solved are the covariant conservation equation and the Maxwell equations,

∇μT
μν = 0 εμνλτ ∂νFλτ = 0 ∇μF

μν = 4π jν (4.31)

with the derivative expansions

Tμν = T perf
μν + TMax

μν − 2η
(
�λ

μ�τ
ν∇(λuτ) − 1

3 �μν∇λu
λ
) + ζ gμν∇λu

λ + · · ·
(4.32)

jμ = ρ0uμ + σ Fμνu
ν + · · · (4.33)

where TMax
μν = 1

8πGN

(
FμλFλ

ν − 1
4 gμνFλρFλρ

)
is the stress tensor of the Maxwell

field, ρ0 the rest-frame charge density and σ the conductivity coefficient.

•> Blandford–Znajek mechanism

We end this section by discussing another Kerr black hole mining process, the
Blandford–Znajek effect [303]. This effect is the basic engine for relativistic jets
from active galaxies and gamma or X-ray bursts. Consider a Kerr black hole which is
threaded by magnetic field lines supported by external currents flowing in an equato-
rial disk. Suchmagnetic fields are ubiquitously producedwhen the blackhole accretes
ordinary matter. If the magnetic field strength is large enough, it yields an efficient
electron–positron pair production which can then form a force-free plasma of accel-
erated charges. Energy and angular momentum is then transferred outward through
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electromagnetic radiation. In this way, the gravitational energy of the infalling mat-
ter into the black hole as well as the energy and spin from the black hole itself
can be extracted electromagnetically. One may show that in real physical situations,
accreted charges do not significantly contribute to the geometry of a rotating hole.
See [303,304] and also Exercise 4.13 for more detailed analysis.

4.6 Black Hole Formation in Shock-Wave Collisions

In principle, it is possible to generate black holes from the collision of localized
packages of energy fluxes (traveling at or close to, the speed of light). While no
black holes are known to be generated in this fashion, such formation processes still
have applications, e.g. within the context of the AdS/CFT correspondence where this
process is dual to the formation of a finite temperature non-Abelian plasma. In this
section, we develop the basics of black hole formation through shock-waves.

As warm-up, let us consider electrodynamics with a δ-source j+ = δ(x−)

ρ(+)(xi ), where we use lightcone coordinates for the 2-dimensional plane through
which the electromagnetic shock-wave travels, η+− = 1, η±± = 0, ηi j = δi j , where
xi denote the transverse coordinates.TheMaxwell connection A = θ(x−) ∂iλ

(+)(x j )

dxi solves Maxwell’s equations with this source, provided ∂i∂iλ
(+) = −ρ(+). The

only non-vanishing field strength components are F−i = δ(x−) ∂iλ
(+). Apart from

a delta-localization at x− = 0 the field strength vanishes, as it should since the
connection is a locally pure gauge for positive and negative values of x−. We can
superimpose a second solution where we replace above everywhere + with −. This
configuration describes the collision of two electromagnetic shock-waves localized
at x− = 0 and x+ = 0. No particles are produced in this collision as a consequence
of the linearity of Maxwell’s theory.

Consider as the next step Yang–Mills theory with the same kind of source.We can
still use the same technique and logic as for Maxwell’s theory, except on and within
the forward lightcone. Thus, as long as either x+ or x− is negative the solution of
the Yang–Mills equations sourced by j± = δ(x∓) ρ(±)(xi ) are given by Yang–Mills
gauge connections A = (θ(x−)θ(−x+) α

(+)
i + θ(−x−)θ(x+) α

(−)
i )) dxi ,where the

α
(±)
i are pure gauge and obey ∂iα

(±)
i = ρ(±). (In the Abelian case we had α

(±)
i =

∂iλ
(±).) The key difference to Maxwell’s theory is that Yang–Mills theory is non-

linear and therefore the superposition principle cannot be applied. In particular, in the
forward lightcone, the connection is no longer a pure gauge but satisfies the vacuum
Yang–Mills equations. This means that we have particle production in the collision
of two non-Abelian shock-waves, see Sect. 3 of [305].

Aichelburg–Sexl black hole. Einstein gravity is also a non-linear theory and
as in non-Abelian Yang–Mills theory, one may expect particle production in the
forward lightcone of two colliding gravitational shock-waves. This is indeed what
happens. The first step is to analyze a single shock-wave. This was done in seminal
work by Aichelburg and Sexl [306], who considered an ultrarelativistic boost of the
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Schwarzschild metric in the limit of vanishing mass, keeping fixed the energy. Their
result

ds2 = −2 dx+ dx− + δi j dx
i dx j + H(xi ) δ(x−) dx− 2 (4.34)

describes a single gravitational shock-wave traveling along retarded time x− = 0
with some profile H that depends only on the transverse coordinates xi . For

Schwarzschild H ∝ ln ρ, where ρ =
√
xi x j δi j , while for Schwarzschild–

Tangherlini in D > 4 dimensions H ∝ ρ4−D . In all cases, the profile function solves
Poisson’s equation ∇2H ∝ δ(D−2)(xi ) in the transverse dimensions.

Describing the collision of two gravitational shock-waves is possible in the coor-
dinates (4.34), but not necessarily convenient. The technical reason is that the metric
(4.34) contains delta-distributions, which leads to jumps in geodesics and their tan-
gents. This can be remedied by introducing Rosen coordinates

x̄− = x−, x̄+ = x+ + H θ(x−) + x−θ(x−)(∇H)2/4, x̄ i = xi + x−/2∇i H θ(x−)

in terms of which geodesics and tangents are continuous across the shock at x− = 0.
In these new coordinates, the metric that describes the collision of gravitational
shock-waves, is continuous and piecewise differentiable, see Exercise 4.14 for more
analysis. The Rosen coordinates allow one to superpose two shock-waves moving
along z direction toward each other at an impact parameter b. One can then analyze
the collision of such shock-waves each with total energy μ. Such a collision can
yield an apparent horizon and a marginally trapped surface for sufficiently small b.
The maximum b which leads to a trapped surface is bmax ≈ 3.219GNμ and the total
cross-section for black hole production is bigger than πb2

max
≈ 32.55(GNμ)2; see

[307] for detailed analysis.

4.7 Black Hole Perturbations and Linear Stability

In QFT slang, stationary black holes are solitons. Solitons can be excited harmoni-
cally and the small excitations may be treated in linear order and perturbatively. It is
fair to ask if the same can happen for black holes and how black holes react once such
excitations/perturbations are turned on and whether they remain stable. Black holes
interact gravitationallywith surroundingmatter and quantumfields, such as accretion
disks, companion stars, axion clouds, etc. and these interactions can be viewed as
excitation on black holes. In many situations, a perturbative description is adequate,
where we can assume a split into a black hole background and perturbations around
it, similar to our discussion of GW in Sect. 4.4.

Such a perturbative treatment has numerous applications in a black hole context,
including radiation generated by objects falling into a black hole, late-time behavior
of the gravitational field after black hole formation, scattering and absorption of
fields/particles on black holes, perturbativeGWgeneration and checking perturbative
stability of black holes. Here, we focus on three somewhat related topics: QNMs,
black hole stability, and GW emission from black hole binaries.



4.7 Black Hole Perturbations and Linear Stability 133

4.7.1 Quasi-normal Modes

QNMs are a generalization of normal modes to cases where the modes can decay.
Typically, this arises because the system is open. Thus, as opposed to usual harmonic
oscillations there is exponential decay, which is accommodated by allowing the
frequencies to have an imaginary part. For black holes, QNMs arise since at the
black hole horizon all perturbations are purely ingoing. The QNMs are imprinted
in GW emission or other fields probing (or scattered off) the black hole and are
characteristic of a black hole of given mass and angular momentum. Describing
perturbed (or ‘ringing’) black holes through QNMs is a good approximation as long
as the perturbation is sufficiently small. In practice, QNMs provide an adequate
description of the ringdown phase after a black hole merger. Historically, QNMs
were a milestone in numerical relativity, see, e.g. [308,309] for reviews.

For simplicity, we focus on scalar QNMs of Schwarzschild black holes, see [310]
for the originalwork on the topic. Since scalar perturbations of the latter are described
by the Regge–Wheeler equation (4.4), we exploit the latter to introduce QNMs. The
potential Vl(r) (4.5) tends to zero at both of its ends (see Fig. 4.1) and it has no
normalizable bound states; hence, there are no normal modes associated with scalar
perturbations of Schwarzschild black holes. A QNM is defined to be a perturbation
which is purely infalling at the horizon and purely outgoing at infinity. For the scalar
perturbations which are solution to the Regge–Wheeler equation, these are modes
with complex frequency ωQNM obeying the boundary conditions

lim
r∗→−∞ ψ(r∗, ωQNM) ∼ e−iωQNMr∗ lim

r∗→∞ ψ(r∗, ωQNM) ∼ eiωQNMr∗ .

(4.35)
The first one just means that the mode is purely infalling on the horizon, cf. (4.6),
while the second one means that the mode is purely outgoing at infinity. Moreover,
in order for the QNMs to be well-defined in both limits (4.35), the frequency should
have a negative imaginary part,

ωQNM = ωR − i ωI ωI > 0 . (4.36)

The QNM frequencies depend only on the mass M of the Schwarzschild black
hole and can be calculated numerically. The lowest-lying QNM (for l = 2) is given
by

M ωQNM(2, 0) ≈ 0.37367 − i 0.08896 . (4.37)

For a three solar mass Schwarzschild black hole, these numbers translate into a
real part corresponding to a frequency of about 4 kHz and a decay time of about
1.8 milliseconds. This means the relevant time scale for QNM decay in stellar mass
black holes is milliseconds, and the relevant frequency range kHz. In the limit of
large imaginary part, there is an efficient method complexifying the radial coordinate
and calculating monodromies to determine an exact expression for the QNMs [311],
yielding

lim
n→∞ M ωQNM = ln 3

8π
− i

4

(
n + 1

2

)
+ O(1/

√
n) . (4.38)
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This result, while interesting, is of little use for phenomenology, which cares mostly
about a few lowest-lying QNMs, since the other ones are damped away too quickly.

Generalizations of QNMs to Kerr and other black holes are conceptually straight-
forward, see [312] for original analytical work on the topic. By analogy to (4.37),
(4.38) the QNM spectrum depends only on the black hole parameters and on some
pure numbers that are calculable either numerically or, in certain limits, analytically.
In an astrophysical context, QNMs are characteristic features of a black hole with a
given mass and angular momentum.

4.7.2 Late-TimeTails and Linearized Stability

Linearized stability of black holes would mean that sufficiently small, but otherwise
generic, perturbations of black holes decay sufficiently fast as a function of time, and
in particular do not make the black hole disappear. Technically, linearized stability
means boundedness of the perturbations. There are some heuristics gained from the
fact that the imaginary part of all QNMs is negative, so that they all decay exponen-
tially rather than growing in time, see the discussion above. However, QNMs alone
are misleading, since they suggest exponential fall-off at late times, which is incor-
rect. Instead, late-time tails decay onlymonomially in time [313]. For Schwarzschild,
the result is (see Exercise 4.17)

lim
t→∞ ψ ∼ t−2l−3 (4.39)

where l is again the angular momentum number in (4.4). This can be derived from
an analysis of the Green function

( d2

dr2∗
+ ω2 − Vl(r)

)
G(r∗, r , ω) = δ(r∗ − r) (4.40)

subject to suitable boundary conditions, see Exercise 4.17. The time-evolution of ψ

for t > 0 with some initial data is given by

ψ(r∗, t) =
∫

drG(r∗, r , t) ∂tψ(r , 0) +
∫

dr∂tG(r∗, r , t) ψ(r , 0) . (4.41)

Thus, knowing the late-time tail of theGreen function (4.40) is sufficient to determine
the late-time tail of the perturbation ψ . A general proof of the boundedness of the
wave equation on Schwarzschild backgrounds was given by Kay and Wald [314].
For a more general discussion that includes also linearized stability of Kerr black
holes; see [315].
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4.7.3 Perturbative Aspects of Black Hole Binaries

Finally, consider GWemission from black hole binary systems. There are two phases
where perturbative methods can be useful: the initial, inspiraling phase and the final,
ringdown phase after the two black holes have merged.

In the latter, one can model the system as a single perturbed black hole and
exploit the lowest-lying QNMs to determine GW emission, see, e.g. [276] and ref-
erences therein. Since the QNM spectrum depends only on the mass and spin of the
final black hole (see Sect. 4.7.1 above), observational data from GW emission in the
ringdown phase can be used to put bounds on mass and spin of the final black hole
state after a merger.

In the inspiralling phase, as long as the black holes are sufficiently far away from
each other, one can essentially consider one black hole as a perturbation of the other.
To be more specific, one can use multipole expansions, post-Newtonian expansions
(in inverse powers of the vacuum speed of light), post-Minkowskian expansions (in
inverse powers of Newton’s constant), far-zone expansions (in inverse powers of the
distance from the center of mass) and in practice combinations thereof are used, see
the extensive review [316] and references therein. As an example, we quote a result
for energy loss due to GW emission to second post-Newtonian order for a nearly
circular orbit [317].

−dE

dt
= 32η2
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))]
(4.42)

Here m = m1 + m2 is the total mass, η = m1m2/m2 is the reduced mass in units
of the total mass, r is the orbital separation, χ1,2 are the black hole spins in units
of the individual masses m1,2, L̂ is a unit vector pointing in the direction of the
orbital angular momentum, and the dot denotes the Euclidean inner product between
the various 3-vectors. The lowest order term is just the Newtonian quadrupole and
the m/r term its first post-Newtonian correction. The m3/2/r3/2 terms contain a
contribution from tails (the 4π -term) and from spin-orbit coupling (the remainder).
The second line contains second post-Newtonian corrections as well as spin-spin
corrections.

In order to provide accurate templates for experiments, it is necessary to go beyond
the second post-Newtonian approximation. At third order, regularization is necessary
to cure the infinite self-field of point particles, which can lead to ambiguities, see
[318] for a discussion and resolution. An alternative to deal with the UV divergences
is the application of EFT methods [319].
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4.8 Gravitational Collapse and Non-linear Stability

The perturbative analysis in the previous section led to a wealth of applications and
physical effects. However, some phenomena cannot be seen using perturbation the-
ory, including the very existence of a black hole, which is not just a small perturbation
of a trivial vacuum solution, but rather like a solitonic solution in QFT. Especially
the classic black hole creation through gravitational collapse, which involves non-
perturbative and non-linear physics, has a strong physical motivation—after all, this
is how stellar-mass black holes are generated—and exhibits interesting phenomena,
both from a physical and a mathematical perspective [52,320]. We discuss now one
of these phenomena, the critical collapse [110].

4.8.1 Critical Collapse and Choptuik Exponent

Consider some generic 1-parameter family of initial data, with normalized family
parameter p ∈ [0, 1], such that near p = 0 a black hole never forms and near p = 1
a black hole always forms. By continuity there must be some critical value of the
family parameter, p = p∗, where a black hole barely forms, separating the initial data
family into members where no black hole forms, 0 ≤ p < p∗ and members where
always a black hole forms, 1 ≥ p > p∗. Near the critical point, Choptuik discovered
through his numerical studies a critical phenomenon reminiscent of phase transitions
in statistical mechanics: Just above the threshold of black hole formation the mass
of the final black hole obeys

M = M0 (p − p∗)γ 0 < p − p∗ � 1 (4.43)

where M0 is some non-universal mass scale and γ is a universal critical exponent—
a pure number that does not depend on which 1-parameter family of initial data is
chosen. This critical exponent is, therefore, a property of the particular theory but
does not depend on details of initial data.

For the spherically symmetric collapse of a massless scalar field in 4-dimensional
Einstein gravity, the final state above p∗ is a Schwarzschild black hole and the
Choptuik critical exponent is approximately γ ≈ 0.37. See Exercise 4.18 for some
aspects of this dynamical system. In this particular example, Choptuik observed
another phenomenon besides the critical scaling exponent, namely discrete self-
similarity of the critical solution with an echoing period � ∼ 3.44 [110]. For a
continuous version of self-similarity; see Exercise 4.19.2

If the initial data are infinitely fine-tuned to p = p∗, the final state is not a black
hole but rather a naked singularity, which disproved an earlier version of cosmic
censorship, see e.g. [322]. This critical solution is an attractor of codimension-1 in

2 The features of universality, critical tuning of parameters, power-law scaling of observables,
critical exponents, and self-similarity also appear in the theory of critical phenomena and phase
transitions, see [321].
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Fig. 4.2 Critical solution as codimension-1 attractor. Trajectories with p < p∗ end up in the flat
space basin (green), whereas trajectories with p > p∗ end up in the black hole basin (black). The
smaller |p − p∗| the longer the trajectory approaches the critical solution p = p∗ (red)

the space of initial data. This means that for any set of initial data the evolution will
be such that initially, one flows toward the critical solution, but eventually, a single
unstable mode kicks in and the final solution moves away from the critical point,
either toward a final state describing the dispersion of waves on a non-black hole
background (for any p < p∗ in any family of initial data) or toward a final state
describing a black hole (for any p > p∗ in any family of initial data). See Fig. 4.2
for an illustration.

There are numerous generalizations ofChoptuik’s original study to less symmetric
configurations, higher and lower dimensions, different asymptotic behavior, etc. See
[323] for a review.

4.8.2 On Non-linear Stability of Black Hole Solutions

We already discussed in the previous section that simple black hole solutions like
Schwarzschild or Kerr are stable against linear perturbations. Given the highly non-
linear nature of Einstein’s equations, extending this result to a generic non-linear
local perturbation is quite a non-trivial statement. Non-linear stability addresses the
question of what happens to perturbations of initial data for arbitrary times, taking
into account the full non-linearity of Einstein’s equations.

Even for arguably the simplest of all spacetimes,Minkowski, it is quite non-trivial
to prove its non-linear stability [55]. Therefore, it is perhaps not surprising that the
non-linear stability of the simplest of all black hole spacetimes, Schwarzschild, was
only proven more than a century after Schwarzschild found his solution [56]. The
proof of non-linear stability of generic Kerr black holes is still missing, though recent
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work was able to prove it in the case of slow rotation [324]. Rather than providing
details of these proofs, we highlight here only their key aspects. Assuming generic
vacuum initial data sets that are sufficiently close to, say, the Schwarzschild black
hole the main theorem of [56] states that the maximal Cauchy development of these
initial data has the following three properties: 1. it evolves into a spacetime with I+
that has a black hole event horizon, 2. it remains globally close to the Schwarzschild
black hole in the exterior region and 3. it asymptotes back to a Schwarzschild black
hole at late times. These three properties together define what is meant by ‘non-
linear stability’. One of the challenges to a general proof is to avoid assuming any
symmetry on the initial data (for more symmetric initial data several simpler proofs
of non-linear stability had been found already in the past millennium; e.g. see [325]
as a historically important first papers on the topic).

Further Reading

In this chapter, we touched upon possible observational signatures of black holes
but did not elaborate on them. This is a fast-evolving and active research area. For
further reading, besides the references given in the main text, we refer the readers
to either original papers or recent review articles. For example, one may look at the
‘Black hole roadmap’ [140] and references therein; for gravitational radiation from
post-Newtonian sources with applications to inspiralling compact binaries see [316]
and follow-ups.

For superradiance and possible observation of black holes through it; see [326]
and the follow-up papers.

For accretion disks and their theory and its testing via observations; see [301]
and references therein and [327]. For the Blandford–Znajek mechanism; see and a
critical analysis of the process see [304,328–331].

There is a lot of effort going into the analysis of the three phases, inspiral, merger,
and ringdown in black hole binary systems. One can learn from black hole merger
gravitational-wave ringdowns and in particular, whether that is a probe of the event
horizon (and why it is really not); see [332].

As discussed, reconstructing black hole shadows is a way to study black holes.
The two main questions in this arena are, (1) Can we use black holes shadows to
distinguish a black hole from other compact objects which are not black holes?
or Does the black hole shadow probe the event horizon geometry? (2) How much
one can learn from the shadow regarding the black hole (e.g. its horizon radius and
angular momentum)? See e.g. [333,334] and references therein or their citations for
more discussions.

For geodesic stability and QMNs see [335] and for QMNs for AdS black holes;
see [336–339].

For a very good set of lecture notes on the (in)stability of black hole solutions;
see [315] and references therein.

For gravitational collapse and spacetime singularities; see [241,278,340–343].
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Exercises

4.1 Photon-sphere radii for Kerr black hole.
Explore null geodesics of the Kerr geometry and derive the photon-sphere radii

(4.1).

4.2 Can different black holes cast the same shadow?
One can ask if there is a shadow-degeneracy among family of black hole solutions.

In this exercise, we formulate this question for a class of static-spherically symmetric
asymptotically flat black hole geometries with metric,

ds2 = −V (R)A(R) dt2 + dR2

V (R)B(R)
+ R2 d
2, V (R) = 1 − 2m

R
, (4.44)

and A(R), B(R) → 1 at large R.
(1) Studynull geodesic in the equatorial plane θ = π/2 andparametrize the impact

parameter of these paths by b. Write down the geodesic equation as

gRR Ṙ
2 + U(R) = 0, U := gtt (

1

b
− H)(

1

b
+ H) (4.45)

where dot denotes derivative with respect to the affine parameter. Read H and the
effective potentialU in terms of metric functions.

(2) Show that light rings happen at radius RLR where

dH
dR

∣∣
RLR

= 0, bLR = 1

H(RLR)
. (4.46)

(3) Black hole shadows are observer dependent. Suppose that we have an observer
at Robs � RLR and suppose that black hole is at angle β from the line of sight. Show
that the The connection between the impact parameter b of a generic light ray and
the observation angle β are related as

b = sin β

H(Robs)
. (4.47)

(4) Consider black holes of ADM mass M in the class of metrics (4.44). (Note
that in general M �= m.) Show different black holes of the same mass cast the same
shadow as seen by the observer at Robs if the observer angle β is the same form them.
Show that for two shadow-degenerate black holes with functions A(1)(R), A(2)(R),

(
b(1)
LR

b(2)
LR

)2

= A(2)(Robs)

A(1)(Robs)
. (4.48)

See [334] for a detailed analysis on shadow-degeneracy for more generic black
hole geometries.
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4.3 More on Penrose process for Kerr black hole.
Consider a Kerr black hole of mass M and angular momentum J = Ma, and a

particle of momentum pμ (as measured by an asymptotic observer). Let k = ∂t be
the timelike Killing vector along the asymptotic time direction and ξH = ∂t + 
∂φ

be the future-oriented vector field which becomes null at the horizon. Consider the
particle to decay into two particles in the ergoregion with momenta p1μ, p2μ. Choose
E1 = p1 · k < 0.

(1) Show the condition for a particle of momentum p1μ to fall into the black hole
is −p1 · ξH ≥ 0.

(2) Considering the conservation laws, show that the other particle which has
positive energy in principle can come out of the ergoregion and fly off to infinity.

(3) Show the condition obtained in (1) of this exercise means the extraction of
energy should necessarily be accompanied by extraction of angular momentum from
the black hole. What are the maximum energy and angular momentum a particle can
carry out in a Penrose process described above?

(4) If the Penrose process can continue for a long time, and at each step δM, δJ
can be taken from the black hole, when does the Penrose process stops?

(5) How much energy and angular momentum (which percentage of the original
M, J ) can in principle be extracted from the black hole via this process?

4.4 More on superradiance for Kerr black hole.
(1) Show that (4.9), which is the condition for having superradiance, can occur

for physical modes. Compare this condition with the condition obtained in (1) of the
previous exercise.

(2) Consider a scalar field theory with energy–momentum tensor

Tμν = ∂μ�∂ν� − 1

2
(∂�)2gμν,

and a mode � = �0 cos(ωt − mφ) which takes part in the superradiance. Show the
power lost across the horizon by this mode is

P = 1

2
�2

0ω(ω − m
)AH

where AH is the horizon area.
(3) In a similar way, compute the angular momentum lost across the horizon.
(4) What are the maximum energy and angular momentum one can extract from

a black hole via the superradiance process?
(5) Starting from a Kerr black hole, can we reach an extremal black hole or a

static Schwarzschild black hole at the end of the superradiance process?

4.5 Uniformized Regge–Wheeler equation.
Show that the Regge–Wheeler equation (4.4) with the potential (4.5) can be uni-

formized to depend only on two dimensionless parameters, l and M̃ = Mω, by
introducing dimensionless radii z∗ = ωr∗ and z = ωr . In particular, this shows that
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mass M and frequency ω enter only through their product M̃ . Finally, show an alter-
native uniformization where you keep the spectral parameter, σ = Mω, but rescale
all radii in geometrized units, r∗ = 2My∗ and r2My, to eliminate the mass.

4.6 Leading large radius terms in Regge–Wheeler equation.
Show that at large radii the (uniformized, see the previous exercise) Regge–Wheeler
equation turns into a simple potential problem with superpotential

Wl(z) = − l + 1

z

and potential Vl = W 2
l − W ′

l . Show that the partner potential V̂l = W 2
l + W ′

l is
related to Vl by a spectral shift l → l + 1. Use this fact together with the ladder
operator al = ∂z + Wl to derive a recursion formula for the wave function ψl in
terms of ψl−1. Compare your result with direct integration of this second order dif-
ferential equation. Note: this is a simple application of supersymmetric quantum
mechanics, see e.g. [344].

4.7 High frequency limit of Regge–Wheeler equation.
Show that in the high frequency limit ωM → ∞ the Regge–Wheeler equation

(4.4) with the potential (4.5) turns into a confluent hypergeometric differential equa-
tion. Solve it and use Stirling’s formula for the Gamma-function to derive that in this
limit the reflection coefficient defined in (4.6) is given by

|AR |2 ≈ e−8πωM .

Hint: It is useful to keep the Schwarzschild radial coordinate r , uniformize to y
defined in Exercise 4.5 and to rescale ψl = φl/

√
1 − 1/y before addressing any

limits.

4.8 Linearized Einstein equations.
Derive the linearized Einstein equations (4.11) as well as the quadratic action

(4.12).
Hint: use δRμν = ∇̄λδ�

λ
μν − ∇̄νδ�

λ
μλ and δ�λ

μν = 1
2 ḡ

λρ (∇̄μhνρ + ∇̄νhμρ −
∇̄ρhμν).

4.9 Gravitational wave equation.
Derive thewave equation ∇̄2hμν = 0 from the linearizedEinstein equations (4.11)

in de Donder gauge (4.15) with α = 1
2 for any background metric with R̄λ

ρμν = 0.
Hint: use [∇̄μ, ∇̄ν]hλρ = 0 up to terms linear in the background Riemann tensor.

4.10 Quadrupole emission formula.
Derive the quadrupole emission formula (4.25) by suitably manipulating the inte-

gral
∫
d3x ′T i j (t − |x − x′|, x′) as described in the main text.
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4.11 Gravitational wave luminosity.
Derive the average power radiated away by GW (4.27) using the hints in the main

text after that formula.

4.12 Period decrease in binary systems.
Starting from the GW luminosity formula (4.27) derive the estimate for the power

P ∼ (M/T )10/3 for a binary system of mass M and initial period T .
Hint: use Kepler’s third law R3 ∝ T 2M to eliminate lengths from the quadrupole
moment

Qxx = MR2 cos2(t/T ), Qxy = MR2 cos(t/T ) sin(t/T ), Qyy = MR2 sin2(t/T ).

4.13 More on Blandford–Znajek effect.
Here we provide a simplified derivation of the Blandford–Znajek mechanism,

more details may be found in [328,345]. Consider a stationary-axisymmetric electro-
magnetic field on the Kerr background parametrized in the Boyer–Lindquist coordi-
nates, t, xi , xi = {r , θ, φ}. Denote electric and magnetic fields by Ei = −Fti , Bi =
1
2ε

i jk Fjk . For this system Eφ = 0. Define polar flux of the magnetic flux tube,

� =
∫

Bidsi . (4.49)

(1) Show that the angular velocity of electromagnetic field, 
e


e := Er√
γ Bθ

= − Eθ√
γ Br

, (4.50)

is a constant along the magnetic field lines. In the above, γ is the determinant of the
constant t slice of the metric. Show also that the second equality in (4.50) follows
from the first equality. Using this constancy of 
e, argue that 
e is a function of
magnetic flux �.

(2) Show that the ‘azimuthal magnetic field’ BT,

BT := NgφφB
φ, (4.51)

where N is the lapse function and gφφ is the corresponding metric component in the
Boyer–Lindquist coordinates, is also a constant along the field lines. Therefore, BT
is also a function of �.

(3) Show electric charge, energy and angular momentum cannot flow across the
wall of the magnetic flux tube.

(4) Show energy flux E and angular momentum flux J of electromagnetic field
satisfy the following equations,

dE
d�

= −BT
e,
dJ
d�

= −BT. (4.52)
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(5)Next, let us impose theBlandford-Znajek ‘horizonboundary conditions’which
imply that at the horizon,

BT = − f (θ)(
h − 
e)∂θ�, (4.53)

where 
h is horizon angular velocity and f (θ), ∂θ� are two positive functions.
Argue that in the force-free electrodynamics limit the above is a sensible choice.

(6) Argue that if 
h > 
e, then BT < 0 and hence there is a positive torque and
energy flux. That is, the accretion disk is electromagnetically transferring energy
outside the plasma tube (the accretion disk).

(7) Argue that, as in the superradiance/Penrose process, the ergoregion (and not
the horizon) plays an important role. To this end, consider electron–positron pair
production from the vacuum due to the presence of a (strong) magnetic field which
can happen in the ergoregion.

4.14 pp-wave, plane waves, Brinkmann and Rosen coordinate systems.
(1) Plane-fronted GWwith parallel rays, pp-waves, are spacetimes which support

a covariantly constant null Killing vector field vμ, ∇μvν = 0, vμvμ = 0. Show that
the most general form of a pp-wave metric is

ds2 = −2 dx+ dx− − F dx−2 + 2ωi dx− dxi + gi j dxi dx j , i, j = 1, · · · , D − 2
(4.54)

where F, ωi , gi j are functions of x−, xi and the null Killing vector v = ∂
∂x+ .

(2) Plane-waves, are a special class of pp-waves where the null Killing vector
field is globally defined and have planar symmetry. Show that the most general form
of a plane wave metric is of the form

ds2 = −2 dx+ dx− − F(x−)xi x
i dx−2 + δi j dx

i dx j , i, j = 1, · · · , D − 2.
(4.55)

A specific class of plane wave with F(x−) = const . is called a homogeneous plane
wave.

(3) The above coordinate system for a plane wave is called Brinkmann coordinate
system. Find the coordinate transformation uponwhich it can be brought to theRosen
coordinates:

ds2 = −2 dX+ dX− − Gi j (X
−) dxi dx j , i, j = 1, · · · , D − 2. (4.56)

(4) Show that plane waves cannot be black holes, i.e. cannot have event horizons.
See [346] for more discussions.

(5) Draw the Penrose diagram of a generic homogeneous plane wave. See Sect.
II. of [193] for more discussions.

(6) The plane wave (4.34) is written in the Brinkmann coordinate system. Apply
the coordinate transformation given in the text and bring it to the Rosen coordinate
system which takes the form,
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4.15 Penrose limit and plane waves.
Penrose in [347] proved that near a null geodesic, every Lorentzian spacetime

looks like a plane wave. To see this, consider an observer boosted up to the speed of
light and at the same time zoom onto a region infinitesimally close to the (lightlike)
geodesic the observer is moving on. Then, in the limit, the observer would see a
plane wave. Follow the steps out listed below to recover Penrose’s proof.

(1) Let u be a coordinate affinely parameterizing a null geodesic. Show that one
can always find a coordinate system such that metric takes the form

ds2 = R2
[
−2 du dṽ + dṽ2 + 2ω̃i dṽ dx̃ i + g̃i j dx̃ i dx̃ j

]
, (4.57)

where ω̃i , g̃i j are functions of u, ṽ, x̃ i .
(2) Zoom onto the null geodesic by taking R → ∞ while keeping the following

fixed,

v = R2ṽ, xi = Rx̃i , (4.58)

Show in the limit the metric takes the form of a plane wave in the Rosen coordinates
(see the previous exercise).

4.16 QNMs and Kammerton A.
‘Kammerton A’ is a musical convention referring to a sound signal with a fre-

quency 440 Hz. Calculate the mass of a Schwarzschild black hole (in units of M�)
whose lowest-lying QNM rings with Kammerton A. What is the damping time of
this mode (in milliseconds)?

4.17 Late-time tails of Schwarzschild perturbations.
Consider the Green function (4.40) with the homogeneous contribution fixed by
requiring suitable boundary conditions. To simplify matters assume non-vanishing
angular momentum number l > 0 and show that at large r∗ the potential is well-
approximated by

Vl(r∗ → ∞) ≈ l(l + 1)

r2∗
+ 2Ml(l + 1)

r3∗
ln

r∗
2M

= l(l + 1)

r2∗
+ δVl

hence producing a branch cut in the Green function. Then use a Born-type of approx-
imation (ψ0 is the solution of the equation below for δVl = 0)

(
d2

dr2∗
+ ω2 − l(l + 1)

r2∗

)
ψ = δVl ψ0

linearizing in δVl to derive the result

G(r∗, r , t) ∝ θ(t)

t2l+3

with a time-independent proportionality factor. This result, together with (4.41),
proves (4.39). For hints and details; see [348].
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4.18 On Choptuik critical collapse.
Consider theEinsteinmasslessKlein–Gordonmodel in D > 3 spacetime dimensions
and impose spherical symmetry on the scalar field � = �(t, r) and the metric

ds2 = −α2(t, r) dt2 + a2(t, r) dr2 + r2 d
2
SD−2 .

Simplify the coupled Einstein and Klein–Gordon equations to three independent
partial differential equations for the functions α, a, and �. Verify in particular, how
the dimension D enters these equations and consider how this may affect numerical
studies of these partial differential equations.

4.19 Continuous self-similarity.
As in the previous exercise, consider theEinsteinmasslessKlein–Gordonmodel in

D > 3 spacetime dimensions. In addition to spherical symmetry, impose continuous
self-similarity, i.e. the existence of a conformal Killing vector field ξ

(Lξ g)μν = 2gμν .

Using continuous self-similarity, simplify the three independent partial differential
equations obtained in the previous exercise to ordinary differential equations and
solve them.

4.20 Non-linear stability versus cosmic censorship conjecture and uniqueness
theorems.

As stated non-linear stability problem is concerned with how a given solution
to Einstein GR reacts to a generic perturbation after a long time the perturbation is
turned on and whether the final solution is still close to the original solution.

(1) Convince yourself that a necessary condition for non-linear stability is that
the perturbation should not lead to the formation of an apparent (event) horizon.

(2) Convince yourself that CCC (both strong and weak versions), cf. Sect. 3.2.7,
are necessary conditions for the non-linear stability of the spacetime.

(3) With the same token, convince yourself that topology and uniqueness theo-
rems, cf. Sects. 3.2.5 and 3.2.6, are necessary conditions for the non-linear stability
of the corresponding black hole solutions.

Note that these are necessary conditions and in general one may need other con-
ditions, e.g. asymptotic boundary conditions, to make them sufficient too.



5BlackHole Charges
andThermodynamics

Abstract

In this chapter, we start with an overview of systematic methods to compute
gravitational charges in Sect. 5.1 and present the Komar charges in Sect. 5.2. We
then introduce the solution phase spacemethod as a precise and handy formulation
to define conserved charges for black holes in Sect. 5.3. While this method can
be used for asymptotically stationary black holes, it is most conveniently used for
stationary black holes with a Killing horizon. For the latter family, we provide a
concise derivation of the entropy as Noether charge in Sect. 5.4 and of the four
laws of black hole thermodynamics in Sect. 5.5.

5.1 Introduction to Systematic Methods for Charge
Computation

In Chap.2 we gave the ADM prescription for computing the mass and angular
momentum of asymptotic flat solutions. In this section, we give a brief historical
overview of the definitions of charges in GR and expand on them and their applica-
tions in later sections (and the appendices).

In classical mechanics, mass and angular momentum are usually viewed as (con-
served) charges associatedwith some symmetries via the seminal theorems byEmmy
Noether. Defining conserved charges in a covariant way has been a challenge within
GR or other generally covariant theories in which the spacetime metric is a dynam-
ical object and there is no preferred time direction. The question we will be dealing
with in this section is to define a covariant symmetry-based definition of conserved
charges for a given solution, including black hole solutions.

Black hole solutions generically comewith a set of isometries generated byKilling
vectors, and/orwith specific ‘asymptotic isometries’ generated by asymptoticKilling
vectors like in (3.20). In words, asymptotic Killing vectors are vector fields that
keep the metric invariant up to a given/prescribed asymptotic form. These exact or
asymptotic isometries can be used to define conserved charges through appropriate
extensions and generalizations of Noether’s theorems.
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Arthur Komar [349] presented the first covariant conserved charge formula, based
on isometries. Komar’s work was shortly followed by the ADM papers [148,150,
350] that define charges associated with asymptotic Poincaré isometries on constant
time slices of asymptotic flat spacetimes. Compared to Komar’s formula, the ADM
analysis has the advantage that only asymptotic isometries are used, which are not
necessarily Killing vectors; also, it leads to the quite handy formulas (2.14). On the
other hand, it has the drawback that it is only applicable to asymptotic flat spacetimes,
and to compute the ADM charges one needs to know the asymptotic behavior of the
solution.

The question of black hole charges is closely related to the notion of the grav-
itational energy-momentum pseudo-tensor. This notion is of significance because
in physical processes we typically have a localized gravitational object (like a
black hole) interacting with GW that can travel to infinity while carrying energy-
momentum. There are several different proposals for defining energy-momentum
flow and stress tensor for a given spacetime and separating the contribution of local-
ized objects and waves which fly off to infinity. Conceptually, this is a consequence
of a key difference between linearized gravity and Maxwell’s theory: while photons
are not charged, gravitons are ‘charged’ under their own gauge symmetry, i.e. they
carry energy and thus interact with themselves already classically.

The first systematic approach to defining charges was based on the ADM 3 + 1
decomposition. This was followed by the Regge–Teitelboim Hamiltonian method
[351]. The connection between the two was made more manifest and formulated
through theBrown–Yorkquasi-local energy and stress tensor [352,353],which repro-
duces the ADM mass and angular momentum in asymptotic flat spacetimes. Each
of these methods has its own advantages and shortcomings. For instance, they may
not be covariant enough or crucially depend on the form of the Einstein–Hilbert
action or on the asymptotic behavior of fields. These shortcomings have been dis-
cussed and to some extent addressed in several subsequent works. For example, the
ADM or Brown–York formulation has been extended to asymptotic AdS geometries
[354–358] (see [359] for a nice overview) and asymptotic flat solutions to higher
derivative theories of gravity [360]. Here we focus on more covariant notions of
conserved charges which we find more convenient and useful for treatments of black
holes. The discussion onHamiltonian approaches will be deferred to the AppendixF.

In this chapter, we first discuss the Komar charges and then briefly discuss the
Iyer–Wald formulation and its extension to the solution phase space method. A more
detailed treatment may be found in the Appendix G.

5.2 Komar Charges

According to Noether’s theorem a global continuous symmetry yields a conserved
current Jμ, ∇μ Jμ = 0. One can integrate the component of this current along the
normal vector of a constant time slice �t and define the charge

Qt :=
∫

�t

J t . (5.1)
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This charge is conserved, i.e. Qt1 = Qt2 ,∀t1, t2, provided that

∮
∂�t1

d�i J
i =

∮
∂�t2

d�i J
i (5.2)

where ∂�t is the boundary of our constant time slice and d�i is its area element. The
charge is conserved if there is no flux passing through the boundary of spacetime,
matching with physical intuition.

In generally covariant theories, diffeomorphism invariance of the matter part of
the action yields conservation of the energy-momentum tensor, ∇μTμν = 0. Being
a symmetric tensor one cannot define a conserved charge as above. However, if we
have a Killing vector ξμ one may define the current Jμ

ξ = Tμνξν . Conservation of
this current follows directly from theKilling equation and conservation of the energy-
momentum tensor. One can hence use this current to define conserved charges for
any given Killing vector field.

The above defines a conserved charge associated with a matter distribution. One
can attribute a closely related (but not exactly identical) conserved charge to a geom-
etry/spacetime using Einstein’s equations. Let us define the “Komar conserved cur-
rent” Kμ

ξ ,

Kμ
ξ := cξ (T

μν − 1

2
Tgμν)ξν , (5.3)

whose conservation immediately follows from Einstein’s equations, which yields
R = −8πGNT , and ξμ∂μR = 0 for any Killing vector field ξ . Here cξ is an arbitrary
constant introduced for later convenience. Einstein’s equations convert the Komar
conserved current

Kμ
ξ = cξ

8πGN

Rμνξν, (5.4)

into a purely geometric quantity. Therefore, one can define the Komar charge,

Qξ :=
∫

�t

K0
ξ = cξ

16πGN

∮
∂�t

dξ (5.5)

where in the second equality we used the Killing vector identity (3.28), yielding

Rμνξ
ν = −∇ν∇μξν, ξμ∂μR = 0 . (5.6)

The second equality (5.5) is written in the form language: ξ is a 1-form and dξ
is a 2-form, (dξ)μν = ∇μξν − ∇νξμ, which is integrated over a compact-spacelike
codimension-2 surface ∂�t . By definition we take,

cξ =
{−1 ξ timelike

1
2 ξ spacelike

(5.7)
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to reproduce the ADM charges for asymptotic flat spacetimes (see Exercise 5.2).
We close this part with some remarks about the Komar formula (5.5):

1. It is a geometric quantity and one may hence associate its value to a spacetime. If
we have a localized object like a black hole, it then computes charges associated
with the black hole. (However, compare with Exercise 2.30, which associates a
distributional energy-momentum tensor to black holes.)

2. It is a surface integral, i.e. codimension-2 integral. By contrast, theNoether charge
(5.1) or the first equality in (5.5) is a volume integral, i.e. codimension-1 integral.
To arrive at the surface integralweusedfield equations. In this respect, the situation
is similar to the Gauss law in electrodynamics. Noether’s theorem is a result of
any global continuous symmetry. However, as in gravity and electrodynamics,
it can happen that this global symmetry is the global part of a gauge symmetry.
In such cases, the Noether volume integrals can always be related to a surface
integral. The slogan is: global symmetries lead to codimension-1 charges, gauge
symmetries to codimension-2 (surface) charges.

3. The Komar formula (5.5) yields a conserved charge for any Killing vector field
ξ , being spacelike, timelike or null. We have discussed the first two. The latter
arises e.g. for Killing horizon or for asymptotic flat spacetimes near III. The null
case needs a separate analysis, which we return to in the coming sections.

4. While for vacuum solutions Rμν = 0 seemingly theKomar current (5.4) vanishes,
the final expression in (5.5) is non-zero for Schwarzschild or Kerr black holes.
This apparent discrepancy is related to the distributional stress tensor of these
black holes, see Exercises 2.30 and 5.1.

5.3 Solution Phase SpaceMethod

TheADMcharges, while very handy and practically useful, onlywork for asymptotic
flat spaces. Also, their computation requires knowing the solution all the way to
the asymptotic region. Moreover, both ADM and Komar charges, as presented and
discussed above, onlywork for Einstein gravity. TheADMandKomar formulaswere
extended to asymptotic (A)dS spacetimes within Einstein gravity [357,358,361] and
beyond Einstein gravity [360,362]. Nonetheless, a simple universal formula that
works for every asymptotic behavior and every theory does not seem to exist in
these settings. One can overcome these shortcomings of ADM and Komar formulas
with the solution phase space method (SPSM), which we discuss here. For some
references see [363–368].

The SPSM is based on the covariant phase space formalism reviewed in
AppendixG. It starts with a set of solutions to the field equations of a generic
diffeomorphism- and gauge invariant theory. These solutions come with a number of
parameters pα , likem, a, q in a KN solution.We denote these solutions by�(x; pα),
where the fields are collectively denoted by �(x). We distinguish between solution
parameters and theory parameters. The former are typically constants of motion,
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while the latter comprise Newton’s constant, the cosmological constant, and mass or
interaction parameters in a field theory.

In diffeomorphism- and gauge invariant theories, given a solution �(x; pα), we
can generate a whole class of solutions by applying diffeomorphisms and/or gauge
transformations. This class of solutions typically comes with some number of arbi-
trary parameter functions, Fa(x). The solutions within a class may be physically
equivalent to the original solution, as they are just obtained by diffeomorphisms or
gauge transformations from the original solution. However, some of these would-be
diffeomorphisms or gauge transformations can change the physical state. To dis-
tinguish which of these diffeomorphisms/gauge transformations are pure gauge,
referred to as “proper”, and which are not, referred to as “non-proper”, one checks
whether there is a non-trivial surface charge associated with them (see Appendix G
for more details). Hereafter, we only consider the non-proper diffeomorphism- and
gauge transformations and include them in our parameter functions Fa(x).

The non-proper gauge transformations may be understood as follows. Let us for
definiteness restrict to vacuum Einstein theory in four dimensions. It is known that
its field equations form a Cauchy problem [2,369–371]. Therefore, the most general
solution is completely specified by a set of Cauchy data which are typically given by
the value of the metric and its first time derivative along the constant time slice, the
Cauchy surface. These Cauchy data in 4-dimensional theory are hence specified by
6 + 6 functions over the 3-dimensional constant time slice. Out of these 2 + 2 carry
the information of the gravitons propagating into spacetime but 4 + 4 are free. Four of
these may be specified through our choice of coordinates, but four that are functions
over the codimension-1 Cauchy surface remain. The information about these latter
is parametrized in our solution space S, i.e. , the set of solutions �(x; pα; Fa(x)).
In other words, the non-proper gauge transformations are carrying the information
of the (initial) Cauchy data.

Under a non-proper diffeomorphism- and gauge transformations generated by
χ(x), Fa → Fa + δχ Fa and under a parametric variation pα → pα + δ pα . One can
then move in the solution space S by these non-proper gauge transformations and
by parametric variations:

δχ� := �(x; pα; Fa(x) + δχ Fa) − �(x; pα; Fa(x))
δ̂p� := �(x; pα + δ pα; Fa(x)) − �(x; pα; Fa(x)).

(5.8)

Theχ -transformations here are generic andmayalsobefield-dependent. The solution
may also have some discrete parameters that do not appear in our analysis here, as
we are only considering continuous transformations.

In the generally covariant theories we are studying,χa includes field perturbations
generated by infinitesimal diffeomorphisms εm . If we have other internal gauge
symmetries, like in Einstein–Maxwell or Einstein–Yang–Mills theories, it will also
include gauge transformations λn , i.e. χa ∈ {εm, λn}. Therefore, in general,

δχ� := Lε�(x; pα; Fa(x)) + δλ�(x; pα; Fa(x)) (5.9)
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where the first term denotes the Lie derivative of the fields under the diffeomorphisms
δxμ = −εμ(x) and the second is their gauge transformations.

Importantly, δχ�, δ̂p� both satisfy linearized field equations. One should note,
however, that there are variations around a given configuration in the solution space
δ� that satisfy linearized field equations but are not among our (non-proper) gauge
or parametric variations. As an example, we mention the Schwarzschild solution
with a GW perturbation on it.

5.3.1 Solution Space Is a Phase Space

As discussed, the tangent space of the solution space manifold S has different sub-
spaces, e.g., those spanned by non-proper diffeomorphism- and gauge transforma-
tions δχ� or those with parametric variations δ̂�. By construction and the fact that
we are only considering non-proper gauge transformations, if we suppress the para-
metric variations, S defines a phase space (see discussions in the Appendix G). Let
us denote the associated symplectic form by 
(δ1�, δ2�,�).

Next, let us focus on the parametric variations. The set of solutions �(xμ; pα)

with tangent space restricted to δ̂� constitute a sub-manifoldSp ofS. One may then
show that the same symplectic 2-form 
 is well-defined on Sp. That is, 
̂ defined
as


̂ := 
(δ̂1�, δ̂2�,�) =
∫

�

ω(δ̂1�, δ̂2�,�) (5.10)

where

ω(δ̂1�, δ̂2�, �) = δ̂1�(δ̂2�,�) − δ̂2�(δ̂1�, �) , (5.11)

constitutes a well-defined symplectic 2-form on Sp, i.e. , (Sp; 
̂) forms a phase
space. This is the section of the full solution phase space over which we are limited
to move only along parametric variations.

5.3.2 Exact Symmetries and the Associated Charges

Among the transformations χa , there is an important subsector of exact symmetries
ηi , which is the main focus in this section. These are the set of diffeomorphism-
and gauge transformations that do not move us in the solution space, i.e. δηi � = 0.
Such ηs are in general field-dependent, ηi = ηi [�]. Therefore, the set of parametric
variations δ̂� and those associated with non-proper gauge transformations δχ� only
overlap at δ� = 0 cases, i.e. on the set of exact symmetries.

Exact symmetries include spacetime isometries generated by Killing vectors. In
the presence of gauge fields, the exact symmetries are not limited to the Killing
vectors; there could be a subset of the internal gauge transformations that does
not change a given solution. For example, the Maxwell gauge field corresponding
to a set of static charges, in the static gauge, is invariant under the global part of
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the U (1) gauge transformations. Moreover, in presence of gauge fields, spacetime
isometries may not necessarily keep the gauge field intact; they may transform the
gauge field up to an internal gauge transformation and hence do not physically
change the solution. In this sense, the notion of invariance under exact symmetries
should be extended to invariance up to internal gauge transformations. This latter
has interesting consequences, as we shall discuss below.

As discussed in the Appendix G, one may in general define charge variations
for both χa and parametric variations (5.8). If finite and integrable, these charge
variations may be integrated to give surface charges, which are functions over the
solution phase space S. There is a one-to-one relation between symmetry generators
χa and the associated charges Qχa . In this section, we discuss charges associated
with parametric variations and exact symmetries, using the same machinery of the
covariant phase space formalism.

Let us restrict ourselves to Sp part of the solution phase space. In this sector,
besides the parametric variations δ̂�, we can also consider exact symmetries which
do not move us on the phase space. We define the charge variation associated with
an exact symmetry η as

/̂δQη =
∮

∂�

kη(δ̂�, �) . (5.12)

See Appendix G for conventions. Note that in general δ̂η �= 0; i.e. we may have
parameter dependent transformations.

In order for the charge variation /̂δQη to be well-defined over Sp it should be
integrable over the parameter space. As discussed, an exact symmetry η can involve a
Killing vector ξ and a gauge transformationλ, then the above leads to the integrability
condition for parametric variations,

∮
∂�

(
ξ · ω(δ̂1�, δ̂2�,�) + k

δ̂1η
(δ̂2�, �) − k

δ̂2η
(δ̂1�,�)

)
≈ 0 . (5.13)

If integrable, this means that there exists a charge Qη such that δ̂Qη = /̂δQη. The
above integrability condition may constrain normalization of symmetry generators
η. We note that (5.13) is linear in the (parametric) field variations and hence if η1
and η2 are two generators with integrable conserved charges, then c1η1 + c2η2 (for
any c1, c2 which are constant on spacetime and on the solution space), would be also
integrable.

If for any exact symmetry η, /̂δQη = 0 over the whole solution phase space Sp,
we have proper transformations among parametric variations δ̂�. The existence
of such trivial parametric variations means that some of our solution parameters
pα are artifacts and unphysical. One may rewrite the solutions by removing them
through redefinitions of other parameters or through proper diffeomorphism- and
gauge transformations. In the end, the number of continuous physical parameters
and the number of independent exact symmetries should match.
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Fig.5.1 Schematic depiction of the phase space of a solution family S[Qηi , Qξ ]. The vertical axis
exhibits different solutions specified by different values of exact symmetry charges Qηi (e.g. mass
and angularmomentum), i.e. , it labels points inSp . The horizontal plane is constructed by the action
of non-proper diffeomorphisms χa . Each point shows a geometry in the phase space identified by
charges Qχa . Moving on the horizontal plane does not change the exact charges Qηi

If integrable, δ̂Qη can be integrated over Sp to obtain Qη[�(pα)]. To do so,
however, we need to choose an appropriate reference point Qη[�̄]:

Qη[�(pα)] =
p∫

p̄

δ̂Qη + Qη[�̄] , (5.14)

where the integration is performed over arbitrary integral curves that connect a ref-
erence field configuration �̄ to the � on the solution phase space Sp. Integrability
then implies that the charge is independent of the integration path.

Finally, dealing with the exact symmetries for which δη� = 0, brings the inter-
esting result that the boundary Y term (which is an ambiguity or a freedom in the
definition of ω, cf. (G.8)) would not contribute to the exact symmetry charges we are
discussing here. Thus for the computation of conserved Noether charges one may
only focus on the Lee–Wald symplectic structure density ωLW. Therefore, in what
follows, to simplify the notation, we will only consider the Lee–Wald symplectic
structure density and simplify the notation by dropping the LW index.

Before discussing an example, we summarize our discussions so far about the
solution phase space S in the Fig. 5.1.

•> Charges associated with Kerr-AdS black hole

As an example we discuss the Kerr-AdS black hole, which is a solution to the
Einstein–Hilbert theory with negative cosmological constant. The bulk Lagrangian
density for this theory

L= 1

16πGN

(
R + 6

�2

)
(5.15)
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has the metric as only dynamical field. The metric of the Kerr-AdS black hole in
coordinates that are non-rotating at infinity, is given as [372]

ds2 = −�θ

⎛
⎝1 + r2

�2

�
−�θ f

⎞
⎠ dt2 + ρ2

�r
dr2 + ρ2

�θ

dθ2 − 2�θ f a sin
2 θ dtdϕ

+
(
r2 + a2

�
+ f a2 sin2 θ

)
sin2 θ dϕ2 , (5.16)

where

ρ2 = r2 + a2 cos2 θ , �r = (r2 + a2)(1 + r2

�2
) − 2Gmr ,

�θ = 1 − a2

�2
cos2 θ , f = 2Gmr

ρ2 , � = 1 − a2

�2
. (5.17)

The solution is specified by two parameters m and a; G, � are parameters of the
theory. One may readily check that (5.16) asymptotes to AdS4.

To employ our formulation, we start with parametric variations for this solution,
which explicitly are

δ̂gμν = ∂gμν

∂m
δm + ∂gμν

∂a
δa . (5.18)

In the absence of gauge fields, our exact symmetries are identical to the Killing
vectors ξ . The metric has two obvious Killing vectors ∂t , ∂ϕ and of course, any
linear combination of these two with arbitrary m, a-dependent coefficients is also
a Killing vector. Nonetheless, as we will see, not any combination of these Killing
vectors leads to integrable charges.

Mass. One can calculate δ̂Q∂t using kEξ from (G.29), and choosing ∂� to be
any 2-dimensional, spacelike, smooth and closed surface which surrounds the black
hole. For simplicity, one can choose ∂� to be constant t, r surfaces, with arbitrary
t, r �= 0. Using (5.18) as variations in (G.29), the result is

δ̂Q∂t = 1

�2 δm + 4ma

�3�2
δa . (5.19)

One may then verify that δ̂Q∂t is integrable over the solution phase space, by a direct
check of (5.13). Explicitly, the Killing vector N∂t with normalization N = 1 leads to
an integrable charge. Alternatively, one may observe that (δ̂1δ̂2 − δ̂2δ̂1)Q∂t = 0, and
hence δ̂Q∂t (5.19) is variation of a function on the parameters m, a. That function
is explicitly m

�2 + const., where the const. should be a constant over solution phase
space, i.e. it should be independent of parameters of the solution. However, it could
be a function of the parameters of the theory, like � or GN. We fix this constant by
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choosing the pure AdS4 spacetime (m = a = 0 case) as the reference point with
Q∂t [�̄] = 0, we find the mass of Kerr-AdS black holes

M := Q∂t = m

�2 (5.20)

is given by the mass parameter m, but rescaled with the factor � defined in (5.17).
Angular momentum. A similar calculation for the Killing vector ∂ϕ , on any sur-

face of constant t, r surrounding the black hole, (considering the standard additional
minus sign) leads to

− δ̂Q∂ϕ = a

�2 δm + m(1 + 3 a2

l2
)

�3 δa , (5.21)

which is also integrable over the parameters. The reference point Q∂ϕ [�̄] can be
chosen to vanish on the solutions with a = 0. Hence, the angular momentum for the
Kerr-AdS black hole is

J := −Q∂ϕ = ma

�2 . (5.22)

This method to compute charges works quite well for asymptotic AdS cases.
Using other methods (e.g. see [359] for a review) to compute similar charges may
lead to infinite values that need regularization. By contrast, our conserved charges are
not only finite but also completely specified by an appropriate choice of the reference
point. We stress two other features of our method. (1) It unambiguously works for
any spacetime (black hole or not) that hasKilling vectors, regardless of its asymptotic
behavior. (2) Charges may be computed by integrating over a constant t, r surface
for any r . The result will be r -independent by the virtue that exact symmetry charges
are symplectic (see Appendix G).

•> Extremal KN near horizon geometry

To show how our method works for geometries that are not necessarily black holes
but still have some Killing vectors, and also to show an example with U (1) gauge
symmetry,we choose the near horizon extremalKNgeometry as our second example.
This geometry is a solution to the Einstein–Maxwell theory (2.61) and is specified
through

ds2 = �(θ)
(

− r2dt2 + dr2

r2
+ dθ2 + γ (θ)(dϕ + kr dt)2

)
, (5.23)

A = f (θ)(dϕ + kr dt) − er dt , (5.24)
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where

�(θ) = q2 + a2(1 + cos2 θ) , γ (θ) =
(

q2 + 2a2 sin θ

q2 + a2(1 + cos2 θ)

)2

, k = 2a
√
q2 + a2

q2 + 2a2
,

f (θ) = −√
q2 + a2 qa sin2 θ

q2 + a2(1 + cos2 θ)
, e = q3

q2 + 2a2
. (5.25)

This solution has two parameters, a and q and has SL(2, R) ×U (1)ϕ isometry with
the Killing vectors

ξ− =∂t , ξ0= t∂t−r∂r , ξ+ = 1

2
(t2+ 1

r2
)∂t−tr∂r − k

r
∂ϕ , ξφ = ∂ϕ. (5.26)

Not all four isometries preserve the gauge field. Three of them, ξ−, ξ0, and ∂ϕ ,
are exact symmetries, Lξ− A = Lξ0 A = Lξφ A = 0, while ξ+ is not: under ξ+ the
solution goes to itself up to an internalU (1) transformation, δξ+ A = e

r2
dr �= 0. Thus,

if we combine the fourth isometry ξ+ with an appropriate U (1) transformation,

η+ = {ξ+,
e

r
+ const.} (5.27)

we have a fourth exact symmetry. The constant above can be a function of parameters
q and a. Its choice should respect the integrability of δQη+ . A consistent choice, as
will become apparent below, is to set it to zero.

This solution has conserved charges associatedwith its five exact symmetries, four
generated by ξ−, ξ0, ξφ, η+ and one for the global part of theU (1) gauge symmetry.
For the Einstein–Maxwell theory, the kε for generic ε = {ξ, λ} is given in (G.28)
and the parametric variations for this solution are

δ̂gμν = ∂gμν

∂a
δa + ∂gμν

∂q
δq , δ̂Aμ = ∂Aμ

∂a
δa + ∂Aμ

∂q
δq . (5.28)

Angular momentum. Choosing η = {∂ϕ, 0} as generator of angular momentum,
one can insert the parametric variations into kη. The charge variation (5.12) may then
be computed, for simplicity we choose ∂� to be surfaces of constant t, r , yielding

− δ̂Q∂ϕ = q2 + 2a2

GN

√
q2 + a2

δa + qa

GN

√
q2 + a2

δq . (5.29)

As is explicitly seen δ̂Q∂ϕ is integrable over the parameters/solution phase space.
With a natural choice of Q∂ϕ [�̄] = 0 for a = 0, as the reference point, angular
momentum for this solution is found to be

J =
√
a2 + q2

GN

a . (5.30)
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This result is in agreement with the known angular momentum for the extremal KN
black hole.

SL(2, R) charges. For η− = {ξ−, 0}, η0 = {ξ0, 0} and η+ = {ξ+, e
r }, a similar

analysis yields

δ̂Qη− = δ̂Qη0 = δ̂Qη+ = 0 . (5.31)

Hence, by the choice of reference Qη0,± [�̄] = 0 for an arbitrary member �̄ of these
solutions, one arrives at

Qη− = Qη0 = Qη+ = 0. (5.32)

This result is the expected consequence of invariance under the non-Abelian
SL(2, R) exact symmetry group.

Electric charge. Choosing η = {0, 1} as generator of the electric charge Q, the
δQη as integration of kη given in (G.28) would reduce simply to the standard result
of the Gauss law

δQ := δQη = −1

16πGN

∮
∂�

εμνμ1μ2 δ(
√−gδFμν) dxμ1∧ dxμ2 , (5.33)

For the specific solution (5.24) and for the parametric variations (5.28), we find
δ̂Q = δq

GN
. So, by integration over parameters, the electric charge of this geometry

is obtained to be Q = q
GN

.

We end this example with some remarks:

1. The asymptotics of this geometry is neither flat nor AdS. Nonetheless, our for-
mulation works for solutions with these more general asymptotics.

2. According to the SPSM, the conserved charges of exact symmetries are indepen-
dent of the chosen smooth and closed surface ∂�. This example exhibits that a
similar feature extends to the case in presence of matter fields.

3. It is worth mentioning that the ADM formalism [148,150,350] or its asymptotic
AdS extensions [360,362] cannot be used to derive angular momentum of this
near horizon geometry. Also, using the Komar integral [349] leads to incorrect
angular momentum. This example shows one of the advantages of our proposed
method over these well-known methods.

5.4 Entropy as a Conserved Charge

If the black hole horizon is a bifurcate Killing horizon, a Cauchy surface � may
be chosen to have a boundary on the bifurcation surface B. For asymptotically flat
spacetimes the other boundary is spatial infinity i0, i.e. ∂� = B ∪ i0, see e.g. , �2
in Fig. 3.6.
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It is then natural to define the surface charges associated with a black hole solution
phase space, both for exact and non-exact symmetries. We will show below that one
may associate a conserved charge with the exact symmetry of a Killing horizon.
This conserved charge may be attributed to the black hole entropy. In the following
two subsections, we apply the Noether–Wald method and covariant phase space
formalism to derive the black hole entropy as a conserved charge.

5.4.1 Entropy as a Noether Charge

Let us consider a general covariant gravitational theory with some dynamical fields
collectively denoted by�. The LagrangianL is a scalar density on the d-dimensional
spacetime manifold spanned by xμ and in general

L = LG(Rμναβ; gμν) + Lmatter, (5.34)

where the gravitational part LG is the sector involving functions of Riemann cur-
vature and its derivative, and Lmatter is the rest of the Lagrangian. For the analysis
below it is more convenient to use the language of forms. Let us denote the Hodge
dual of the Lagrangian as d-form L. The Noether current associated with a smooth
vector ξμ, the (d − 1)-form Jξ , is defined as

Jξ := 2(δξ�) − ξ · L . (5.35)

The 2 term is the standard surface (d − 1)-form which is read from variation of the
Lagrangian δL = Eδ� + d2(δ�)where d is the exterior derivative on the spacetime,
andE denotes the EOM.Using the identity d(ξ · L) = δξ Lwe arrive at the celebrated
Noether theorem:

dJξ = Eδξ� ⇒ dJξ ≈ 0 (5.36)

where ≈ means equivalence on-shell. By the Poincaré lemma, J is an exact form
on-shell, i.e. J ≈ dQ. The Noether charge density Q is a (d − 2)-form that is locally
built out of � and ξ .

So far we reviewed the standard Noether charge construction. Vivek Iyer and
Robert Wald made the following proposition for computing the black hole entropy
[373]. The Noether–Wald charge is the (d − 2)-form

Qξ = Xμν(�)∇[μξν] + Wμ(�)ξμ + Y(�, δξ�) + dZ(�, ξ) (5.37)

where Xμν , Wμ, Y and Z are covariant quantities that are locally constructed from
fields and their derivatives,Y is linear in δξ�, andZ is linear in ξ . This decomposition
of Q is not unique in the sense that there are many different ways for writing Q in
the form (5.37), i.e. Wμ, Xμν , Y and Z are not uniquely determined by Q. Let us
choose Xμν to be

(Xμν)μ3...μd = − δL
δRαβμν

εαβμ3...μd , (5.38)
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where ε and Rαβμν are, respectively, volume form and Riemann tensor.
The Wald entropy is then defined as [374]

SWBH := 2π
∫
B

Xμνεμν (5.39)

in which εμν is the binormal tensor to the (d − 2)- bifurcation surfaceB, normalized
as εμνε

μν = −2. The Noether charge (5.37) is equal to the Wald entropy (5.39) if
the Wμ-, Y- and Z-ambiguities vanish, and recalling the identity

(dξH)μν = 2κεμν , (5.40)

relating the horizon generating Killing vector ξH with surface gravity κ .
We now argue that these ambiguities do not contribute to the Noether charge for

ξH [373]:

• Y does not contribute because Y is linear in δξH
�, and since ξH is a Killing vector,

δξH
� = 0.

• dZ does not contribute because its integral over bifurcation surface B vanishes.
• Wμξμ does not contribute as long as W remains finite at B because ξH vanishes

at the bifurcation surface B.

•> Wald entropy as Noether charge

Dropping these ambiguities, we have shown the conserved Noether–Wald charge
associated with the horizon Killing vector is equal to

QζH
=

∫
B

QζH
= SWBH, ζH := 2π

κ
ξH . (5.41)

That is, entropy is the Noether charge associated with Killing vector ζH .We crucially
note that this normalization for ζH was a choice made and does not come from first
principles. Note also that as the above derivation apparently shows (cf. (5.38)), the
entropy does not depend on the “matter part” of the Lagrangian and only receives
contributions from the “gravitational parts”.

As an example let us consider the d-dimensional case where the gravity part of
the action is given by Einstein–Hilbert, yielding

(Xμν)μ3...μd = −
√−g

16πGN

δR

δRαβμν

εαβμ3...μd = −
√−g

8πGN

εμν
μ3...μd . (5.42)
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Plugging this into (5.39) we find

SWBH = AH

4GN

. (5.43)

This is the famous area law for BH entropy, which after reintroducing constants like
Planck and Boltzman constants �, kB (see Exercise 5.5) yields

SBH = AHkBc
3

4�GN

. (5.44)

5.4.2 Entropy and Solution Phase SpaceMethod

As discussed, besides the Noether method, onemay use the SPSM to compute charge
variations and if integrable, the charges. One may use this method to compute the
entropy as well. We define the entropy variation as

δ̂S :=
∮
B
kζH

(δ̂�,�) = 2π

κ

∮
B
kξH

(δ̂�,�) , (5.45)

where kζH
(δ̂�,�) is defined in Appendix G and in the second equality above we

have used its linearity in ζH . As the above equation shows, integrability of the charge
over the solution phase space crucially depends on the normalization factor for ζH ,
as in (5.41).

That δ̂S defined above is integrable should be checked and verified for each and
every case. If integrable, onemay prove that this entropy and theWald entropy (5.39)
are indeed equivalent, provided that the arguments for the vanishing of W, Y, Z go
through.1

We recall that the covariant phase space method has also its own ambiguities
[373], which arise when we use the Poincaré lemma on the spacetime or on the
phase space. (Reference [376] calls these freedoms rather than ambiguities and fixes
them by suitable physical requirements.) See the discussion in Appendix G. These
freedoms do not appear in the entropy, again because ξH is a Killing vector vanishing
at the bifurcation surface B and because δξH

� = 0.
Finally, we remark that the entropy is a symplectic charge, i.e. , it could be

computed by integration over any compact spacelike codimension-2 surface. In par-
ticular, the integration surface need not be the bifurcation surface B [377]. This may
be proven along the same lines as in the previous section.

1While this is generically the case, there are examples within scalar-tensor theories (explicitly
Horndeski theories) where the W ambiguity does not vanish. For these cases, the Wald formula
should be handled with special care [375].
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5.4.3 Entropy in Cases Involving Gauge Fields

In the analysis of the previous part, we assumed that ζH is an exact symmetry. In the
presence of gauge fields, it is typically not an exact symmetry and one may hence
need to extend the Iyer–Wald formulation. For the discussion on the need for such
an extension see [364–366,368], and for a clear-cut analysis see [377].

To this end, we construct an exact symmetry based on the Killing vector ζH . That
is, we accompany ζH with an appropriate gauge transformation λaζH

and construct

ηH = (ζH , λaζH
) such that it is an exact symmetry. An example of this was shown in

the extremal KN near horizon geometry in Sect. 5.3.2. To find λaζH
we note that ζH is

a symmetry of the solution, and hence

LζH
Fa = 0 , (5.46)

where Fa = dAa is the gauge field strength. Using the Cartan’s identity Lξ X =
ξ · dX − d(ξ · X), we learn

d(ζH · dAa) = 0
locally=⇒ ζH · dAa = dXa

H
(5.47)

where Xa
H
is a scalar function. Then, using once again the Cartan identity, LζH

Aa −
d(ζH · Aa) = dXa

H
, we find

LζH
Aa = d(ζH · Aa + Xa

H
) := dλaζH

. (5.48)

That is, ζH is an isometry generator up to a gauge transformation. As a result,

ηH = {
ζH ,−λaζH

+ const.
}

(5.49)

would be generator of an exact symmetry, with a constant over the spacetime thatmay
depend on solution parameters and can be determined by the integrability condition
over the solution phase space Sp.

Although we have examples of solutions for which λaζH
is not zero (cf. the near

horizon extremal KN geometry discussed in the previous section), the known black
hole solutions are typically written in a gauge where ζH is an exact symmetry,
δζH

Aa = 0, i.e. λaζH
= 0. So, let us focus on these cases. One may then check that

the integrability condition (5.13) fixes the constant part as

ηH =
{
ζH ,−2π

κ
�a

H

}
, (5.50)

where �a
H

= ζH · Aa |horizon are the horizon electric potentials. The details are left to
the Exercise 5.8.
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•> Summary

For non-extremal black holes with a Killing horizon as solutions to covariant grav-
itational theories, the entropy S can be defined as the conserved charge associated
with ηH (5.50) calculated on any smooth and closed (d−2)-dim surface surrounding
the black hole.

If integrable, the definition (5.45) with ηH from (5.50) reproduces the same results
as the Iyer–Wald entropy in cases without gauge field. We close this part with some
further comments:

1. Entropy is defined as the conserved charge QηH
using SPSM, instead of the

Noether–Wald charge.
2. The surface of integration need not be the bifurcation surface, as ηH is an exact

symmetry. Since we are using SPSM, we need not rely on the vanishing of ηH

over the horizon to kill the W ambiguity of the Noether–Wald charge.
3. One may check that if we do not include the gauge transformation part in our

symmetry generator ηH , the entropy will be typically non-integrable over Sp.

To illustrate the above formulas in practice,we present the computation of the entropy
for the two examples we discussed in the previous section.

•> Entropy for Kerr-AdS

The Killing vector generating the horizon of the Kerr-AdS black hole (5.16) is

ξH = ∂t + 
H∂ϕ, 
H = a(1 + r2
H
�2

)

r2
H

+ a2
(5.51)

and rH is the radius of its event horizon and a solution to �r = 0 (5.17), explicitly

(r2
H

+ a2)(r2
H

+ �2) − 2GNm�2rH = 0. (5.52)

A direct examination of (5.13), noting that 
H is parameter dependent and hence
δ̂ξH �= 0, reveals that the charge associated with ξH is not integrable over the sector of
the phase space with parametric variations. Nonetheless, one may check the charge
is integrable for ζH := 2π

κ
ξH , where

κ =
rH(1 + a2

�2
+ 3

r2
H
�2

− a2

r2
H
)

2(r2
H

+ a2)
(5.53)

is surface gravity. The details are left as an exercise to the reader and more remarks
may be found in Appendix B of [377]. One can integrate δ̂QζH

to obtain the cor-

responding charge, the entropy. We emphasize that δ̂QζH
may be defined over any
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codimension-2, compact spacelike surface ∂� that surrounds the black hole and not
necessarily the bifurcation horizon; this surface can be even inside the horizon. The
result, independently of the choice of such ∂�, is

δ̂QζH
=

∂

(
π(r2

H
+a2)

GN �

)

∂m
δm +

∂

(
π(r2

H
+a2)

GN �

)

∂a
δa . (5.54)

By choosing the pureAdS4 spacetime as the reference pointwith QζH
[�̄] = 0, (5.54)

results in the entropy for Kerr-AdS black hole

S = QζH
= π(r2

H
+ a2)

GN �
, (5.55)

in agreement with the results of [378,379]. We end this example with some com-
ments:

1. The above discussions stress the role of the normalization of ξH by 2π/κ and
the integrability of its charge. Integrability is generally highly sensitive to the
appropriate choice of vector fields. For example, had we chosen the metric in
Boyer–Lindquist coordinates (which can be found, e.g. in [379]), the time would
be something different than t in (5.16). Let us denote it by τ . One may then
check that ∂τ does not yield an integrable conserved charge. As a result, our
SPSM formulation can be used for investigating appropriate Killing vector fields
associated with mass or other conserved integrable charges.

2. Entropy has been found as a Hamiltonian generator, instead of Noether–Wald
charge of ζH . Notice that they are different by the last term in (G.13). That extra
term vanishes on the bifurcation of the horizon because ζH vanishes there. This
is a key point in allowing us to define entropy on any surface ∂� and free us
from defining it on the bifurcation surface only as is prescribed in Wald’s entropy
[374].

3. For the extremal case, where κ = 0, there is no properly normalizedKilling vector
field ζH. For this case, however, there are infinitely many such Killing vectors in
the near horizon region [367]. We will consider this in our next example.

•> Entropy for near horizon extremal KN geometry.

While not a black hole and not having an event horizon, the near horizon extremal
KN geometry (5.23) has null Killing vectors that vanish at codimension-2 compact
surfaces, see Fig. 5.2. These geometries haveKilling horizons that are in fact bifurcate
Killing horizons [367,380]. Onemay hence apply our formulation for the calculation
of its entropy.
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Fig. 5.2 Penrose diagram for
near horizon extremal KN
black hole, suppressing the
angular directions [380]. The
positive and negative r
values of the coordinates
used in (5.23) respectively
cover regions I and II.
Arrows on the boundaries
show the flow of time t ,
which is reversed between
regions I and II

As discussed in [367], any surface of constant time and radius, dubbed as H , is
the bifurcation point of a Killing horizon. To see this, recall that this geometry has
SL(2, R) ×U (1)ϕ isometry (5.26). The SL(2, R) part has three non-commuting
Killing vectors and any arbitrary linear combination of them is also a Killing vector.
In particular, consider

ξH (tH , rH ) = − t2H r
2
H − 1

2rH
ξ− + tH rH ξ0 − rH ξ+ − k∂ϕ . (5.56)

where tH and rH are twoarbitrary parameters.Onemaycheck that this vector vanishes
at t = tH , r = rH . Therefore, every ξH (tH , rH ) generates a bifurcation horizon at
t = tH , r = rH . Let’s denote such constant t, r surfaces by H . One may then use
(3.1) or (3.2) to compute surface gravity associated with ξH (tH , rH ) atH . This yields
κ = 1 and is independent of tH , rH [380]. So, the normalized horizon Killing vectors
would be

ζH = 1

2π
ξH (tH , rH ).

Although ζH are Killing vectors, they are not exact symmetries because δζH A =
−2πerH

r2
dr �= 0. Instead, {ζH ,

−2πerH
r + const.} are exact symmetries. The constant

by the integrability condition can be fixed to 2πe [377], i.e.

ηH =
{
ζH , 2πe

(r − rH
r

)}
. (5.57)
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Similarly to ζH , the exact symmetry generator ηH also vanishes at the bifurcation
surface H at t = tH , r = rH . Inserting ηH and the parametric variations in (5.45),
we obtain

δ̂QηH = 4πa

GN

δa + 2πq

GN

δq . (5.58)

Integrating over the solution phase space, the entropy is found as

S := QηH = π(2a2 + q2)

GN

. (5.59)

As expected, this result is independent of tH , rH and the bifurcation surfaceH chosen.

5.5 Four Laws of Black Hole Thermodynamics

In their famous paper, James Bardeen, Brandon Carter, and Stephen Hawking [77],
laid out the idea that black holes and their dynamics regardless of the details, follow
four laws that closely resemble the laws of thermodynamics. These laws are results
of the classical dynamics governed by generally covariant field equations and some
assumptions on the black hole solution, like having aKilling horizon and stationarity.
These four laws of black hole mechanics turned out to be not just resembling, but
exactly the laws of thermodynamics in the presence of black holes and horizons [381],
after Hawking’s discovery of semiclassical black hole radiation [78,79]. Here, we
discuss the laws of black hole thermodynamics.

The general picture for black hole thermodynamics is that stationary black holes
behave like thermodynamical systems at equilibrium specified by a temperature and
some other chemical potentials. Moreover, the horizon is where this thermodynamic
system is located. The precise derivations and proofs of the laws of black hole
thermodynamics, besides stationarity, usually use the existence of Killing horizons.
Nonetheless, the thermodynamic description of black holes and the general picture is
believed to be true in more general setups where the system is not strictly stationary
and we allow an adiabatic flow of energy and charges into the black hole, as we have
in usual thermodynamical systems.

5.5.1 Zeroth Law

The zeroth law states that the black hole temperature is a constant over the horizon
and is proportional to surface gravity,

Zeroth Law: TH = κ

2π
= const. (5.60)
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Wewill discuss this in detail in the next chapter where we show that indeed TH is the
temperature of the Hawking radiation, black body radiation emitted from the horizon
of the black hole, as measured by the observer sitting in the asymptotic region of
spacetime.

•> Constancy of surface gravity over the Killing horizon

To show that surface gravity is constant on the horizon, it is sufficient to prove
vμ∂μκ = 0 at the horizon for any vector v tangent to the horizon. If we denote
the null Killing vector field generating the horizon by ξμ

H
and the D − 2 linearly

independent spacelike vectors spanning the horizon by eμ
a , a = 1, 2, . . . , D − 2 such

that ξH · ea = 0, then ξμ
H

∂μκ = eμ
a ∂μκ = 0 at the horizon. The relation ξμ

H
∂μκ = 0

directly follows from the definition of κ as surface gravity; see Exercise 3.1.
To show eμ

a ∂μκ = 0 one should provide some further information. This extra
piece of information may be provided if we have a bifurcate Killing horizon and
recall that ξH vanishes at the codimension-2 bifurcation surface B, cf. Chap.3. (In
our conventions hereB is spanned by eμ

a .) The proof is left as an exercise to the reader,
see Exercise 5.7. For physically interesting problems like gravitational collapse, we
do not have a bifurcate horizon and we need other arguments to provide this further
information.

Within Einstein gravity and using Einstein equations, the DEC, cf. Sect. 3.2.2,
can provide this extra piece of information. To see how this works, we recall that for
the Killing horizon,

Rμνξ
μ
H

ξν
H

= 0 = Tμνξ
μ
H

ξν
H

at the horizon, (5.61)

where in the second equality we have used the Einstein field equations. DEC implies
that Pμ := Tμνξ

ν
H
is a causal (timelike or null) vector at the horizon. Therefore, Pμ =

is parallel to ξμ
H
at the horizon (see part (3) of Exercise 3.6) and hence Rμνξ

ν
H
is a

vector along ξHμ, i.e.

ξH [μRν]αξα
H

= ξH [μ∂ν]κ = 0 at the horizon. (5.62)

The above means that ∂μκ is parallel to ξHμ at the horizon and that vμ∂μκ = 0 at
the horizon for any vector v tangent to the horizon.

Besides the temperature, if we have conserved charges other than the energy in the
system, like angular momentum and electric charge, there are associated chemical
potentials. The constancy of these chemical potentials over the horizon is also a part
of the first law. The horizon angular velocity 
H is a constant because for a Killing
horizon, ξH is hypersurface orthogonal at the horizon. This physically means that all
points on the horizon of stationary black holes are rotating at the same speed. Note
that 
H is by definition the angular velocity measured in the asymptotically static
coordinate system.
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The chemical potential associated with the electric charge, the horizon electric
potential �H, is defined as

�H := ξH · AH , (5.63)

where AH is the 1-form electric field for the black hole solution computed at the
horizon. The constancy of �H follows from the fact that ξH is an isometry of the
metric as well as a symmetry of the gauge field, see Exercise 5.8. It means that the
horizon of a stationary black hole is an equipotential surface.

5.5.2 First Law and Its Derivation

While at equilibrium, thermodynamical systems allow for variations/perturbations
that respect energy conservation, i.e. satisfy the first law of thermodynamics. The
first law is typically written as /δQ = δU − ∑

n μnδqn where /δQ denotes the heat
transfer, U is the internal energy, μn are the chemical potentials and qn are other
conserved charges the systemmay have. These variations/perturbations, as discussed
in Sect. 5.3, may be parametric variations or perturbations satisfying field equations
linearized over the stationary black hole background. As familiar from standard
thermodynamics, the heat perturbation is denoted by /δQ, since Q is not an integrable
charge over the phase space (of the statistical mechanical system). It may be written
in terms of the entropy S, through the Clausius relation /δQ := T δS.

Black holes as thermodynamical systems satisfy a similar first law, which readily
follows from our earlier preparations of Sect. 5.1. A black hole behaves like a heat
reservoir at a given temperature and chemical potentials. The other charges and the
energy then include the black hole plus anything else that is outside the horizon of
the black hole. The variations and perturbations are associated with changes in the
charges with fixed chemical potentials, which may be due to interactions of the black
hole with its environment, e.g. , things that fall into the black hole or may be emitted
by it.

There are two versions of the first law of black hole mechanics, one which was
originally discussed by Bardeen, Carter and Hawking in [77] and the more general
one which was first derived by Iyer and Wald in [373,374]. Both of these ver-
sions require black holes to have a Killing horizon. In the Bardeen–Carter–Hawking
derivation the perturbations appearing in the first law are the parametric variations
(cf. Sect. 5.3) whereas the Iyer–Wald derivation is more general and besides para-
metric variations involves any perturbation which satisfies linearized EOM. Here
we discuss this more general first law which is a consequence of diffeomorphism
invariance of the field theory governing black hole and its environment.

Given our SPSM discussion in Sect. 5.3 the first law is a direct consequence of
the equation which relates horizon generating Killing vector ξH to the other Killing
vectors of the system, e.g. for Kerr or Kerr-(A)dS black hole,

ξH = ∂t + 
H∂φ,
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with the normalization that t is denoting the time coordinate for the asymptotic
observer, who is assumed to be static (non-rotating) to define 
H. As discussed,
entropy is an integrable charge of ξH properly normalized by the inverse of the
temperature 2π/κ:

ζH = 2π

κ

(
∂t + 
H∂φ

)
, (5.64)

For the cases where we have gauge fields, as discussed in Sect. 5.4.2, we need to
consider

ηH =
{
ζH ,−2π

κ
�a

H

}
, (5.65)

as the exact symmetry generating the horizon.

•> Derivation of the first law

Here we follow the derivation given in [377]. Assume that a stationary non-extremal
black hole is given as a solution to a covariant gravitational theory in d-dimensional
spacetime with generic fields collectively called �. Let the horizon be generated
by the exact symmetry ηH , e.g. as in (5.65), we have δηH

� = 0. The Lee–Wald
symplectic current density

ω(δ�, δηH
�, �) = δ2(δηH

�,�) − δηH
2(δ�, �) , (5.66)

which is linear in δηH
�, vanishes. Integrating ω over an arbitrary (d − 1)-

dimensional spacelike surface � with two closed and smooth boundaries ∂1� and
∂2� surrounding the black hole, and noting (G.9), we obtain

∫
�

ω(δ�, δηH
�,�) =

∫
�

dkηH
(δ�, �) (5.67)

=
∮

∂2�

kηH
(δ�, �) −

∮
∂1�

kηH
(δ�, �) . (5.68)

Since δηH
� = 0,

∮
∂1�

kηH
(δ�, �) =

∮
∂2�

kηH
(δ�, �) , (5.69)

onemay drop the index 1 or 2 on ∂i�. As in (5.45) we define the entropy perturbation
as

δS :=
∮

∂�

kηH
(δ�, �) . (5.70)

The generator ηH = {ζH , − 2π
κ

�H} can be decomposed as

ηH =
{2π

κ
∂t , 0

}
+

{2π
H

κ
∂φ, 0

}
+

{
0,−2π

κ
�H

}
. (5.71)
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Since k is linear in the generators, the entropy variation reads

δS = 2π

κ

∮
∂�

k∂t (δ�, �) + 2π
H

κ

∮
∂�

k∂φ (δ�, �) − 2π

κ
�H

∮
∂�

k{0,1}(δ�, �) .

(5.72)
Recalling our definitions formass, angularmomenta and electric charge, cf. Sect. 5.3,
and using (5.60) yields the first law of black hole thermodynamics .

First Law: δM = THδS + 
Hδ J + �HδQ (5.73)

We close our derivation with some comments and remarks:

• The above derivation works for any stationary and axisymmetric black hole with
a Killing horizon, as a solution to a generic gravity theory with generic matter
content in any dimension, even if we do not know the explicit form of the solution.
It only uses the diffeomorphism invariance of the theory.

• The charge variations above may correspond to any perturbation on the back-
ground black hole solution. In particular, for the parametric variations, it yields
the Bardeen–Carter–Hawking form of the first law [77], which in our notations
is,

δ̂M = TH δ̂S + 
H δ̂ J + �H δ̂Q. (5.74)

• In our derivation, unlike the one in [373], we need not take the ∂1�, ∂2� to be
the bifurcation surface of the horizon or i0 at infinity. As emphasized in Sect. 5.3,
the charges associated with exact symmetries are symplectic and may be defined
by integration over any codimension-2 spacelike compact surface ∂�. Therefore,
as long as we have the Killing horizon and the appropriately normalized ηH , we
can derive the first law.

• While the existence of a Killing horizon and ηH is an essential part of our deriva-
tion, the integrations need not be done at the horizon. This surface can be a bit
inside or a bit outside the horizon. Also, our derivation makes it evident that the
charge perturbations and in particular the energy perturbation in the first law can
have any sign. Explicitly, the same first law should hold when a black hole acts
as a sink, accreting matter into it, or when it acts as a source when due to quan-
tum effects it Hawking-radiates (see the next chapter), or when two black holes
coalesce and merge.

• While our derivation is more general than the one of Iyer–Wald [373] in the
sense mentioned above, it is a bit stricter, as we require ∂t , ∂φ to be Killing
(exact) symmetries of the background, i.e. we have assumed stationarity and
axisymmetry. One may, however, repeat the same steps as above and only assume
having ∂t , ∂φ as asymptotic symmetries, plus having aKilling horizon. In this case,
we will then need to limit our integration surfaces ∂1�, ∂2� to be the bifurcation
surface and i0 for asymptotically flat cases (or the constant time surface at the
boundary of AdS, for asymptotic AdS spaces).
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• In our derivation, while we used existence of a bifurcate Killing horizon, we did
not require it be the outer (event) horizon. All the analysis above in principle also
holds for inner horizons and there exists an inner horizonfirst law.Despite negative
surface gravity on inner horizons, such thermodynamic-like relations exist also
in the form of zeroth and first law of inner horizon black hole mechanics. See
Exercise 5.10 for more details as well as [382] and refs. therein.

•> First law for KN black hole

TheKNblack hole is a solution toEinstein–Maxwell theory described by (θ ∈ [0, π),
ϕ ∼ ϕ + 2π )

ds2 = − �

ρ2

(
dt − a sin2 θ dϕ

)2 + ρ2

�
dr2 + ρ2 dθ2

+ (r2 + a2)2

ρ2 sin2 θ
(
dϕ − a

r2 + a2
dt

)2

A = qr

ρ2 (dt − a sin2θdϕ)

(5.75)

where

ρ2 := r2 + a2 cos2 θ � := r2 − 2mr + a2 + q2. (5.76)

This solution has three parameters m, a, q and is the unique asymptotically flat
solution to Einstein–Maxwell theory with a given mass, angular momentum, and
electric charge. This solution is stationary and axisymmetric with Killing vectors
∂t , ∂ϕ . The horizons radii rH are given by roots of �, r2

H
− 2mrH + a2 + q2 = 0.

Here we take the outer horizon for which

rH = m +
√
m2 − q2 − a2. (5.77)

The surface gravity, horizon angular velocity and electric potentials are

κ = r2
H

− q2 − a2

2(r2
H

+ a2)rH
, 
H = a

a2 + r2
H

, �H = ξH · A
∣∣∣
r=rH

= qrH
r2
H

+ a2
,

(5.78)
where ξH = ∂t − 
H∂ϕ is the Killing vector generating the horizon.

One may use the ADMmethod or our SPSM to read the massm, angular momen-
tum J , entropy S and electric charge Q:

M = m

GN

, J = ma

GN

, Q = q

GN

, S = π(r2
H

+ a2)

GN

(5.79)
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To verify the first law for parametric variations, we note that

δM = δm

GN

, δJ = δma + mδa

GN

, δQ = δq

GN

, δS = 2π(rHδrH + aδa)

GN

.

(5.80)
It is then immediate to observe that κ

2π δS = δM − 
Hδ J − �HδQ.

•> Smarr relations

Thefirst law involves a relationbetween chargevariations and the chemical potentials
and as discussed above can be proved under very general conditions for any black
hole solution to a generic diffeomorphism invariant gravity theory. In this sense, the
first law is universally true. On the other hand, we discussed some different methods
to compute the charges. One may then ask if a relation similar to the first law but
with charges rather than charge variations, can still hold in general. As was first done
by Larry Smarr [383], given (5.78), (5.79), one can easily observe that for the KN
black hole there is such a simple relation,

M = 2TH SBH + 2
H J + �HQ . (5.81)

The factors of two in the above for the Q = 0 case may be obtained using a scaling
argument attributed to Gary Gibbons: One may integrate the first law, noting that
the horizon area and J = ma are scaling as mass squared [244]. Similar relations
exist for other black holes (see Exercise 5.11). However, they cannot be computed
by integrating the first law. The reason is that the chemical potentials are in general
functions of all the charges. The Smarr type relations are not universal, unlike the
first law; their form depends on the theory as well as the asymptotic behavior of the
solution, see e.g. Exercise 5.11.

5.5.3 Second Law and Its Generalizations

In ordinary thermodynamics, the second law stipulates that entropy variation of a
closed system in any physical process should always be non-negative as we move
forward in time. In presence of a black hole horizon, things can fall into the black hole
and become inaccessible to the outside observer. Therefore, the entropy variation as
seen by the outside observer can become negative, violating the ordinary second law.

One may argue that thermodynamical systems in presence of black holes are in
fact open systems and need not respect the second law. However, as usual in thermo-
dynamical systems, one would expect to be able to close the system by adding the
sink or source to the system and viewing the sink or source as a part of the thermo-
dynamical system. This viewpoint was adopted by Bekenstein [76,384]. He saved
the second law of thermodynamics from violations by postulating the generalized
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second law [385]: the sum of ordinary entropy of systems outside black hole Sout
and the total black hole entropy SBH should not decrease,

Generalized Second Law: δ(SBH + S) ≥ 0 (5.82)

As the first example, let us consider a gas of photons at a given temperature T and
energy δE which falls into a Schwarzschild black hole of mass M . The latter, as dis-
cussed is a system at the Hawking temperature 1/TH = 8πGNM and the entropy
S0BH = 4πGNM

2. The entropy of the initial system is hence SBH + 4δE/(3T ).
When the gas of photons falls into the black hole, assuming δE � M , the black
hole settles down into a new black hole of mass M + δE, and hence its entropy is
4πGN(M + δE)2 � S0BH + δE/TH, as expected from the first law discussed in the
previous section. The generalized second law is then satisfied if δE/TH ≥ 4δE/(3T )

or TH ≤ 3T /4. Recall that the wavelength λ of a photon that can be absorbed into the
black hole should obey λ ≤ 4rH. This implies the inequality kBT = 2π/λ ≥ π/(2rH)

for the temperature of the photons. Since TH = 1/(4πrH) for a Schwarzschild black
hole, then TH ≤ T /(2π2). Therefore, the generalized second law is satisfied. Sim-
ilarly, one may verify the second law for other types of black holes and for other
kinds of matter falling into the black hole.

If this other system is another black hole, then the statement of the second law
for Einstein gravity simply reduces to Hawking’s area theorem (cf. discussions in
Sect. 3.3).

Our discussions so far were mainly classical, where the black holes act as a
“sink”, for matter accreting into the black hole or for black hole mergers. Quantum
mechanically, as we will see in the next chapter, black holes can also behave as
“sources” from which things can leak out. It turns out that our discussions here and
the laws of black hole thermodynamics, in particular the second law, extend to the
semiclassical level, as long as there exists a background independent diffeomorphism
invariant gravity description. This is significant because, as we shall see, during the
process of Hawking radiation the area theorem does not hold due to a failure of
the energy condition assumed by the theorem. We shall discuss this in the next
chapter, especially Sects. 6.5 and 6.6. More formal proofs of the second law and
more discussions once quantum effects are also taken into account may be found in
[386–388].

5.5.4 Third Law and Extremal Black Holes

The third law of thermodynamics has been formulated in a variety of ways and
is perhaps not as clean and clear as the other laws. The third law is to describe
the behavior of thermodynamics systems at and close to absolute zero temperature,
where quantum physics is believed to be essential. A classic(al) statement of the third
law is Walter Nernst’s unattainability principle with two possible statements: (1)
isothermal reversible processes become isentropic in the limit of zero temperature;
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(2) the temperature of a system cannot be reduced to zero in a finite number of
operations. Planck has a stronger version which also takes quantum effects into
account: As T → 0, the entropy of any system tends to zero. This essentially means
that the vacuum state is unique, which is not true for all quantum systems, including
black holes.

Namely, In the case of black holes, where the temperature is given by surface
gravity, the zero-temperature limit corresponds to extremal black holes. Planck’s
version of the third law does not hold, because extremal black holes do have non-
vanishing entropy that depends on their charges. However, Nernst’s statement still
holds [389]: It is impossible by any physical process, no matter how idealized, to
reduce surface gravity to zero in a finite sequence of operations.

Third Law: κ → 0 impossible (5.83)

A precise statement of the black hole third law due toWerner Israel is: No contin-
uous process in which the energy-momentum tensor of the accreted matter remains
bounded and satisfies theWEC in a neighborhood of the apparent horizon can reduce
the surface gravity of a black hole to zero within a finite advanced time for a network
of observers encircling the horizon. See [389] for more discussions and the proof.
This implies that one cannot form an extremal black hole through a gravitational
collapse process. It also implies that a non-extreme black hole cannot reduce to an
extremal black hole through the Penrose process. If true at the quantum level, this also
implies that one cannot reach an extremal black hole through the Hawking radiation
process. In the next chapter, we provide further discussions on the latter point.

Further Reading

Besides the references provided in the main text and also in Appendices F and G,
we refer the reader to original papers on developing further gauge symmetries and
covariant phase space formalism [390–394] or lecture notes and theses [395–397].
For the computation of charges and laws of black hole thermodynamics see [352,387,
388,390,398–402]. The converse of deriving thermodynamics fromEinstein gravity,
i.e. to derive the Einstein equations by assuming some thermodynamical relations,
was pioneered by Ted Jacobson [403], see also [404] for more recent developments.

Exercises

5.1 Triviality of Komar charges for vacuum solutions?
Aquick (but incorrect) argument evaluates theKomar charges of vacuumsolutions

to zero: take the expression (5.4) and use the vacuum Einstein equations Rμν = 0
to deduce Kμ

ξ = 0. Why is this argument incorrect for black holes but correct for
Minkowski space?
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5.2 On Komar charges.
(1) Using (3.28) prove (5.6).
(2) Use the Komar formula for Kerr geometry and compute the conserved charges

associated with its two Killing vectors ξ = ∂t , ∂φ , respectively mass, and angular
momentum. Show that cξ given in (5.7) indeed reproduces the same conventions for
the ADM mass and angular momentum for Kerr black hole.

(3)Use theKomar formula to computemass and angularmomentum forAdS-Kerr
and dS-Kerr solutions.

5.3 More on generic variations (5.8).
(1) Show that variations δχ�, δ̂p� (5.8) both satisfy linearized field equations.

Explore which other solutions to linearized EOM could be there that are not among
these two variations.

(2) Show that any two successive parametric and gauge variations always com-
mute,

δ̂pδχ�(x; pα; Fa(x)) = δχ δ̂p�(x; pα; Fa(x)) (5.84)

while two successive parametric transformations or two successive diffeomorphism-
and gauge transformations need not commute.

(3) Show that the above implies

(δχ δ̂p − δ̂pδχ )Qηi [�] = 0 ∀χ, pα. (5.85)

That is, any exact symmetry charge Qηi , and any charge associated with non-proper
diffeomorphism- and gauge transformations Qχa commute with each other.

5.4 W-ambiguity of the Noether charge. Show that shifting the Lagrangian by a
total derivative, L → L + dW, yields a W-ambiguity term in the Noether current
(5.35) and the corresponding charge.

5.5 More on Bekenstein–Hawking entropy.
(1) In the Bekenstein–Hawking entropy (5.43) reintroduce factors of �, c and

Boltzmann constant kB such that SWBH is indeed dimensionless, as the entropy should
be. Verify similar factors in the Hawking temperature (5.60).

(2) Compute the Hawking temperature and the entropy of a Schwarzschild black
hole of mass M = 105M�. Compare this with the entropy of thermal gas of photons
with the same energy filling a sphere of Schwarzschild radius of the black hole.
When can the entropy of the black hole and the photon system become equal (at
which energy or temperature for photons)?

5.6 On the equivalence of Wald entropy and the SPSM entropy.
Going through the formulation and definition of kζH

, prove that the Wald entropy
(5.39) and the SPSM entropy (5.45), assuming the integrability of the latter and upon
an appropriate choice of the reference value, are indeed yielding the same result.
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5.7 On constancy of surface gravity on bifurcate Killing horizon.
Suppose that we have a bifurcateKilling horizon generated by ξH and a bifurcation

surface B spanned by eμ
a a = 1, 2, . . . , D − 2, over which ξH vanishes. Show that

the surface gravity κ is a constant over the bifurcate horizon.

5.8 On constancy of horizon electric potential.
(1) Starting from LξH

A = 0, where A is the gauge field 1-form, show that �H

(5.63) is a constant over the horizon.
(2) Note that ξH being a symmetry impliesLξH

F = 0, where F = dA is the gauge
field strength. Show that this yields aweaker condition that�H is constant up toLξH

λ

where the scalar function λ is a possible gauge transformation.
(3) Work out (5.50).

5.9 Four Laws of near horizon extremal KN geometry dynamics.
As discussed in Sect. 5.1, the definitions of charges and entropy are not limited to

black holes, and our analysismay be repeated formore a general class of near horizon
extremal geometries. It is hence expected that these may also follow the four laws.
This is indeed the case, see [367,405] for more details. In particular, one may prove
the first law. Starting from ηH given in (5.57) prove the first law among parametric
variations of the charges of near horizon-extremal KN geometry discussed in this
chapter.

5.10 Inner horizon zeroth and first laws.
The zeroth law and constancy of surface gravity over the horizon, cf. Sect. 5.5.1,

is implied by the existence of a Killing horizon. Our derivations of the first law,
cf. Sect. 5.5.2, relies on diffeomorphism invariance of the theory and existence of a
Killing horizon. In typical black holes like KN, besides the outer (event) horizon, the
inner horizon is also a Killing horizon. One, hence, expects zeroth and first laws of
black hole thermodynamics should also hold for the inner horizon too. This exercise
explores these issues.

(1) Compute the surface gravity associated with inner horizons in the KN family,
using general formula (3.1) for the Killing vector generating the inner horizon.
Hint: You should find negative surface gravity, which is a sign of thermal instability
of the inner horizon and may be viewed as an argument for the CCC.

(2) Show that entropy (the Noether charge associated with the Killing vector
generating the inner horizon) equals the area of the inner horizon over 4GN.

(3) Work through the derivations in Sect. 5.5.2 and work out the inner horizon
first law for the KN black holes.

5.11 More on the Smarr relation.
(1) Explore the Smarr relation forKerr-AdS solutionwhose chargeswas discussed

in Sect. 5.1, see also [378,379,406].
(2) Explore the Smarr relation for Plebenaski–Demianski solutions of Sect. 2.7.
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5.12 On products of entropies of the inner and outer horizons.
(1)Consider aKNblackhole. Find the product of areas of inner andouter horizons.

Show that this product only depends on the charge and angular momentum and is
independent of the mass.

(2) Repeat the above for the most general seven parameter family of Plebenaski–
Demianski solutions, cf. Sect. 2.7.

(3) In stationary black holes, the coordinates are typically chosen such that the
horizons are sitting at zeros of grr component of metric. For asymptotic flat cases,
grr = 0 is typically, a polynomial equation of the form 1 − 2m

r + ∑
n≥2

qn
rn = 0,

where qn are combinations of other conserved charges of the system, besides the
mass. The fact that the first subleading term at large r is given by 2m follows from
the ADMmass formula. Using this fact to argue for general “area-product” relations
for black holes.

5.13 No force condition for extremal black holes.
Consider an extremal RN black hole of charge Q. When can a particle of charge

q and mass m fall into the black hole? Show that if m = q the black hole does not
exert any force on the particle.

5.14 Thermodynamic volume and extended black hole first law?
In the usual first law of thermodynamics, we have a work term, a −PdV term,

where P is the pressure and V is the volume. In the case of black holes our analysis
and derivations did not yield such a term, as “volume of a back hole” is not a usually
well-defined Noether-type conserved charge. Nonetheless, one may consider black
holes on AdS or dS backgrounds, where there is a non-zero cosmological constant
� in the background, and treat � as a pressure.

(1) Consider Kerr AdS black hole (5.16). Show that it satisfies the standard first
law,

dS = 2π

κ
(dM − 
HdJ ). (5.86)

(2) Let P = α� for some constant α be the pressure. Add a term PdV term to the
above first law and treat� or � as a parameter that can vary. Find the thermodynamic
volume V such that this “generalized” first law is satisfied.

(3) Extend the above to charged black holes on dS or AdS backgrounds.
For the notion of thermodynamical volume of black holes and black hole enthalpy

see [407–409]. The above treatment while seemingly working, is ad hoc, see [410,
411] for a more symmetry-based treatment.

5.15 Spherical symmetry for SU(2) gauge field
To see the subtle interrelation between diffeomorphism- and gauge transforma-

tions consider spherically symmetric SU (2) gauge fields Aμ,

Lξm Aμ = ∂μ�m − i[Aμ, �m] (5.87)
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where ξm (m = 1, 2, 3) are the three Killing vectors associated with spherical sym-
metry (see (2.4)), and �m are SU (2)-valued scalar fields that generate gauge trans-
formations. Show that the Witten ansatz [412]

A =
⎛
⎝ 0

0
a0

⎞
⎠ dt +

⎛
⎝ 0

0
a1

⎞
⎠ dr +

⎛
⎝�1

�2
0

⎞
⎠ dθ +

⎛
⎝ �2

−�1
−i cot θ

⎞
⎠ sin θ dϕ (5.88)

is compatible with spherical symmetry (5.87) for arbitrary (real) scalar fields �i =
�i (t, r) and calculate the parameters�m in (5.87). In (5.88) the column-vectors refer
to the three SU (2) generators T i with commutation relations [T i , T i ] = εi jkT k , so
that, e.g. �m = �i

mT
i . Show particularly �1 = 0 and �2 + i�3 = T 3 eiϕ/ sin θ .



6Semiclassical Aspects of BlackHoles

Abstract

In this chapter, we study the semiclassical aspects of black holes, in which the
black hole is viewed as a classical background while other fields or particles are
treated quantummechanically.Wefirst discuss the variational principle for gravity
theories in Sect. 6.1. Then, in Sect. 6.2, we briefly review QFT on curved back-
grounds, which leads to the Unruh effect (Sect. 6.3) and, when applied to black
hole backgrounds, to the Hawking effect (Sect. 6.4). We then review Bekenstein’s
arguments for black hole entropy and entropy bounds in Sect. 6.5. In Sect. 6.6, we
discuss tunneling, in Sect. 6.7 black hole evaporation, and in Sect. 6.8 the mem-
brane paradigm. We close this chapter with preliminary remarks in Sect. 6.9 on
the information puzzle and apparent loss of unitarity in the semiclassical analysis.

6.1 Variational Principle

So far our analysis was classical. While we also introduced Lagrangians or actions,
their role was merely a handy tool to provide EOM. For a quantum or semiclassical
treatment, however, actions play a more fundamental role, for instance, in the path
integral. Semiclassically, the theory is expanded around the saddle point of the action.
To the lowest order, the effective action is then given by the on-shell action.

The fact that the first variation of the action is required to vanish implies more
than the classical field equations, since boundary and corner terms must also vanish.
Let us neglect corner terms and suppose that we start with an action I functionally
depending on some fields that we collectively denote by �

I [�] =
∫
M

dDx
√−gL(�, ∂�) . (6.1)

Variation of the action yields

δ I [�] =
∫
M

E(�, ∂�) δ� +
∫

∂M
�(�, ∂�; δ�) . (6.2)
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The volume term E on the right-hand side vanishes on-shell by definition. The bound-
ary term � should vanish for all variations δ� allowed by the boundary conditions.
If this is not the case, then either boundary terms must be added to the action or the
boundary conditions must be refined. Note that (6.2) is an integrated version of (G.3)
and the latter is written in the language of forms.

Before specializing the discussion on the Einstein–Hilbert action, we encourage
the reader to consider Exercise 6.1 as a warm-up.

6.1.1 Gibbons–Hawking–York Boundary Term

For a gravity theory, often a Dirichlet boundary value problem is desired where the
metric is fixed at the boundary ∂M, while its normal derivative is free to fluctuate

δgμν

∣∣
∂M = 0 nα∇αδgμν

∣∣
∂M �= 0 . (6.3)

We have used here a split of the full metric g into boundary metric h (also known as
‘first fundamental form’) and normal vector n

gμν = hμν + nμnν nμnμ = 1 (6.4)

assuming that the boundary has a spacelike normal vector, as it does in most appli-
cations. We show now that the Einstein–Hilbert action is incompatible with such a
boundary value problem.

The first variation of the Einstein–Hilbert action leads to the Einstein equations
in the bulk plus total derivative terms, e.g. see [8]

δ IEH ≈ 1

16πGN

∫
M

dDx
√−g∇μ

(∇νδgμν − gαβ∇μδgαβ

)
. (6.5)

Using Stokes’ theorem, the total derivative terms in (6.5) are converted into boundary
terms

δ IEH ≈ 1

16πGN

∫
∂M

dD−1x
√−h nμ

(∇νδgμν − gαβ∇μδgαβ

)
. (6.6)

To proceed, we need to introduce the extrinsic curvature tensor (also known as
the second fundamental form)

Kμν := hα
μh

β
ν ∇αnβ = 1

2

(Lnh
)
μν

(6.7)

which like the boundary metric hμν projects to zero when contracted with the normal
vector nμ. The trace of extrinsic curvature is defined as K := Kμ

μ = ∇μnμ. Using

nμ∇ν δgμν = nμ(hνα + nνnα)∇α δgμν,

nμhνα∇α δgμν = nμhνα∇α[(hγ
μ + nμn

γ )(hβ
ν + nνn

β) δgβγ ]
= −Kμν δgμβ + Knμnνδgμν + total boundary derivative,

(6.8)
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the result (6.6) can be reformulated as1

δ IEH ≈ − 1

16πGN

∫
∂M

dD−1x
√−h

(
hμνnα∇αδgμν + (Kμν − Knμnν) δgμν

)
.

(6.9)
The first term in (6.9) generically is non-zero for the Dirichlet boundary value prob-
lem (6.3). Thus, the Einstein–Hilbert action is inconsistent with (6.3).

To resolve this issue, we add suitable boundary terms to the bulk action since they
do not affect the bulk EOM, but may convert the result for the variation (6.6) or (6.9)
into something compatible with the boundary value problem (6.3). Specifically, we
need a boundary term that preserves diffeomorphisms along the boundary and that is
capable of canceling the normal derivative of the fluctuations of the metric in (6.6).
Such boundary terms should involve scalars constructed from the extrinsic curvature
K or Riemann curvature R of the boundary M. We keep only the first few terms in
a derivative expansion of the boundary action

I∂M = 1

16πGN

∫
∂M

dD−1x
√−h

(
b0 + b1K + b2R + . . .

)
(6.10)

where the ellipsis refers to higher derivative terms (such as KμνKμν or KR) andR is
the boundary Ricci scalar (constructed from the boundary metric hμν and the bound-
ary covariant derivative Dμ := hν

μ∇ν). Terms intrinsic to the boundary (like the
boundary cosmological constant b0 or the boundary Einstein–Hilbert term b2R) will
not help us to get a well-defined Dirichlet boundary value problem, since they cannot
produce normal derivatives nμ∇μ. Thus, we set b0 = b2 = 0, focus on the term b1K
and vary it. Using the definition K = ∇μnμ as well as δnμ = 1

2 nμnαnβ δgαβ yields
(see Appendix A for more details)

δK = 1

2
hμνnα∇αδgμν − 1

2
Knμnν δgμν + total boundary derivative (6.11)

Comparing with the variation (6.9), we deduce that we should choose b1 = 1 to get
consistency with the Dirichlet conditions (6.3).

•> Einstein–Hilbert action with Gibbons–Hawking–York boundary term

The full action for Einstein gravity (at this stage of our discussion) compatible with
a Dirichlet boundary value problem (6.3) consists of the bulk action IEH plus a
boundary action IGHY, known as Gibbons–Hawking–York boundary term.

1We assume here that the boundary ∂M has no boundary; if this assumption is relaxed the total
derivative term is converted into a corner contribution 1/(16πGN )

∫
∂2M dD−2x

√|σ | nμ
σ nν δgμν ,

where nμ
σ is the outward pointing unit normal of the corner and |σ | is the determinant of the induced

metric at the corner.
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I = IEH + IGHY = 1

16πGN

∫
M
dDx

√−g
(
R − 2�

) + 1

8πGN

∫
∂M
dD−1x

√−h K

(6.12)

6.1.2 Brown–York Stress Tensor

The first variation of the action (6.12) (assuming a smooth boundary) is given by

δ I = − 1

16πGN

∫
M
dDx

√−g
(
Rμν − 1

2
gμνR + �gμν

)
δgμν

− 1

16πGN

∫
∂M
dD−1x

√−h
(
Kμν − hμνK

)
δgμν

(6.13)

The tensor multiplying the variation δgμν at the boundary (up to a factor) is known
as Brown–York stress tensor

Tμν
BY := 1

8πGN

(
Kμν − hμνK

)
. (6.14)

It is important to realize that further boundary terms can be added to the action
(6.12) without spoiling the Dirichlet boundary value problem (6.3), for instance, by
choosing b0 �= 0 or b2 �= 0 in (6.10). As we shall see explicitly in later chapters,
these terms are actually necessary for many applications. The reason for this is that
even though we have a well-defined Dirichlet boundary value problem, we still may
not have a well-defined variational principle, in the sense that there could be allowed
variations of the metric that do not lead to a vanishing first variation (6.13) on some
solutions of the EOM, just like in the mechanics example of Exercise 6.1. Also,
the Brown–York stress tensor is not finite in general, and again this problem can be
resolved by adding suitable boundary terms, known as ‘holographic counterterms’
in the context of gravity on an AdS background and in AdS/CFT, see Chap.8.

6.2 Quantization on Black Hole Backgrounds

For many applications, it is sufficient to study QFT on a fixed gravitational back-
ground, without taking into account the backreactions upon the geometry. The most
prominent examples are provided by black hole backgrounds (to study the Hawking
effect) and dS backgrounds (to study primordial fluctuations in inflationary models).
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The key aspect is that the gravitational background induces specific external condi-
tions imposed on the quantum fields, which can lead to particle creation. Conceptu-
ally, what is happening is similar to the Schwinger effect, where electron–positron
pairs are generated in an external electric field.

There are several differentways to quantize blackhole backgrounds and extract the
physical observables necessary to deduce the Hawking effect, e.g. using Bogoliubov
transformations or exploiting anomalies or path integralmethods. Readers unfamiliar
with QFT on curved backgrounds should consult Appendix E before proceeding.

A key insight is that, a change of basis can convert a vacuum state to an excited
state, and such changes of bases appear naturally in time-dependent backgrounds
and in spacetimes with horizons. Technically, a key step in any approach to quantum
fields on black hole backgrounds is to make sure that matter fields are infalling and
that the expectation value of the stress tensor is finite on the future event horizon.

In the next section, we discuss the Unruh effect, which captures some generic
aspects of (non-extremal) black holes, and then turn to the Hawking effect.2

6.3 Unruh Effect

Consider a uniformly accelerated observer in Minkowski space with constant accel-
eration a. Such an observer will see a Rindler horizon. As discussed in several
examples in Chap.2, near the horizon of non-extremal black holes, we find a Rindler
space, and therefore, this scenario captures some universal features of black holes,
which we will discuss at the end of the next section when we have all relevant results
available.

For simplicity (and with no loss of anything essential), consider two spacetime
dimensions and suppose that the only quantum field that has local excitations is
a massless scalar field obeying the Klein–Gordon equation �φ = 0. Using rapid-
ity/boost coordinates

t = 1

a
eaξ sinh(aτ) x = 1

a
eaξ cosh(aτ) (6.15)

converts the Minkowski metric − dt2 + dx2 into the Rindler metric in conformal
coordinates

ds2 = e2aξ
( − dτ 2 + dξ2

)
, τ, ξ ∈ R. (6.16)

Note that, only the Rindler wedge x > |t | is covered by the Rindler metric (6.16), see
Fig. 6.1.Atx = ±t (or,equivalently,τ → ±∞),thereisanacceleration(Rindler)hori-
zon, which is a non-extremal Killing horizon with surface gravity (cf. Exercise 3.7)

κ = a . (6.17)

2 Similar effects appear in early universe cosmology, black hole analog systems, and, e.g. Bose–
Einstein condensates,where also quasi-particles are generated through non-trivial Bogoliubov trans-
formations. The keyword in these contexts is ‘two-mode squeezed state’, see [413].
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Fig. 6.1 2d Rindler wedge
(shaded area). Dotted lines
are constant ξ , which are
trajectories of uniformly
accelerated observers. Red
dashed lines are constant τ .
The origin O corresponds to
ξ = −∞. The Rindler
observer formulates physics
only in the shaded region.
Her in- and out-states, which
appear in the S-matrix
elements she measures, are,
respectively, defined at past
and future Rindler horizons
τ = −∞ and τ = +∞

6.3.1 UnruhVacuum State

The Klein–Gordon equation on the Rindler background

( − ∂2τ + ∂2ξ
)
φ = 0 (6.18)

has normalized plane wave solutions

ψ±
k = 1√

2πω
e∓iωτ+ikξ ω = |k| (6.19)

that are positive frequency for the upper sign in the Rindler wedge x > |t |, where
‘positive frequency’ is defined with respect to the proper-time Killing vector ∂τ . In
the left Rindler wedge, x < |t |, the flow of this Killing vector field is in the other
direction, so in that wedge,ψ−

k corresponds to positive frequency modes. The sets of
modes (6.19) together with their complex conjugates provide a normalized complete
basis for solutions to the wave equation (here we have a continuous version of the
normalization condition (E.4) of Appendix E).

Rindler basis: φ =
∫

dk
(
a+
k ψ+

k + a−
k ψ−

k + a+†
k ψ+∗

k + a−†
k ψ−∗

k

)
(6.20)

Alternatively, we could use plane waves ηk in Minkowski space as modes, which
also provide a complete basis,

Minkowski basis: φ =
∫

dk
(
b+
k χ+

k + b−
k χ−

k + b+†
k χ+∗

k + b−†
k χ−∗

k

)
. (6.21)
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The corresponding vacua are defined as

a±
k |0R〉 = 0 b±

k |0M 〉 = 0 (6.22)

where the subscripts ‘R’ and ‘M’ stand for ‘Rindler’ and ‘Minkowski’, respectively.

6.3.2 UnruhTemperature,BogoliubovTransformations

To see whether these vacua differ, we need the Bogoliubov coefficients transforming
betweenRindler andMinkowskimodes and checkwhether positive frequencymodes
in Rindler space map to positive frequency modes in Minkowski space, or if there
is a mixing between positive and negative frequency modes. As shown in Exercise
6.5, the result is

a±
k = 1√

2 sinh πω
κ

(
e

πω
2κ b±

k + e− πω
2κ b∓†

−k

)
(6.23)

where κ is surface gravity (6.17) of the Rindler horizon. The modes χ±
k in (6.21) are

also obtained as part of Exercise 6.5.
Importantly, we see a mixing between annihilation and creation operators in the

Bogoliubov transformation (6.23), just like in Appendix E. This implies that the
Rindler number operators in the right Rindler wedge

N R
k = a+†

k a+
k (6.24)

do not annihilate the Minkowski vacuum.

〈0M |N R
k |0M 〉 = e−πω/κ

2 sinh πω
κ

〈0M |b−
−kb

−†
−k |0M 〉 
 1

e2πω/κ − 1
(6.25)

In the last equality, we have renormalized the 1-particle state, 〈0M |b−
−kb

−†
−k |0M 〉 
 1.

The final result (6.25) shows not only that a Rindler observer sees particle excitations,
but also additionally proves that these excitations have a thermal spectrum with the
Unruh temperature [81].

TU = κ

2π
(6.26)

6.3.3 UnruhTemperature, Euclidean Field Theory Analysis

There is a shortcut to derive the Unruh temperature (6.26). Namely, continuing ana-
lytically to Euclidean signature, τE := iτ , converts the Rindler metric (6.16) into the
flat Euclidean metric in polar coordinates (see Exercise 6.6). Requiring smoothness
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of this space and absence of conical deficit angle implies that the Euclidean time
should have the periodicity

τE ∼ τE + β β = T−1
U . (6.27)

QFT Green functions inherit this periodicity property, which is known as Kubo–
Martin–Schwinger condition [414,415] and a defining property of thermal states
in a QFT, where the periodicity in Euclidean time is the inverse temperature. We
shall come back to the Euclidean (path integral) formulation in later sections of this
chapter; for the time being, this is merely a convenient shortcut for reading off the
Hawking–Unruh temperature.

6.3.4 Discussion

To avoid conceptual confusion, here are some clarifying comments regarding the
crucial result (6.26). The EEP (extended to the semiclassical level) implies that
a stationary Minkowski observer and a Rindler observer should provide the same
physical description for local processes they both have causal access to. In particular,
both should agree on the fact that a Rindler detector (some particle detector carried
along by the Rindler observer) clicks and measures Rindler quanta with the thermal
spectrum (6.25). The interpretation of these events, however, differs between the two
observers: the Rindler observer sees a thermal bath, but theMinkowski observer sees
a detector into which constantly energy is put by accelerating it, which leads to the
emission of particles whenever there is a click in the detector. The energy contained
in the Rindler quanta is provided by acceleration.

As a nice brain teaser, one may ask ‘Since the EP tells us that accelerating is
the same as being at rest in a gravitational field should observers standing on Earth
not observe Rindler quanta?’, which has essentially the same answer as the related
question ‘Does an electron at rest on Earth radiate?’, namely ‘no’. The Unruh effect
applies also to detectors that accelerate only for a finite time, where there is no eternal
(event) horizon and the spectrum deviates slightly from a thermal one. Finally, it is
not easy to detect the Unruh effect since even a modest Unruh temperature of one
nanokelvin would require accelerations of the order of 1011 m/s2.

While the Unruh effect applies to accelerated observers and requires only spe-
cial relativity, the universality of the Rindler approximation of non-extremal Killing
horizons together with the EEP suggests that a similar effect should take place in
black hole backgrounds. This is indeed the case, as we review in the next section.

As depicted in Fig. 6.1, a Rindler observer has only access to the x > 0 region
of any constant t-slice in Minkowski space. This, among other things, means that
the Rindler observer has only access to half of the Fock space of a field theory
on Minkowski space. Despite this fact, Rindler and Minkowski field theories yield
the same physical correlation functions for operators defined in the Rindler wedge.
This can be understood and explained by quantum information notions, in particular,
entanglement, between the x > 0 and x < 0 regions as seen by the Rindler observer.
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In essence, the Unruh temperature accounts for the half of Fock space the Rindler
observer does not have access to. These aspects will be discussed further in Chap.8.

6.4 Hawking Effect

In the previous section, we saw that the presence of an acceleration horizon leads to
non-trivial Bogoliubov coefficients in the transformation between the natural base of
modes for an accelerated observer and a Minkowski observer. Alternatively, we saw
that regularity of the Euclidean continuation of Rindler spacetime yields the Kubo–
Martin–Schwinger condition of a thermal state at the Unruh temperature. Assuming
that the EEP works at the semiclassical level, both statements and corresponding
results should also extend to black hole horizons.

Interestingly, so far there appears to be no comprehensive science-history book
on the discovery of Hawking radiation. We provide now a brief summary thereof.
As often with great discoveries, it was in the air already sometime before Hawking’s
seminal paper. In particular, Zel’dovich, Starobinsky [416], and others were working
on radiation from rotating black holes in the early 1970s, and for sure this inspired
Hawking after his 1973 visit to Moscow. However, the conclusion by Zel’dovich and
Starobinsky at that time was that Schwarzschild black holes do not radiate (which
seemed fair, given that they are static; this conclusion was also suggested by the
classical Penrose process, which needs an ergo-region to function). Independently,
Page (at that time a graduate student) in discussions with Feynman also discov-
ered radiation from rotating black holes, but once they realized that Zel’dovich and
Starobinsky had already discovered this radiation they dropped the subject. Ironi-
cally, part of Hawking’s motivation for his breakthrough was to prove Bekenstein
[76] wrong,3 i.e., to show that (Schwarzschild) black holes cannot have an entropy
since this would imply that they must radiate, which seemed impossible. While it is
moot to speculate about alternative histories, it does seem likely that the Hawking
effect would have been discovered even without Hawking’s key contributions in the
mid-1970s [79,417], for instance by Unruh [81].

6.4.1 Heuristics of Hawking Effect fromVacuum Fluctuations

QFT, the union of quantummechanics and special relativity, allows pair creation from
the vacuum. In the plainMinkowski vacuum, the characteristic time-scale associated
with such a pair creation for virtual (anti-)particles of mass m is estimated using
Heisenberg’s uncertainty principle and yields t ∼ 1/m. Of course, in the Minkowski
vacuum, such particle pairs always remain virtual and real pair production is barred
by energy conservation. If we have a non-trivial background with a new vacuum
and that background can provide the energy for creating real pairs, then the picture

3 See for instance the section on the first law in [77], which concludes erroneously that the black
hole temperature must vanish.
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changes. There is generically another scale in the game in the presence of such
backgrounds. For instance, a sufficiently strong background external electric field
E � me can yield the production of real electron–positron pairs of mass me through
the famous Schwinger effect [418].

Stationary black holes may be viewed as backgrounds that can provide the energy
source for similar pair production and the vacuum state associated with the observer
at the black hole horizon can be different from that of the observer in asymptotic
infinity. The asymptotic observer associates a characteristic scale, namely surface
gravity κ to the horizon. So, on general QFT grounds, one can expect pair production
with a rate associatedwith that scale. A heuristic picture of theHawking effect, which
will be mademore precise in later in Sect. 6.6, is thus as follows: virtual particle-anti-
particle pairs are created outside and inside the black hole. Occasionally, particles
behind the horizonmay tunnel out and escape to infinity, leaving inside the black hole
a particle with negative energy asmeasured by an asymptotic observer. Alternatively,
particle pairs outside the horizon may split so that one particle escapes to infinity
with positive energy, while the partner with negative energy is captured by the black
hole. Either way, the black hole gains negative energy, i.e. it loses energy to Hawking
radiation. From this heuristic picture, it is clear that Hawking radiation is entangled
with the black hole interior, which will be important for later chapters. What remains
unclear at this stage is that Hawking radiation has a thermal spectrum. A slick way
to derive its temperature is Euclidean continuation.

6.4.2 HawkingTemperature from Euclidean Continuation

Consider some black hole horizon that is also a non-extremal Killing horizon with
surface gravity κ (this includes most of the black holes we discussed in Sect. 2, in
particular, Kerr black holes) and expand it near the horizon which we put at ρ = 0,
see Exercise 6.7

ds2 = −κ2ρ2 dt2 + dρ2 + . . . (6.28)

where the ellipsis refers to additional (angular) dimensions, rotation terms, and higher
order terms in ρ, none of which are relevant for the regularity argument. Analytically
continuing to Euclidean time, tE := i t , yields again the Euclidean plane in polar
coordinates, provided we identify periodically tE ∼ tE + 2π/κ .4

•> Hawking temperature

By the same argument as in the Unruh case, we, therefore, arrive at the Hawking
temperature.

TH = κ

2π
(6.29)

4 Reading off the temperature from the Euclidean continuation of the near horizon metric was first
used in the PhD thesis of Malcolm Perry [419], see also [420]. We thank Mahdi Godazgar and
Malcolm Perry for the comment.
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This is the temperature associated with Hawking radiation as seen by the asymptotic
flat static observer, see Exercise 6.8 for more. The above formula is identical to
the zeroth law (5.60) and to the Unruh temperature (6.26). The formula engraved
on Hawking’s tombstone (without subscripts) is the special case of (6.29) for the
Schwarzschild black hole (where κ = 1/(4M)), which with all conversion factors
restored is

TH = �c3

8πGNkBM
. (6.30)

While usually these conversion factors just unnecessarily clutter equations, in this
particular case, their presence is gratifying in the sense that � shows we deal with a
semiclassical effect, c shows we have particle creation, GN shows that gravity is at
work and Boltzmann’s constant kB shows that we have a thermodynamical quantity.
Plugging in numbers for stellar black holes yields temperatures in the nanokelvin
regime, which is orders of magnitude smaller than the average temperature of the
cosmic microwave background. Thus, the Hawking effect will not be observable
for stellar-mass black holes until the universe has cooled down about 9 additional
orders of magnitude, which will not happen in anyone’s lifetime. For rotating and/or
supermassive black holes, the temperature is even smaller, so the only chance to
observe the Hawking effect is to spot rather light black holes (e.g. PBHs) or to
consider analog condensed matter systems. Hawking radiation carried by massless
particles (gravitons and photons) has a characteristic wavelength λ ∼ 1/TH, which
is of the order of the size of the black hole.

6.4.3 Hawking Radiation from Ray-Tracing

The derivation of Hawking radiation using Bogoliubov coefficients is also analogous
to the derivation of the Unruh effect in Sect. 6.3.2. The main observation is that the
vacuum for an observer at past null infinity differs from the vacuum for an observer
at future null infinity if we insist that modes are purely infalling at the future horizon.
A consequence of the same type of calculation as in the previous section is that, the
asymptotic observer near future null infinity sees outgoing Hawking quanta with a
thermal spectrum at the Hawking temperature (6.29). This temperature may then
be associated with the black hole, as we usually do in any thermal system emitting
blackbody radiation.

Here we followHawking’s original derivation using the ray-tracingmethod [417],
which implements the ideas above. Consider a physical black hole, generated, e.g. by
the collapse of a mass shell, like in Fig. 6.2, and assume spherical symmetry for
simplicity, i.e. the final state is a Schwarzschild black hole.
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Fig. 6.2 Collapsing shell
(thin blue line) forming a
black hole and ‘last ray’
(wiggly red line) escaping
the black hole just before the
advanced time v = v0

Initial data can be provided at Cauchy surfaces approaching eitherIII− or approach-
ingH+ ∪ III+. Considering a scalar field obeying the Klein–Gordon equation

∇2φ = 0 (6.31)

on the black hole background, we have two natural mode expansions, one adapted
to III−

φ
III− =

∫
dω

(
aωψω + a†ωψ∗

ω

)
(6.32)

and one adapted toH+ ∪ III+

φ
III+ =

∫
dω

(
bωχω + b†ωχ∗

ω

)
. (6.33)

For what follows, we can neglect the angular dependence, i.e. we focus on the s-wave
sector.

Inside the shell, we use standard light-cone coordinates, advanced time v = t + r
and retarded time u = t − r . Outside the shell, we use their Regge–Wheeler analogs,
v = t + r∗ and u = t − r∗ as well as Kruskal coordinates U , V defined in (2.43).
For a Schwarzschild black hole of mass M , we have r∗ = r + 2M ln |r/(2M) − 1|.
The respective positive frequency modes then simplify to

ψω ∝ e−iωv χω ∝ e−iωu (6.34)

and are related by some Bogoliubov transformation (E.11). The remaining task is
to determine the coefficients βωω̃. If they are non-zero, then we do have particle
creation, as discussed in Appendix E. Following Hawking, we determine these coef-
ficients using the ray-tracing method. Further technical aspects of this derivation are
addressed in the exercises of Appendix E.
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Because the retarded time u tends to infinity as the horizon is approached there is
a pile-up of modes in the near horizon region, so the geometric optics approximation
is very good. This means we can effectively treat the modes as rays. So any ray
emanating from III− gets reflected at the origin and bounces off to III+, as long as it
was emitted before the advanced time v0 (see Fig. 6.2). The last ray v = v0 barely
escapes the black hole. We focus now on rays emitted just before that, v = v0 − ε

with small ε. These rays get reflected at the origin and will arrive at a Kruskal (!)
retarded timeU = −ε (the last ray arrives exactly atU = 0). By virtue of the relation
(2.43), we obtain

u = − 1

κ
ln ε (6.35)

showing that indeed the geometric optics approximation is good as long as 0 < ε � 1
since the modes

χω ∝ e
iω
κ

ln ε (6.36)

oscillate rapidly. Tracing back all these modes to III− and setting v0 to zero, without
loss of generality, yields

ψω(v) = θ(−v) e
iω
κ

ln(−v) . (6.37)

While (6.37) was only derived for small values of v, we simply assume this is the
correct form for all values of v, since the precise form of the very early modes should
not affect the final result.

The remainder is now a technical exercise, starting with a Fourier transformation
of (6.37).

ψ̃ω(ω̃) =
∞∫

−∞
dv eiω̃v ψω(v) =

∞∫

0

dv eiω̃v+ iω
κ

ln(−v) (6.38)

A useful property of ψ̃k is its behavior under energy reflection

ψ̃ω(−ω̃) = −e− πω
κ ψ̃ω(ω̃) ω̃ > 0 . (6.39)

This implies in particular, that positive frequency modes at III+ match onto a mixture
of positive and negative frequency modes at III− (and vice versa). These (inverse)
Bogoliubov coefficients are given by

βωω̃ = ψ̃ω(−ω̃) = −e− πω
κ ψ̃ω(ω̃) = −e− πω

κ αωω̃ (6.40)

where the last equality uses the α-set of Bogoliubov coefficients (E.11). As shown in
Appendix E, the final conclusion is that the particle number operator at III+ evaluated
in the vacuum state associated with III−,

〈Nω〉 = 1

e2πω/κ − 1
(6.41)
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has the same Planck spectrum as the Rindler number operator evaluated in the
Minkowski vacuum (6.25). From the result (6.41), Hawking was able to conclude
that black holes emit thermal radiation with the Hawking temperature (6.29).

Below we present another efficient way to derive the Hawking effect, namely
from anomalies [421].

6.4.4 Hawking Radiation from Anomalies

One way to define anomalies is by observing that a symmetry of the action can fail
to preserve the path integral measure. As a consequence, 1-loop effects destroy the
classical symmetry, i.e., the symmetry is anomalous. Since anomalies are 1-loop
effects there are efficient tools to deal with them, see the textbook [422].

Consider for simplicity black holes that are effectively in two dimensions (like
Schwarzschild–Tangherlini), with a metric ds2 = −2e2� dx+ dx−, where x± =
(dt ± dz)/

√
2. The key assumption is to postulate that the expectation value of the

stress-energy tensor is covariantly conserved

∇μ〈Tμν〉 = 0 . (6.42)

In the present case, this expands to ∂+〈T−−〉 + ∂−〈T+−〉 − 2(∂−�)〈T+−〉 = 0 and
a similar equation with ± indices interchanged. This means that knowing the trace-
component of the stress tensor, 〈T+−〉, it is possible to determine the flux components
of the stress tensor, 〈T±±〉, up to important integration constants.

While for conformally coupled matter, the trace of the energy–momentum tensor
vanishes classically, this no longer is true when 1-loop effects are taken into account.
This is the famous trace anomaly [423], which relates the expectation value of the
trace of the stress-energy tensor to the Ricci scalar of the background geometry, with
a numerical coefficient that depends on the precise matter content. For a single scalar
field minimally coupled in two dimensions, the result is [424] 〈T+−〉 = ∂2z �/(24π),
where on static backgrounds ∂z = √

2∂+ = −√
2∂−. Integrating the conservation

equation (6.42) then establishes the flux component

〈T−−〉 = 1

24π

(
∂2z � − (∂z�)2

) + T− (6.43)

with the integration constant T−, and similarly for 〈T++〉. The last step is to fix the
integration constant, which is done by choosing the appropriate vacuum.

The three best-known choices are the Unruh vacuum, the Hartle–Hawking vac-
uum, and the Boulware vacuum. The latter demands the absence of fluxes at infinity,
leading to T± = 0, but the price is that the stress tensor then diverges at the horizon
due to infinite blueshift factors. The Hartle–Hawking vacuum is of relevance for a
black hole in equilibrium with a thermal bath at the Hawking temperature: for each
Hawking quantum that is emitted a corresponding quantum is absorbed by the black
hole from the heat bath. For black hole evaporation, the most relevant choice is the



6.4 Hawking Effect 193

Unruh vacuum, where T− is fixed such that the stress tensor remains finite at the
future event horizon

T− =
(
∂z�|h

)2
96π

= κ2

24π
= π

6
T 2
H . (6.44)

In the last equality, we related the flux to a temperature using the 2-dimensional
version of the Stefan–Boltzmann law. (This uses as input the knowledge that the
Hawking flux is associated with Hawking quanta with a thermal spectrum; this input
can be taken from the Euclidean calculation above, which is complementary in the
sense that it allows deducing that black holes are thermal states, but is not explicit
about theHawking radiation). For asymptotically flat black holes, the asymptotic flux
is just given by T−, which, therefore, is the Hawking flux. The last equality in (6.44)
allows to express the temperature in terms of surface gravity, thereby recovering
Hawking’s formula (6.29).

An alternative derivation of Hawking radiation that uses gravitational anomalies
is provided in [425].

6.4.5 Greybody Factors

Through a variety of methods we have seen that black holes, in the approximation
that we used, behave like black bodies with Planck spectrum

〈Nω〉 = 1

eω/TH − 1
(6.45)

at the Hawking temperature (6.29). The physics of black hole evaporation is slightly
more complicated, however, since the Hawking radiation gets scattered on the black
hole geometry and, moreover, can backreact on the geometry. For instance, scalar
modes emitted from a Schwarzschild black hole have to pass through the potential
in Fig. 4.1. Thus, generally the black hole decay rate

� = σ(ω) 〈Nω〉 d4k

(2π)4
(6.46)

features an additional greybody factor σ(ω). The word ‘greybody’ is a reminder
that we do not have perfect black body radiation as a consequence of backscattering
and backreaction. To leading order, the greybody factor σ(ω) equals the classical
absorption cross section. This means that the perturbative methods developed in
Chap.4 can be applied to calculate greybody factors, see e.g. [426], which uses the
WKB approach to derive QNMs and greybody factors.

Greybody factors are not merely an annoyance, spoiling the pristine black body
radiation, but can give important clues about quantum aspects of black holes, see
e.g. [427] and references therein.
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6.4.6 Discussion

From the derivations above, it should be clear that we needed practically no dynam-
ical information to derive the Hawking effect; the key input in all derivations was
the presence of a (stationary) horizon with non-zero surface gravity and the need to
map the vacuum state of an observer at the horizon to the one at asymptotic infinity.
Whether we deal with an eternal black hole or the one arising as a result of gravita-
tional collapse and also whether additional matter degrees of freedom are present is
irrelevant for the conclusion that (almost) stationary black holes are thermal states
with the Hawking temperature (6.29).

As shown above, the appearance of Hawking radiation can be understood in a
number of different ways. For readers with a QFT background, perhaps the most
intuitive explanation is that the presence of a black hole horizon provides external
conditions for the quantum fluctuations, so in the same way that external electric
fields lead to particle production via the Schwinger effect or accelerated detectors
produceRindler quanta and click via theUnruh effect, black holes can do the same via
the Hawking effect. A related interpretation in terms of tunneling of virtual particles
through the horizon will be reviewed in Sect. 6.6 below.

6.5 Black Hole Entropy and Alternative Derivations

Thermal states do not only have a temperature; there is usually also an entropy
associated with them. As discussed in Chap.5, especially Sect. 5.5, black holes are
not different in this regard. The fact that black holes must have an entropy was
found by Bekenstein, before the discovery of the Hawking effect and triggered by
discussions with Wheeler. In a famous gedankenexperiment, Wheeler mixes hot and
cold tea, thereby committing the crime of increasing the entropy of the universe. He
remarked in conversations with his student Bekenstein that he could ‘conceal from
all the world the evidence of my crime’ [428] by dropping the teacup into a black
hole. Bekenstein’s response a fewmonths later was ‘You don’t destroy entropy when
you drop those teacups into the black hole. The black hole already has entropy and
you only increase it!’. Bekenstein saved the second law of thermodynamics from
violations by postulating the generalized second law [385] (see Sect. 5.5)

δ(SBH + S) ≥ 0. (6.47)

where SBH is the black hole (or BH) entropy and S the entropy of the rest of the
universe. In Sect. 5.5, we argued that for stationary black holes with bifurcate Killing
horizon in Einstein gravity theory

SBH = Ah

4
(6.48)

where Ah is the horizon area.
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However, Bekenstein did not have the Hawking effect at his disposal, so let us
recall some of the arguments that led him to an entropy formula similar to (6.48).
First of all, the black hole uniqueness theorems tell us that the final black hole state
is characterized just by a few numbers, but the collapse process is far more intricate
and involves matter/radiation with a large amount of entropy. The only way to avoid
a contradiction with the second law of thermodynamics is to attribute entropy to
black holes. This argument does not explain the functional form of entropy, only
that it should be non-zero and plausibly be bigger if the mass of the black hole
increases (since the entropy associated with the formation process will be bigger
if the mass of the final black hole state is bigger). Second, if we want to associate
entropywith black holes, this entropy should obey the second lawof thermodynamics
if the entropy of the rest of the universe can be neglected. Thus, we are looking
for a quantity that scales with some positive power of mass and is monotonically
increasing as a function of time in any physical process. Luckily for Bekenstein,
the second law of black hole mechanics was around when he confronted this issue,
so he deduced that a natural candidate for the black hole entropy is the area of the
event horizon, with some unknown numerical prefactor [76]. Bekenstein guessed the
prefactor incorrectly; as explained above, the correct prefactor 1

4 in (6.48) is obtained
easily equippedwithHawking’s results. Hawking’s calculation also eliminates one of
the main objections against Bekenstein’s proposal that black holes have an entropy:
if black holes had an entropy they must also have a temperature and radiate, and
everyone knew (before 1974) that black holes could not radiate. So, afterBekenstein’s
and Hawking’s results and discussions, it was established by 1975 that (stationary)
black holes which are classical solutions to Einstein gravity, at the semiclassical
level behave like thermodynamic systems: they have entropy and emit black body
(Hawking) radiation at the Hawking temperature (6.29).

In Sect. 5.5, we discussed that black hole entropy can be derived as a conserved
charge for black holes with a Killing horizon. This derivation, while interesting and
significant, does not reflect the semiclassical nature of the entropy and also relies
on the choice of 2π/κ as the normalization of the horizon generating Killing vector
field. Inwhat follows, we present an alternative path integral derivation of the entropy
due to Gibbons and Hawking.

6.5.1 Euclidean Effective Action and Gibbons–Hawking Derivation

There are numerous derivations of the entropy law (6.48). One of them, due to
Gibbons and Hawking [429], uses the classical approximation to the Euclidean path
integral to derive the partition function, which in turn yields free energy and entropy.
We review here this derivation for non-rotating black holes and explain how to
generalize to rotating black holes afterward.
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Starting point is the analytic continuation of time, t → tE = i t . The Euclidean
path integral then leads to the partition function

Z(T ) =
∑
ḡ

∫
bc
DδgDφ e−�[ḡ, δg, φ; T ] (6.49)

wherewe split theEuclideanmetric into someclassical background ḡ andfluctuations
δg. The matter fields are summarily denoted by φ and can include scalars, fermions,
gauge fields, and more exotic matter fields; to reduce clutter, we will omit matter
fields; the subscript ‘bc’ indicates that the path integral is performed only over a set
of field configurations compatible with certain regularity and boundary conditions;
the (instanton-like) sum is over all classical backgrounds ḡ compatible with these
conditions; the measure under the path integral subsumes gauge-fixing and ghost
contributions; the quantity� is theEuclidean action; the dependence on the parameter
T is a reminder that we impose as part of the boundary conditions that all our field
configurations are compatible with a temperature fixed to the value of T , in particular
they are compatible with the Kubo–Martin–Schwinger condition and periodicity in
Euclidean time tE ∼ tE + β with β = T−1; finally, the semi-colon denotes that the
action is a functional of the quantities to the left of the semi-colon and a function of
temperature.

In the semiclassical approximation, the action can be expanded around the clas-
sical background

�[ḡ, δg; T ] = �EOM[ḡ; T ] + d�[ḡ, δg; T ]
dδg

δg + 1

2

d2�[ḡ, δg; T ]
dδg2

δg2 + . . .

(6.50)
where the ellipsis denotes cubic and higher orders in the fluctuations δg. The first term
on the right-hand side of (6.50), �EOM[ḡ; T ], is the Euclidean on-shell action, the
second term vanishes since we require the action to have a well-defined variational
principle and the third term contains quadratic fluctuations that physically capture
information about specific heat of the system.

The semiclassical partition function as a function of temperature to leading and
next-to-leading order is given by

Z(T ) 
 e−�EOM[ḡd ; T ] ×
∫
bc
DδgDφ e

− 1
2

d2�[ḡd , δg; T ]
dδg2

δg2
. (6.51)

We have made two approximations in (6.51): we have dropped all cubic and higher
terms in fluctuations δg, thus neglecting 2- and higher-loop corrections and we have
truncated the sumover all classical saddles to a single contribution from the dominant
saddle ḡd , thus neglecting instanton corrections.

The classical approximation is particularly simple and shows that the on-shell
action is minus the log of the partition function

�EOM[ḡd; T ] 
 − ln Z(T ) (6.52)
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which means that temperature times on-shell action is the classical free energy

F(T ) = −T ln Z(T ) 
 T�EOM[ḡd; T ] . (6.53)

Since free energy is a thermodynamic potential, all other thermodynamic variables
can be derived from it. In particular, entropy is given by

S(T ) = (
1 − β∂β

)
ln Z(β) = −dF(T )

dT
. (6.54)

Semiclassically, free energy receives a multiplicative correction that can be cal-
culated case-by-case since the path integral (6.51) is Gaussian. The generic form of
the semiclassical partition function is then

Z(T ) = e−�EOM[ḡd ; T ] × Z1(T ) ⇒ F(T ) = T�EOM[ḡd ; T ] + T ln Z1(T )

(6.55)
To see what the first semiclassical correction does to entropy consider for illustra-
tion an on-shell action of the form � ∝ −T γ and 1-loop corrections of the form
Z1 ∝ T αγ with some real numbers γ, α. Classically, entropy scales like T γ . The 1-
loop correction to free energy is then given by α T ln T γ , so taking its T -derivative
produces a term logarithmically in the classical entropy with a prefactor α, as well
as an order unity term that competes with corrections we have neglected. This con-
clusion is rather generic, so denoting the classical approximation for entropy by Sc
the 1-loop corrected result is

S = Sc + α ln Sc + O(1) (6.56)

with some numerical coefficient α that depends on the matter content, the dimen-
sion, and the thermodynamical ensemble, but it does not depend on the specific
UV completion. Since semiclassically Sc � 1 for macroscopic black holes one can,
therefore, use not only the BH entropy (6.48) as a test for QG, but also the calculation
of the coefficient α (while ln Sc is much smaller than Sc it is still a large number
as compared to the genuinely quantum corrections of O(1)). See Chap.9 for more
discussions. A nice summary of these logarithmic corrections for various black holes
is contained in [430].

A technical difficulty that we mentioned already in earlier sections is that the
Einstein gravity bulk action is insufficient for the semiclassical approximation, since
it neither leads to a finite on-shell action in general, nor to a well-defined variational
principle. Therefore, one needs tomake sure that the action� used in the path integral
(6.47) contains suitable boundary terms that remedy these deficiencies.

We consider now the Schwarzschild black hole. The actions used by Gibbons
and Hawking consists of the Einstein–Hilbert bulk action (which trivially vanishes
on-shell on vacuum solutions to the Einstein equations), the Gibbons–Hawking–
York boundary term and a counterterm that Gibbons and Hawking argued to be the
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Gibbons–Hawking–York boundary term for the vacuum state.5 Thus, the on-shell
action evaluated for the Schwarzschild black hole ḡS

�EOM[ḡS; T ] = 1

8πGN

β∫

0

dtE

∫
S2

d2x
√−γ

(
K − K0

)
(6.57)

contains not only extrinsic curvature, but also subtracts a reference extrinsic curva-
ture K0 so that �EOM = 0 when evaluated for Minkowski space. In the integral on
the right-hand side (6.57), we have indicated that we are going to use Schwarzschild
coordinates (2.1). In these coordinates, it is easy to show for an r = const. hypersur-
face that the normalized normal vector is given by nμ = √

1 − 2M/r δ
μ
r and hence

K = K0 + ∂r nr and K0 = 2/r so that the action (6.57) evaluates to

�EOM[ḡS; T ] = 1

8πGN

4πβ lim
r→∞ r2∂r n

r = β
M

2GN

(6.58)

leading to the free energy F = T�EOM[ḡS; T ] = M
2GN

= 1
4πGNT

and theBHentropy

S = −∂F/∂T = (4πT 2GN)−1 = 4πM2/GN = Ah
4GN

.

We conclude this topic by adding angular momentum and charge(s) to the black
hole; conceptually little changes, other than the partition function now depending
on more parameters, Z = Z(T , �, �, . . . ), where �, � are angular rotation and
electrostatic potential of the black hole and the ellipsis denotes further possible
parameters. We leave this extension as an exercise for the reader, Exercise 6.21.

6.5.2 Entropy Bounds

Bekenstein argued that the entropy of any physical system obeys a bound, based
on the gedankenexperiments inspired by Wheeler’s questions about black holes and
entropy. The original Bekenstein bound states that the entropy S of any physical
system with energy E confined to a size of radius R obeys the inequality

S ≤ 2πE R . (6.59)

To be a bit more precise, the radius is given by R =
√

A
4π , where A is the area of the

smallest sphere encircling the physical system. Since gravitational stability requires
2M ≤ R the Bekenstein bound (6.59) can be rephrased as

S ≤ A

4
(6.60)

5 This method of ‘background subtraction’ works here but is not very satisfying conceptually; we
shall see in later sections that, at least for black holes in AdS, there is a more satisfying approach
known as holographic renormalization.
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thus making the connection to black hole entropy more obvious. While there are
various gedankenexperiments and calculations supporting the Bekenstein bound, it
is easy to find counterexamples. For instance, during gravitational collapse, the size
of the collapsing star (just before hitting the singularity) can become arbitrarily small,
so that the area in (6.60) gets arbitrarily small while entropy remains what it was
initially. Such a system thus violates the Bekenstein bound (6.60).

Apart from various counterexamples, there are fundamental criticisms of the
Bekenstein bound (6.59): it is not covariant with respect to diffeomorphisms, since
it requires specifying some area in some coordinates; it suffers from the so-called
species problem, i.e. one can increase the entropy arbitrarily without changing the
energy by adding copies of the same type of particle (e.g. by increasing the number
of neutrino families from three to some large number N ); it can be violated simply by
throwing in negative energy states (e.g. some system dominated by Casimir energy).
The latter two problems were overcome by Horacio Casini [431], who reformu-
lated the Bekenstein bound in terms of the information-theoretic notion of relative
entropy. This reformulation converts the Bekenstein bound (6.59) to a theorem in
QFT, namely non-negativity of relative entropy, and does not suffer from the species
problem. However, the Casini version of the Bekenstein bound no longer has any-
thing obvious to do with black holes or gravity; it is a true statement about relative
entropy in any unitary QFT.

The remaining deficiency of the Bekenstein bound is overcome by the covariant
entropy bound conjectured by Raphael Bousso [432], proven in [433], which brings
back gravity into the game. The Bousso bound

�S ≤ �A

4
(6.61)

formally looks similar to the Bekenstein bound (6.60), but there are important dif-
ferences. In particular, both sides of the Bousso bound (6.61) are covariant. The
left-hand side,�S, denotes the entropy on a light-sheet, which is a null hypersurface
whose cross-sectional area is monotonically increasing in the direction emanating
from the initial area Ai . The right-hand side gives the difference between initial area
Ai and final area A f , �A = Ai − A f , on the light sheet.

6.6 Parikh–Wilczek Tunneling

Hawking’s analysis for particle production by black holes bypasses the complications
of gravitational collapse and black hole formation butmisses to describe theHawking
effect as a local process. Maulik Parikh and Frank Wilczek (PW) provided a novel
method for computing the Hawking radiation spectrum addressing this shortcoming
[434–436].

The PWmethod is more local and makes it apparent that the Hawking radiation is
due to virtual pair creation close to the horizon, as anticipated originally byHawking.
The produced particles are virtual since they have imaginary momentum. One of the
particles can then tunnel outside while the other remains inside the black hole. The
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vacuum state is chosen such that the particles outside the horizon have positive energy
and those inside have negative. The energy of a particle changes sign as it crosses
the horizon, so this process can materialize with zero total energy. The particles
remaining inside the horizon hence reduce the energy of the black hole by the same
amount that the particle tunneled outside the horizon carries off as radiation. Once
the particle has tunneled outside, it can get converted into a real particle with real
momentum, which eventually can be measured by some detector far away from the
black hole.

6.6.1 Painlevé Coordinates

To illustrate how the tunneling idea works, we focus on Schwarzschild black holes.
During the pair production and tunneling process, the geometry is not fixed and static.
However, for large black holes, onemay assume stationarity to a good approximation.
It is customary, in this context, to employ Painlevé coordinates [32],

ds2 = −
(
1 − 2M

r

)
dt2 + 2

√
2M

r
dt dr + dr2 + r2d�2 . (6.62)

This coordinate system is smooth at the future event horizon r = 2M and has the
additional feature that t = const. slices are 3-dimensional Euclidean space in spher-
ical coordinates. The price to pay is that the metric (6.62) is stationary but not static.

Radial null geodesics in (6.62) are determined by

ṙ := dr

dt
= ±1 −

√
2M

r
. (6.63)

With the assumption that t increases toward the future, the upper (lower) sign in
(6.63) corresponds to outgoing (infalling) geodesics. Near the horizon, r = 2M +
ρ, ρ � 2M the above to leading order in ρ become, dρ/dt = κρ (outgoing) and
dρ/dt = −2 + κρ (infalling), where κ = 1/(4M) is the surface gravity. As we see
the Painlevé time coordinate clearly differentiates between the infalling and outgoing
null rays, respectively, ρ ∼ −2t and κt ∼ ln ρ. Therefore, for an outgoing trajectory
passing through the horizon Painlevé time t picks up an imaginary 2π/κ factor. This
observation is at the heart of the PW tunneling method.

The other crucial ingredient that goes beyond Hawking’s original derivation is to
include the back-reaction of a massless particle of energy E . The full analysis may
be found in [437] and the result is as follows. Consider a system of fixed total mass
M , which may consist of a black hole and the massless shell of particles of energy E .
When the particle shell is emitted, the black hole mass becomes M − E , and hence
the particle(s) will travel on geodesics of the back-reacted metric

ds2 = −
(
1 − 2(M − E)

r

)
dt2 + 2

√
2(M − E)

r
dt dr + dr2 + r2d�2 , (6.64)

yielding the change M → M − E in (6.63).
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6.6.2 Painlevé–Parikh–WilczekVacuum

The Killing vector ∂t is timelike outside the horizon (r > 2M) and one may use it
to define the Hamiltonian. We then have negative and positive frequency states with
respect to this Hamiltonian. The details of quantizingwaves in this coordinate system
near the horizon are the same as in previous sections, but the vacuum state differs
slightly. The vacuum is chosen such that it is annihilated by negative frequencymodes
with respect to ∂t ; such a state looks non-singular and essentially empty to a free-
fall observer passing through the horizon. This vacuum differs from the standard
Unruh vacuum or Hartle–Hawking vacuum near the horizon, which is defined to
annihilate negative frequency modes with respect to the EF coordinate v (or the
Kruskal coordinate V ).

In the PW picture, Hawking radiation is pair creation just inside the horizon with
one partner tunneling outside the horizon where it will have a positive frequency
mode, while the negative frequencymode remains inside. Alternatively, pair creation
may happen just outside the horizon with the negative energy particle falling into the
black hole and the one outside escapes to infinity. Both tunneling processes contribute
to the Hawking radiation and their amplitudes must be summed and then squared to
get the tunneling probability rate.

To compute the probability of the tunneling process, one may use a complete field
theory analysis or a quantum mechanics approximation for a spherical shell of par-
ticles using the WKB approximation. The latter is justified due to the large blueshift
factor between the local fido sitting near the horizon compared to the observer in the
distance who sees radiation of the typical wavelength of the size of the black hole.
Therefore, the fido sees essentially a point particle.

Particle tunneling-out channel. Assuming that the created particles are free and
only feel the effects of the background, the tunneling amplitude for the spherical
shell of particles is given by the imaginary part of the action for an s-wave outgoing
positive energy particle that crosses the horizon outwards from rin to rout,

Im I = Im

rout∫

rin

pr dr = Im

rout∫

rin

pr∫

0

dp′
r dr . (6.65)

This is the volume of the phase space of a free particle that tunnels through the
horizon. It can be evaluated without entering into the details of the solution, recalling
ṙ = dH

dpr
|r , where H is the Hamiltonian. Changing the integration from momentum

to energy and switching the order of integrations yields

Im I = Im

M−E∫

M

rout∫

rin

dr

ṙ
dH = Im

+E∫

0

(−dE ′)
rout∫

rin

dr

1 −
√

2(M−E ′)
r

, (6.66)

where we have used the back-reacted geodesic (6.63), and H = M − E ′. The r
integral can be performed noting that there is a simple pole at rp = 2(M − E ′ + iε),
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where we used E ′ → E ′ − iε for which the positive energy solutions decay in time
(the lower half complex E ′ plane). We hence obtain

Im I = 4πE (M − E

2
) = πE

κ
(1 − 2κE) , (6.67)

provided rin > rout. In the second equality, we inserted the result for surface gravity,
κ = (4M)−1.

Anti-particle tunneling-in channel. This calculation is analogous to above, with

the changes E → −E in (6.64) and
√

2M
r → −

√
2M
r . Thus, an infalling negative

energy particle has as imaginary part of the action

Im I = Im

−E∫

0

dE ′
rin∫

rout

dr

−1 +
√

2(M+E)
r

= +4πE(M − E

2
) , (6.68)

where the E ′ integral has been performed over the E ′ + iε contour.
Tunneling rate.Both the particle or anti-particle tunneling channels contribute to

the rate for the Hawking process and one should add their amplitudes and the square
to obtain the semiclassical tunneling rate.

� ∼ e−2 Im I = e−8πE(M− E
2 ) = e+�SBH (6.69)

where �SBH is the change in the BH entropy. For the case of Schwarzschild black
hole, reintroducing constants of nature, it is given by

�SBH = 4πGN

�c

(
(M − E/c2)2 − M2) . (6.70)

The above rate of emission for a particle of energy E may also be written as

�(E) = e
−βE+ E2

2(MPlc
2)2 β := 1

kBTH

= �c

8πGNM
(6.71)

which is the Boltzmann factor for a particle with energy E at inverse temperature β,
plus an E2-correction. The temperature in (6.71) recovers Hawking’s result (6.30).
Thus, in addition to confirming Hawking’s derivation, the PW tunneling leads to an
extra contribution, negligible at large mass, accounting for some back-reactions.

Standard arguments then yield the Planck spectral flux

ρ(ω) = dω

2π

| T (ω)|2
e+βω−ω2/M2

Pl − 1
, (6.72)

that includes a correction term quadratic in the frequency ω from back-reactions.
The quantity | T (ω)|2 is the frequency-dependent transmission coefficient for the
outgoing particle to reach future infinity without backscattering. As discussed in
previous sections, T (ω) may be computed from a more complete treatment of the
modes, whose semiclassical behavior near the turning point we have discussed here.
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6.6.3 Discussion of Parikh–Wilczek Tunneling

We close this section with some comments on PW tunneling.

• Hawking radiation may be viewed as a tunneling process over a potential barrier.
The shape of the potential and where the barrier is (in spacetime) depends on the
emitted object, due to back-reaction effects and the energy, charge, and angular
momentum conservations.

• The location of the maximum of the potential is somewhere between the horizon
of the original black hole (before the emission) and the horizon of the black hole
after the emission of the shell.

• The final result e�SBH suggests that the Painlevé coordinate system does not play
a crucial role. However, the choice of the vacuum state is important and carries
physical meaning.

• The tunnelingmethod can be extended and applied to other cases, like emission of
neutral or charged particles and particles of various spin from RN, KN, and AdS–
Schwarzschild, see Exercises 6.12–6.16 for various examples. In all these cases,
the final result for the tunneling rate is governed by the change in the entropy of
the black hole during the process, up to conservation laws.

• While the emission spectrum (6.71) is not exactly thermal, the process may be
viewed as adiabatic, as long as E � M and the first law of thermodynamics
and the other conservation laws always hold on the tunneling trajectory. The
arguments in Sect. 5.5.3 apply here and the generalized second law, once the
entropy of emitted particles is also taken into account, is respected. As for the
third law, see Exercises 6.13 and 6.14.

• The emission probability is the exponential of the change in the entropy of the
final and initial black holes

� = |amplitude|2 × (phase space factor) ∼ eSfinal

eSinitial
= e�S , (6.73)

can be viewed as the ratio of the number of final and initial states in the ensemble
of black hole microstates. This is suggestive of the existence of an underlying
statistical mechanical system (black hole microstates).

6.7 Black Hole Evaporation

As discussed, black holes behave like a thermal system at a given temperature and
radiate off their mass, angular momentum, and other charges through an almost
perfect black body radiation. Let us consider the case of a Schwarzschild black hole,
which radiates off its energy according to Stephan–Boltzmann’s law

dE

dt
= σ AT 4

H
, σ := π2k4

B

60�3c2
(6.74)
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where A is the black hole horizon area. Since

δE = −δMc2 , A = 16π(GNM/c2)2 , kBTH = �c3

8πGNM
(6.75)

we have

dM

dt
= − λ

M2 , λ = �c6

210 · 3 · 5πG2
N

. (6.76)

So it seems that there is nothing to stop a black hole to shed off all its mass and
evaporate. We note that out-of- thermality corrections to the Hawking radiation, like
those in the tunneling method, as long as energy conservation is satisfied, does not
bar a black hole from total evaporation. Integrating the above, we find the lifetime
of the black hole

τ = �c6 M3

5120πGN


 2.1 × 1067
(

M

M�

)3

yrs . (6.77)

The above equations show that a Schwarzschild black hole becomes hotter as
it radiates off its mass, so the corrections to the thermal distribution and the back-
reaction effects become more relevant as we approach the last stages of black hole
evaporation. One may explore if such corrections can become so important that can
stop the total evaporation and lead to the so-called black hole remnants (see Exercise
6.18). Moreover, a similar black hole evaporation process will also take place for
rotating and/or charged black holes, where besides mass they radiate off angular
momentum and/or charge (see Exercise 6.17). If long-lived, such neutral black holes
can play the role of dark matter (see Exercise 6.19).

See seminal paper series by Don Page [438–442] and their followups for more
detailed analysis of charged and/or rotating black holes in various physical setups.

6.8 Membrane Paradigm

The EEP implies that any fido who always remains outside the horizon should be
able to give a complete local account of physics, at least classically, through the
information available to her without ever knowing what is inside the horizon. In
other words, for this class of observers, one may excise the geometry at the horizon
provided that we replace the excised region with a ‘membrane’ at the boundary of
the excised region, the horizon.

According to the ‘membrane paradigm’ [443], a black hole horizon to an observer
who always stays outside the horizon, appears to behave exactly like a dynamical
fluid membrane described by physical properties like tension, resistivity, shear, and
bulk viscosity. It is described by local but Carrollian hydrodynamics governed by a
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dissipative Navier–Stokes-like equation, Joule’s heat equation, and Ohm’s law.6 See
[444,445] for more on Carrollian field theories and how they appear at black hole
horizons. These equations, classically, are reminiscent of the bulk theory and its field
equations. Semiclassically, via a Euclidean path integral analysis, the membrane free
energy accounts for the BH entropy and provides a direct derivation of the Hawking
radiation where the imaginary part of the action for the classically forbidden process
yields a ‘corrected Boltzmann factor’ for emission at the Hawking temperature.
The membrane paradigm may be viewed as giving a bit more dynamical context
to the black hole thermodynamics as well as a framework to perform ‘light-cone
quantization’ of the black hole horizon theory.

The main difference between a horizon membrane and a real membrane such
as a soap bubble is that there is no real membrane there from the free-fall observer
viewpoint and that the former is acausal, recall that an (event) horizon is a null surface
and a causal boundary of fidos. Nonetheless, since the membrane picture provides a
useful insight into the problem of horizon dynamics and hopefully a handle on its
quantization, we will briefly discuss it here. A more detailed and complete account
may be found in [434,443,446].

6.8.1 Membrane Action and Dynamics, Classical Analysis

The key point we start with is that horizon is the boundary of all causal curves from
the outside observer’s viewpoint and that a fido on one side of the horizon should be
able to describe physics exclusively and uniquely through the information available
her.While these facts are precise and true at the classical level, one may extend them,
as we do in the following, to also hold at semiclassical and quantum levels.

For practical purposes, a regulated version of the horizon, the stretched horizon,
is used as the boundary. We take the stretched horizon to be a timelike (2 + 1)-
dimensional surface which is at distance ε from the null horizon. We denote the
out-pointing spacelike unit normal vector to the stretched horizon by nν , n2 = 1
and take our fidos to follow worldlines with velocity uμ, u2 = −1, n · u = 0. In the
ε → 0 limit, both nμ and uμ become null vector tangent and/or normal to horizon
H ; εnμ = lμ = εuμ, l2 = 0. Upon choosing appropriate boundary terms for the
gravity and matter actions, Einstein equations projected at the boundary yield the
basic membrane equations which describe its physical properties. The details of the
analysis may be found in the Appendix H and here we quote the final result.

Conservation of energy of the membrane (see Appendix H) takes the form of the
heat transfer equation for a 2-dimensional fluid

T

(
d�S

dτ
− 1

κ

d2�S

dτ 2

)
=

(
ζθ2 + 2ησabσ

ab + Tμνn
μuν

)
�A , (6.78)

6 Carrollian theories arise as zero speed of light limit, c → 0, of relativistic theories. This is in
contrast with the Galilean limit, c → ∞.
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where uμ∂μ := d/dτ , θ is the expansion of the null congruence l and σ is its shear
(see Sects. 3.2.1 and 3.3), Tμν is the energy–momentum tensor of the matter fields
on the membrane and the temperature T and the entropy S are given by

S = C kB
�GN

A , T = �

8πkBC
κ , (6.79)

where C is some proportionality constant which is not classically determined. Quan-
tum mechanically, e.g. using Euclidean on-shell action, its value is fixed to be 4.

6.8.2 Membrane Action, Semiclassical Analysis

As discussed, the dissipative behavior in the membrane description at the classical
level arises as a result of the regularity requirement at the (stretched) horizon, once
we cut out the high-frequency (UV) modes residing between the horizon and the
stretched horizon. One may then ask if a similar picture (states cutout) can work at
the quantum level. If such a membrane quantum description exists, the black hole
entropymay then be associated with the logarithm of the number of these UVmodes.
Here we discuss similar ‘semiclassical’ and a more quantum version of the regularity
conditions within the membrane paradigm.

6.8.2.1 Membrane Free Energy and Black Hole Entropy
The semiclassical regularity condition is provided by the absence of a conical sin-
gularity at the stretched horizon in Euclidean geometry. That is, the imaginary
time, τ = i t , in the near horizon geometry for a stationary black hole is periodic,
τ ∼ τ + β, β = 2π

κ
where κ is surface gravity [22,429]. This Euclidean geometry

is smoothly capping off at the horizon like a cigar and does not cover the black hole
‘interior’. In this Euclidean framework, onemay consider the Euclidean path integral
(partition function) which is a suitable tool for reading off thermodynamical quanti-
ties. The partition function is the path integral over all Euclidean field configurations
collectively denoted by � with β periodicity (for fermions, we may need to impose
anti-periodic boundary conditions, see e.g. [447]) and with given boundary field val-
ues ϕ. In the presence of rotation and electric charges we need to also fix the value of
the ‘chemical potentials’ associated with these charges, respectively, horizon angular
velocity �H and �H. That is, we integrate over metrics with a given horizon angular
velocity and electric field configurations with a given horizon electric potential. We
also need to fix similar boundary conditions in the asymptotic region, which we typ-
ically choose it to be a static frame with vanishing electric potential. In a stationary
phase approximation, the partition function is

Z =
∫

D� exp
(−Sbulk[�] − Sb’dry[ϕ]) ≈ exp

(−Sbulk[�cl] − Sb’dry[ϕcl]
)
.

(6.80)
Here we have set � = 1,GN = 1 and Sbulk, Sb’dry denote the bulk and boundary
Euclidean actions. The boundary action includes both the action at the asymptotic
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boundary as well as the (membrane) action at the boundary, as we discussed earlier
in this section.

The explicit computation of the on-shell action is straightforward and depending
on the boundary conditions in the asymptotic regionmayneed regularizations, similar
to the analysis performed in Sect. 6.1. Here we focus on asymptotic flat stationary
solutions to the Einstein–Maxwell theory we discussed earlier, i.e. the KN black
holes [22,448]. The details of the calculation are left as an exercise to the reader
(see Exercise 6.21). Here we only present the results. The bulk action, in this case,
yields− 1

2βQ�H. The horizon boundary term gives SBH = A
4 where A is the horizon

area. The asymptotic boundary term yields 1
2βM − β�H J . Putting these together

and recalling that − lnZ = βF , where F is the Helmholtz free energy, then,

F = 1

2
M − �H J − 1

2
�HQ − TH SBH = 0, β = 1/TH , (6.81)

where we used Smarr relation (5.81).
The ‘total free energy’ is the sum of the membrane free energy and the sum

of bulk and asymptotic free energies. Its vanishing is due to a precise cancelation
between the two. The basic idea of the membrane paradigm is that from the outside
observer’s viewpoint the black hole is replaced by a membrane. The membrane’s
free energy coincides with the black hole free energy. Its value is given by the on-
shell Gibbons–Hawking term which is κβA

8πGN
= A

4GN
. This is due to the fact that,

for a stationary horizon, extrinsic curvature K = κ . That is, the membrane partition
function is simply e−SBH . We stress that this fixes the numeric coefficient C in (6.79)
to 4. Vanishing of the ‘total free energy’ makes manifest conservation of energy
and other charges: the energy and charges of anything falling through the horizon,
dissipating into the membrane, are provided by the stuff in the outside region.

6.8.2.2 Black Hole Emission in theMembrane Picture
The results of the previous section on black hole entropy and membrane free energy
can be readily combined with the analysis of Sect. 6.6 to give the emission rate of a
black hole. This is due to the fact that, as discussed, in the tunneling picture during
the tunneling, the first law of black hole dynamics is satisfied which is guaranteed
by the on-shell condition used in deriving the semiclassical partition function (6.80).
Therefore, the emission rate from a membrane which is the tunneling rate through
the membrane is given by the ratio of the black hole (membrane) free energies after
and before the emission.

The tunneling analysis of Sect. 6.6 was performed by computing the on-shell
action for a particle pair production at the stretched horizon; it was a quantum particle
analysis on a classical background.Onemay upgrade the same analysis by promoting
the particle theory to a field theory, e.g. a scalar theory (minimally) coupled to the
backgroundwith appropriate boundary terms. The computation of the imaginary part
of the Euclidean path integral for this theory in the stationary phase approximation,
as expected, yields the same result as the tunneling method for particles, see [434]
for more details.
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•> Concluding remarks for the section

As discussed, classical regularity at the stretched horizon for the outside observers
implies that one can excise the inside region and replace it with a membrane that has
its own stress tensor and charge density. These are subject to continuity equations
(like the Navier–Stokes and Joule’s heat equations and Ohm’s law). These physical
properties and themembrane are, in fact, to represent the high-frequency (UV)modes
residing between the horizon and the stretched horizon, which are excised.

We discussed that similar regularity requirements at the semiclassical level can be
imposed through the periodicity of fields in the Euclidean Wick-rotated geometry,
and also through fixing other chemical potentials like horizon angular velocity and
Coulomb potential. This semiclassical regularity yields that the membrane partition
function is e−SBH which suggests that the logarithm of the number of ‘quantum
degrees of freedom’ associated with the membrane, the black hole entropy, is SBH.

One may ask if this semiclassical regularity condition can be a result of a more
quantum regularity condition. Such a ‘quantum regularity’ may arise from integrat-
ing out (tracing over) the part of the density matrix associated with the UV modes,
yielding an entangled density matrix on the cutout (excised) Hilbert space. The
‘classical-quantum correspondence principle’ then implies that the quantum entan-
glement entropy should be equal to the thermodynamics entropy [449,450].We shall
discuss this picture further in Chap.9.

We close this section by noting that the analysis presented here is mainly based
on the ‘old membrane paradigm’, which does not emphasize the Carrollian nature
of the physics at null surfaces (horizons). The ‘new membrane paradigm’, which
is emerging at the time of writing this book and is still in progress, builds upon
Carrollian physics. See, e.g. [444,445,451–453] for some papers in this direction.

6.9 Information Puzzle and Apparent Loss of Unitarity

As discussed in earlier chapters, black holes can classically form with usual GR
dynamics and quite generic matter content. Once semiclassical effects are also con-
sidered, black holes generically Hawking-evaporate their mass and charges into ther-
mal radiation. In the analysis of Sect. 6.6, we showed that considering local back-
reactions due to conservation of energy and other charges within the semiclassical
treatment yields a slight deviation from complete Boltzmann thermal distribution.
Nonetheless, this out-of-thermality remains very small until the very last stages of
the black hole evolution when the black hole becomes very small and hot. But there
is nothing to stop the black hole from evaporating completely, yielding a final state
consisting essentially of thermal radiation. The corresponding Penrose diagram is
shown in Fig. 6.3.

Black hole evaporation has sparked a decades-long discussion about information
loss that is still not over yet. There are different layers and viewpoints to this dis-
cussion, and therefore, various proposals for addressing it. One viewpoint is that
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Fig. 6.3 Penrose diagram of
evaporating black hole in
semiclassical approximation

since black hole evaporation arises in a semiclassical analysis, the resolution of the
issue should also be sought at the same level. Another viewpoint is that, black hole
evaporation is inherently a quantum effect and its resolution is only possible in a
fully-fledged QG setting. A third viewpoint is that black hole evaporation is a deeply
quantum phenomenon and its resolution needs quantum information notions like
entanglement (between the black hole and Hawking radiation and within the Hawk-
ing radiation itself) and its formulation need not necessarily involve QG, which is
presumably best formulated through quantum informatic notions. In this latter view-
point, the information loss issue is viewed as a window toQG. In this part, we discuss
the first, semiclassical, viewpoint, and the QG and quantum information viewpoints
will be left to Sect. 9.2 and Chap.10.

Information loss as seen by the outside observer.An outside observer witnesses
information loss in the following sense [80]: while the initial state forming the black
hole might be pure (e.g. , lots of laser lights shining toward a common center),
the final state after the black hole has evaporated completely is thermal, and hence
appears to be a mixed state. The transition from a pure state to a mixed state is only
possible if the evolution operator is non-unitary. That is, information loss means
non-unitarity in the evolution of black holes.

In this description, we are in a similar situation as when shining a laser on a cold
piece of coal (or burning a book), which also leads to information loss for nearly
all practical purposes. The apparent conversion of a pure initial state to a mixed
final state is the core of the information loss problem for the outside observer. In
the case of a piece of coal, there is universal agreement that information is not lost
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in principle; it is only very hard to retrieve. If one places an array of ultra-sensible
detectors around the piece of coal and collects patiently all photons emitted, one
should be able to eventually find correlations between these photons that show small
deviations from a mixed thermal state and in principle allow to reconstruct the initial
state.

In the case of a black hole, there is an agreement (with a few notable exceptions7 )
that information can be retrieved in principle in essentially the same way as for the
piece of coal [82]. Thus, black holes are thermal states, by which we mean they
are pure states that are exponentially close to mixed states. As long as we probe
black holes only with simple experiments, they will be indistinguishable from a
mixed state and we have information loss for nearly all practical purposes, but no
information loss in principle. So in the end, there is no clashwith quantummechanics
or unitarity—black holes behave precisely like any other quantum system. This
conclusion/assumption was called ‘central dogma’ in [455], which collects evidence
in its favor.

Black hole complementarity. We discussed how an outside observer describes
the information loss issue. One may ask how a free-fall observer describes and for-
mulates the information loss. Within classical GR, the EEP may be used to translate
observations of outside and free-fall observers to each other. Recalling the discus-
sions of earlier sections in this chapter, it is quite natural to expect EEP to be extended
to the semiclassical regime too. In fact, the Unruh effect (cf. Sect. 6.3) is a manifes-
tation of this expectation. A more detailed and careful analysis of this expectation
was formulated as “black hole complementarity” by ’t Hooft [456] and Susskind
[83]: The outside observer, who does not see the inside horizon region, already has
access to all the possible physical observables, just like the free-fall observer. That
is, what these observers see is equivalent, but ‘complementary’ to each other. To be
precise, black hole complementarity, besides the EEP, may be formulated through
three extra postulates [91]:

I. The process of formation and evaporation of a black hole, as viewed by an
outside (distant) observer, can be completely described by a unitary local QFT
the S-matrix of which describes the evolution from infalling matter to outgoing
Hawking-like radiation.

II. Outside the stretched horizon of a massive black hole, physics can be described
as a good approximation by a set of semiclassical field equations.

III. To an outside observer, a black hole appears to be a quantum system with dis-
crete energy levels. The entropy of the black hole in a microcanonical ensemble
description is the logarithm of the dimension of the Hilbert subspace of states
describing the black hole, the black hole microstates.

7 The main counter-argument about the resolution in the main text is inspired by Unruh’s ‘analog
black holes’ [454], which may be interpreted to indicate that black holes are open quantum systems
and hence non-unitarity is not a problem but rather an expected feature of black holes. While this
still is a logical possibility, the scenario mentioned in the main text seems more plausible to most
researchers.
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No cloning theorem. In unitary quantum systems, the no-cloning theorem states
that two identical copies of a generic quantum state cannot be accessed by a single
observer. An immediate issue that arises is the apparent violation of the no-cloning
theorem in black holes. Suppose we have some quantum state falling into the black
hole together with the infalling observer. If the black hole is large enough, the EP
allows to dismiss gravity effects (beyond Newtonian ones) at the scale of the hori-
zon and gives the infalling observer enough time to perform some state tomography
experiments to deduce the infalling quantum state. So far so good. However, accord-
ing to the central dogma above also the outside observer needs to be able to measure
(at least in principle) the infalling quantum state; this observer can interpret the
information about this state to be stored at/outside the black hole horizon. This now
seems to contradict the no-cloning theorem: we need two identical copies of the
infalling quantum state, one that passes the horizon and one that remains on/outside
the horizon.

The resolution of the no-cloning paradox is immediate and by fiat in black hole
complementarity as it states that there is no observer anywhere in spacetime who
has simultaneous access to both copies of the quantum state. Even if true, it is not
obvious that the no-cloning paradox can be avoided, since one can set up gedanken-
experiments with observers falling into black holes, surviving long enough inside
so that they can exit the black hole again and then communicate with the outside
observer so that they both have access to the quantum copies of the infalling quantum
state. It requires precise calculations to show that these apparent paradoxes can be
avoided, see [457].

Firewalls. The status of black hole complementarity was challenged by the fire-
wall paradox [91], whose main argument was that the following three statements
cannot be simultaneously true: 1. Hawking radiation is in a pure state, 2. effective
QFT can be applied slightly inside/outside the horizon, and 3. the EP holds (in par-
ticular, for large black holes there is no ‘drama’ at the event horizon). Giving up the
last assumption leads to firewalls, i.e. , some (UV-)drama at the horizon. A succinct
way of phrasing the essence of the firewall paradox in terms of entanglement prop-
erties appeared already in earlier work by Samir Mathur [458], which we are going
to discuss in Sect. 9.2.

In conclusion, despite more than four decades of dispute, the community has not
reached a final verdict on information loss in evaporating black holes, though it is
fair to say that most of us believe information is not lost. A recent summary of the
status of black hole evaporation, (avoidance of) information loss, and (the absence
of) firewalls is [455].

Further Reading

Some textbooks containing a semiclassical discussionof blackholes and theHawking
effect include the one byMukhanov andWinitzki [459], by Carroll [5], by Frolov and
Novikov [134] by Susskind and Lindesay [135], and the lectures notes by Townsend
[244]. A (semi-)classic textbook is Birrell and Davies [460].
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Exercises

6.1 Variational principle and holographic renormalization in mechanics.
Consider the Hamiltonian H(q, p) = p2/2 + 1/q2 with the bulk action

I [q, p] = ∫ tc
0

( − q ṗ − H(q, p)
)
dt in the limit of infinite tc with the boundary

conditions limtc→∞ δ p �= 0, limtc→∞ q → +∞ and limtc→∞ δq = finite.
(1) Show that one needs to add a ‘Gibbons–Hawking–York’ boundary term qp to

have a Dirichlet boundary value problem where δ p is unconstrained at the boundary.
(2) Show that such an action has no well-defined variational principle and is

infinite on-shell.
(3) Finally, show that subtracting the ‘holographic counterterm’ S(q, t) as bound-

ary contribution to the action solves both of these problems, where S(q, t) is Hamil-
ton’s principal function.

6.2 Boundary conditions can change the physical spectrum.
The simplest examplewhere the title of this exercise is true is the quantummechan-

ics of a free particle on the half-line x ≥ 0. To see this, consider the time-independent
Schrödinger equation −ψ ′′(x) = E ψ(x) and look for bound state solutions, i.e.
normalizable wave-functions ψ(x) with E < 0. For Dirichlet or Neumann bound-
ary conditions you should find no such bound states, confirming naive classical
intuition. However, for Robin boundary conditions ψ(0) + α ψ ′(0) = 0 (with some
positive, finite α) show that there is exactly one bound state with energy E = −1/α2.
Discuss also the limiting cases α → 0 (Dirichlet) and α → ∞ (Neumann).

6.3 Boundary term for null boundaries.
The Gibbons–Hawking–York boundary term (6.12) is constructed to work for a

spacelike or timelike boundary surface. For null boundary surfaces, like asymptotic
null infinite of flat space or black hole horizons, it should be reconsidered. Explore
this problem. See [461,462] for useful references on this question.

6.4 Boundary term for beyond Einstein theories.
The Gibbons–Hawking–York boundary term (6.12) is constructed to work for the

Einstein–Hilbert action.
(1) Construct the appropriate boundary term for f (R) gravity theory, L =√−g f (R) where R is the Ricci scalar. Work out Brown–York quasi-local energy-

momentum tensor for this case.
(2) Construct the appropriate boundary term for D-dimensional Lovelock theory

[463]. Work out the Brown–York quasi-local energy-momentum tensor for this case.
See [8,464–468] for useful references on these questions.
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6.5 Bogoliubov transformation between Rindler and Minkowski modes.
Take the Rindler modes ψ±

k defined in (6.19) and their complex conjugates to
build properly normalized modes χ±

k defined in Minkowski space,

χ±
k = 1√

2 sinh πω
κ

(
e

πω
2κ ψ±

k + e− πω
2κ ψ∓∗

−k

)
. (6.82)

Having derived this result, prove the correctness of the Bogoliubov transformation
(6.23) stated in the main text.

6.6 Euclidean Rindler space.
Take the Rindler metric (6.16) and continue analytically to Euclidean time, τE =

iτ .
(1) Show that thisEuclideanmanifold is smooth only ifEuclidean time is identified

periodically with period 2π/a. To this end, use the ‘polar coordinate’ ρ = eaξ /a.
(2) Show that the Rindler Hamiltonian i∂τ corresponds to the generator of boosts

in the 2d Minkowski space spanned by ξ, t .
(3) Argue that the temperature as seen by accelerated observers at different con-

stant ξ0 values (dotted lines in Fig. 6.1) is Tξ0 = aeaξ0

2π .
(4) The result in (3) above shows that the Unruh temperature is not invariant

under translation in ξ or inρ = eaξ . Show that theUnruh vacuum state is not invariant
under such translation either.Work out how theUnruh vacuum and the corresponding
Bogoliubov transformations change under this translation.

6.7 Surface gravity for generic stationary black holes.
Consider a black hole geometry of the form

ds2 = −N (r , θ)dt2 + dr2

F(r , θ)
+ R2(r , θ)

[
dθ2 + �(r , θ)(dφ + �(r , θ)dt)2

]
,

(6.83)
where N (r , θ), F(r , θ) have simple roots at constant r = rH and other functions
R, �, � are smooth and non-zero functions at rH.

(1) Expand themetric around r = rH and bring themetric to a generic form (6.28).
(2) What are the conditions on N , F functions for having a constant (θ indepen-

dent) κ?
(3) Write the explicit form of κ in terms of the first derivatives of metric functions

with respect to r at rH.
(4) What are functions N , F, R, �, � for a Kerr geometry? Read κ from the

generic formula obtained in item (3) and compare it with the expression for surface
gravity of the Kerr metric.

(5) Bonus level: Repeat the above for the Plebanski–Demianski family of geome-
tries discussed in Sect. 2.7.
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6.8 Hawking radiation as viewed by different observers.
Consider a Kerr black hole of usual parameters m, a.
(1) Argue that the Hawking formula TH = κ/(2π) is the temperature of Hawking

radiation as measured by the asymptotic static observer.
(2) What is the temperature a rotating observer at infinity associates with the

Hawking temperature?
(3) What is the temperature of Hawking radiation as measured by an observer

rotating with angular velocity � (with respect to the asymptotic flat observer) and
sitting at a constant radial coordinate r .

(4) What is the temperature as seen by a freely falling observer as she passes at
radial coordinate r?

6.9 Specific heat of black holes.
Calculate the specific heat of a Schwarzschild black hole and discuss thermody-

namical consequences.

6.10 Boulware vacuum.
Assume that the integration constant T− that determines the asymptotic flux van-

ishes and show that the stress tensor flux components in Kruskal coordinates diverge
on the horizon.

6.11 Background subtraction for Euclidean Schwarzschild.
All three problems mentioned in Sect. 6.5.1 arise already for Schwarzschild black

holes in GR. This exercise is concerned with the first problem, the finiteness of the
Euclidean on-shell action. After convincing yourself that the bulk action trivially
vanishes, show that taking into account the Gibbons–Hawking–York boundary term,
the action diverges in the limit where the boundary approaches the asymptotic bound-
ary. Provide an ad-hoc solution to this problem, known as ‘background subtraction’,
by subtracting the Euclidean action of a reference state, namely globally flat space.
(Alternative solutions, such as holographic renormalization, will be addressed in
later chapters.)

6.12 Parikh–Wilczek method for neutral particle emission off an RN black
hole.

(1) Starting with the RN solution, show that in the Painlevé time it takes the form

ds2 = −
(
1 − 2M

r
+ Q2

r2

)
dt2 + 2

√
2M

r
− Q2

r2
dt dr + dr2 + r2d�2 , (6.84)

(2) Show that the EOM for an outgoing massless particle (a null geodesic) is

ṙ := dr

dt
= +1 −

√
2M

r
− Q2

r2
. (6.85)
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The ‘back-reacted’ path with M → M − E when self-gravitation is included [469].
(3) Show that the imaginary part of the action for a positive energy outgoing

particle is

Im I = Im

+E∫

0

(−dE ′)
rout∫

rin

dr

1 −
√

2(M−E ′)
r − Q2

r2

, (6.86)

which, as discussed in the main text, should be evaluated by deforming the contour
integral E ′ → E ′ − iε prescription.

(4) Show that the above integral has a simple pole at rp = M − E ′ + iε +√
(M − E ′ + iε)2 − Q2 with residue

√
(M − E ′)2 − Q2/r2p, and therefore

Im I = 1

2

+E∫

0

(−dE ′)
TH(M − E ′)

= 1

2

M−E∫

M

dSBH(X) , (6.87)

where

TH(X) := 1

2π

√
X2 − Q2

(X + √
X2 − Q2)2

, (6.88)

is the Hawking temperature of a black hole of mass X and charge Q, and in the
second equality in (6.87), we have used the first law, which, for cases involving
vanishing charge variation, becomes dX = TH(X) dSBH(X), with SBH(X) being the
BH entropy of an RN black hole of mass X and charge Q.

Equation (6.87) makes it apparent that, during the tunneling, we allow variation
in the temperature, along with the change in the energy, but such that the first law
holds. This is, in fact, the essence of the Parikh–Wilczek tunneling method, recalling
that the first law is nothing but conservation of the energy.

(5) Finally, compute the tunneling probability for the neutral particles of energy
E and show it is

�(E) ∼ e−2 Im I e+�SBH (6.89)

where

�SBH = SBH(M − E, Q) − SBH(M, Q), SBH(M, Q) = π(M +
√
M2 − Q2)2.

(6.90)

(6) To see the appearance of a Boltzmann factor and deviations from it, study
E � M, Q expansion in �SBH,

�SBH = −∂SBH
∂M

E + 1

2

∂2SBH
∂2M

E2 + O(E3) = −βE + γ E2 + O(E3), (6.91)
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where

β = 2SBH√
M2 − Q2

, γ = β2

4S2BH

(
4SBH −

√
4S2BH − β2Q2

)
. (6.92)

The above expansion is only valid in the regime SBH � βQ/2, where γ is strictly
positive.

(7) Argue that the
√
M2 − Q2 in the transition rate is a manifestation of the third

law of black hole thermodynamics, see Exercise 6.14 for further analysis in the
extremal M = Q limit.

6.13 More on Parikh–Wilczek Tunneling method for charged particles.
Charged black holes emit predominantly charged particles of the same sign. These

particles, despite the Coulomb repulsion, still feel a potential barrier and need to tun-
nel. Considering charged emissions brings about two new features: (1) The particles
are now moving on a curve that is not a (null) geodesic due to the presence of the
Lorentz force; (2) The Painlevé–Parikh–Wilczek vacuum state should be chosen
such that it breaks charge conjugation invariance (as well as the time-reversal). In
this exercise, we take the reader through the respective analysis.

Recall that the horizon of a charged black hole is an equipotential surface, a
conducting sphere of radius rH and charge Q. The electric field energy can be lowered
by emitting a shell of charge q .

(1) Show, using the method of images, the effective potential for the system when
the charge q is at radius r is

V (r) = q

(
Q − q

r
− qrH

r2 − r2
H

)
, (6.93)

where we consider configurations of image charge which leave the potential on the
sphere constant and the field at infinity fixed. The second term, which is attractive,
dominates over the first term in the near horizon limit producing an electric potential
barrier. In the gravitational problem, the situation is just the reverse. With back-
reaction neglected, there is nothing but the gravitational barrier which is overcome
by the fact that the horizon is a constant-temperature surface and ‘almost thermal’
fluctuations provide the possibility of the emission.

The above potential analysis can be useful in extending the neutral emission
analysis to charged cases, e.g. we first note that the first term in (6.93) at the horizon
is q�H(Q − q).

(2) Work out the equation for the path of a particle of charge q in metric (6.84).
(3)By an appropriate choice of the vacuum state,work out the tunneling amplitude

and show

�(E, q) ∼ e−2 Im Se+�SBH �SBH = SBH(M − E, Q − q) − SBH(M, Q).

(6.94)
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with SBH(M, Q) = π(M + √
M2 − Q2)2, as the probability of emission of shells

of energy E and charge q , which we assume q ≥ 0. The above makes it manifest the
energy and charge conservations and that the first law is always holding along the
way while the tunneling happens.

(4)Compare the tunneling rate of a black hole ofmassM and charge Q to complete
radiation when it radiates off its entire mass and charge to the case where it radiates
down to an extremal black hole of charge q < Q. Note that this latter is in principle
a function of q , for which q is the rate maximized.

See [470] for more details.

6.14 Tunneling from and to extremality?
In the previous exercise, we established how the charge and mass of a black hole

can be reduced through tunneling.
(1) Consider the neutral emission rate (6.89). What is the tunneling rate of an

extremal black hole? What is the tunneling rate of charged particles (6.94) from an
extremal black hole? Draw �(E, q), for which E, q (6.94) is maximized.

(2) Given (6.94), explore the tunneling rate from a generic non-extremal black
hole to an extremal one.

(3) Show that SBH(M − E, Q − q) > SBH(M, Q). As 0 ≤ E ≤ M , argue that
the tunneling can proceed until M − E ≥ Q − q . That is, the extremality bound can
never be crossed. On the other hand, as 0 ≤ q ≤ Q, show that

2qQ − q2

2(M + √
M2 − Q2)

< E ≤ M − Q + q, 0 ≤ q ≤ Q. (6.95)

Therefore, for neutral emission (q = 0), 0 < E ≤ M − Q while for the case where

all the charge is radiated off (q = Q), Q2

2(M+
√

M2−Q2)
< E ≤ M . In particular, we

note that if the black hole is initially extremal M = Q, 2qQ−q2

4Q < E ≤ q .
(4) Studynear extremal behavior of (6.94), i.e.whenM − Q = � << Q. Discuss

the E/� � 1 case. Is the spectrum nearly thermal?

6.15 Parikh–Wilczek tunneling method for other black holes.
(1) Work through the Parikh–Wilczek method for asymptotic AdS black holes,

e.g. for AdS-Schwarzschild. You may consult with [471].
(2)Work out the Parikh–Wilczek tunnelingmethod for stationary KN black holes.

You may consult with [472,473].

6.16 Parikh–Wilczek method and emission of particles of various spins.
Explore how the tunneling method works for vector (spin one) and Dirac (spin

1/2) particles; see [470] for hints and comments.

6.17 Life-time of a rotating black hole.
Consider a Kerr black hole of mass M and angular momentum J = Ma. Use

the fact that a rotating black hole is a thermal system at a given temperature and
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(rotation/spin) chemical potential, as governed by the first law, and compute its
lifetime. Compare this with the lifetime of a Schwarzschild black hole of the same
mass.

6.18 Parikh–Wilczek correction to the black hole lifetime.
Starting from (6.69) for aSchwarzchild blackhole, compute the blackhole lifetime

and compare it with (6.77).

6.19 Lower mass bound for primordial black holes.
Suppose that the early universe provides us with a mechanism to produce all sorts

of black holes in a wide range of mass M and angular momentum J = Ma. Find
the parameter space (M, a) of such PBHs which have a lifetime more than the age
of the universe, about 13.8 billion years.

Bonus level: Note that, in the real world, we have the cosmic microwave back-
ground radiation at a given temperature TCMB and a black hole can Hawking-radiate
if its temperature ismore than the cosmicmicrowave background temperature. Refine
the above analysis considering the thermal history of the universe and its temperature
as a function of cosmic time. The PBHs if light and long-lived enough can act like
dark matter candidates.

6.20 Membrane partition function when things fall into the black hole.
As discussed, membrane partition function for stationary black holes is nothing

but e−SBH . For non-stationary cases, one would expect this to give the change in
the entropy of the black hole as things fall into it. Using the fact that, for non-
stationary black holes, the extrinsic curvature also includes a term for the expansion
of the horizon, K = κ + θ , calculate the entropy of the system asmatter falls into the
membrane in a nonequilibrium process. For this computation, assume ‘instantaneous
thermalization’ i.e. instantaneous growth of the horizon and hence its entropy.

6.21 Gibbons–Hawking method for stationary charged black holes.
In Sect. 6.5.1, we discussed the derivation of free energy and entropy for static

black holes using the Euclidean path integral method. Extend this analysis to the
black holes of the KN family with angular momentum and charge(s). To this end,
work out the bulk and horizon and asymptotic boundary on-shell actions for the
KN solution and carefully study near horizon and asymptotic values of the bulk
Lagrangian as well as the boundary Gibbons–Hawking and Maxwell contributions
given in (H.3). The Ricci scalar in the bulk and boundary Maxwell terms vanish and
give no contribution. The relevant bulk and boundary terms are hence the Maxwell
and Gibbons–Hawking–York terms.

This extension should lead to the partition function that now depends on more
parameters, Z = Z(T , �, �, . . . ), where �,� are angular rotation and electro-
static potential of the black hole and the ellipsis denotes further possible parameters.
A technical issue is that mixed terms in the metric dt dϕ produce unwanted factors of
i after Euclidean continuation. The simplest remedy is to multiply also the angular
momentum by compensating factors of i .
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6.22 Membrane paradigm and non-stationary black holes.
Recall that according to themembrane paradigm, there is amembrane that encodes

all the physics inside the (stretched) horizon, and that the stretched horizon is a
regulated version of the causal boundary of the outside observers. This membrane
picture can be extended to the non-stationary black holes, e.g. those in the sky which
accrete matter. In these cases, the horizon is typically a timelike surface and one
need not consider the stretched horizon to ‘regularize’ the problem. In this sense, the
membrane paradigm should work for these even more naturally.

Consider a charged Vaidya black hole

ds2 = −
(
1 − 2M(u)

r
+ Q2(u)

r2

)
du2 − 2 du dr + r2

(
dθ2 + sin2 θdφ2) ,

(6.96)
where M(u), Q(u) are, respectively, the Bondi mass and electric charge measured at
future null infinity. The above is a solution to Einstein–Maxwell-matter theory with

Tuu = 1

8πr2

[(
1 − 2M(u)

r
+ Q2(u)

r2

)
Q2(u)

r2
+ 1

r

∂Q2(u)

∂u
− 2

∂M(u)

∂u

]
.

(6.97)
M(u), Q(u) are arbitrary functions of u.

Consider the special case

M(u) = (au + b)�(u0 − u) , Q(u) = ηM(u) , (6.98)

where a < 0 and |η| ≤ 1, with |η| = 1 at extremality.
(1) Read the membrane stress tensor and electric current.
(2) Work out the Navier–Stokes, Joule’s heat transfer, and the electric current

continuity for the membrane fluid.
(3) Compute the Euclidean path integral (partition function) for the membrane.
(4) Compute the emission rate and study its time (u) dependence.
More details may be found in [434].

6.23 A pure state cannot unitarily evolve to a mixed state.
Let U (t1, t2) be the evolution operator from time t1 to t2. Suppose that at t1, a

system is in a pure state, i.e. its density matrix ρ(t1) has an eigenvalue one and the
rest of its eigenvalues are zero. Show that the density matrix at t2, ρ(t2), obtained by
a unitary evolution U (t1, t2)† = U (t1, t2)−1, is necessarily a pure state.

Conversely, show that if ρ(t2) is a mixed state can only be obtained from a pure
state through a non-unitary evolution operator U (t1, t2).



7Gravity andBlackHoles inDiverse
Dimensions

Abstract

Gravity in dimensions other than four is often used as a playground to explore
theoretical issues and (quantum) aspects of black holes. In Sect. 7.1, we provide
the rationale for studying black holes in lower dimensions. Sections 7.2 and 7.3
are devoted, respectively, to gravity in three and two spacetime dimensions. Black
holes in higher dimensions provide a setup to explore how classical theorems like
topology and uniqueness theorems work, and we study them in Sect. 7.4. Higher-
dimensional gravity theories are closely related to string theory and allow for
black rings, strings, and branes, which we construct and explore in Sect. 7.5. In
Sect. 7.6 we briefly discuss black holes in a large number of dimensions.

7.1 Why Gravity in Lower Dimensions?

Our macroscopic world has three spatial and one time dimensions, while UV com-
pletions of GR, such as string theory, may require additional dimensions. So why
study lower-dimensional gravity?

The answer is foremost technical simplicity while maintaining conceptual com-
plexity. For instance, various puzzles associated with semiclassical or quantum
aspects of black holes (microstates and entropy, evaporation and unitarity, entangle-
ment, smoothness of interior region, holographic aspects, etc.) arise independently
of the dimension. If they can be solved in a technically more manageable framework,
such as in lower-dimensional gravity, we may learn valuable lessons regarding semi-
classical or quantum aspects of black holes that are independent of the dimension.1

How low can we go? If we want to keep the defining property of a black hole,
a horizon, then we need at least one spatial and one time dimension. Thus, the
lowest possible dimension for black hole toy models is two. If additionally, we

1 Some additional motivation for studying gravity in two dimensions stems from the conjecture that
at small distances gravity is effectively 2-dimensional, see [474] and refs. therein.
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want our underlying gravity theory to be GR then two dimensions are too low since
the Einstein tensor vanishes kinematically for any 2-dimensional metric. Thus, the
lowest possible dimension for black hole toy models based on GR is three. We start
with the latter case. Nonetheless, if we go beyond Einstein gravity, e.g. by adding a
scalar and possibly other fields, gravity in two dimensions can become dynamically
non-trivial. We discuss this case afterward.

7.2 Gravity in Three Dimensions

The 3-dimensional Einstein–Hilbert action

IEH[gμν] = 1

16πG

∫
d3x

√−g
(
R − 2�

)
(7.1)

leads to a theory that has no local physical degree of freedom, so a first impulse
may be to dismiss the theory as trivial. This local triviality extends to geometry: the
Einstein equations determine the Ricci-tensor in terms of the metric, and since the
Weyl-tensor vanishes in three dimensions also the Riemann-tensor is determined in
terms of the metric. In fact, all solutions to the Einstein equations

Rμν − 1

2
gμνR + �gμν = 0 (7.2)

are locally flat or (A)dS3, depending on the sign of the cosmological constant �.
Another line of thought comes to the opposite conclusion, namely that the theory

is so complicated that it does not even exist: TheNewton constantGN has a dimension
of length, so like in higher spacetime dimensions 3-dimensional Einstein gravity is
power counting non-renormalizable.

Both considerations are too naive. Let us start dispelling the triviality argument.
While it is true that locally the theory is trivial, solutions can have non-trivial global
properties, such as black hole event horizons, and physical charges like mass or
angular momentum. Moreover, the physical phase space (or its quantum mechani-
cal Hilbert space version) can be non-trivial, despite the absence of local physical
excitations.

The non-existence result is harder to dismiss completely—we do not know for
which values of the coupling constants (if any) Einstein gravity exists as a fully-
fledged quantum theory—but it is at least possible to dismiss the naive argument
above. The main point is that the Riemann tensor (even off-shell) is determined
by the Ricci-tensor, which in turn is (on-shell) determined by the metric so that
any possible counterterm or divergence can be absorbed by field redefinitions and
renormalization of the cosmological constant.

So rather than using naive arguments in one way or another let us focus on actual
calculations in the remainder of this section. For further reading on 3d gravity, one
may consult [475].
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7.2.1 BTZ Black Holes and Bañados Geometries

We focus on Einstein gravity with negative cosmological constant, � = −1/�2,
where � is the AdS3 radius. In 1992 it came as a surprise that this theory allows for
black hole solutions.

•> BTZ solution [476,477]

Maximo Bañados, Claudio Teitelboim [Bunster] and Jorge Zanelli (BTZ) showed
that the metric (ϕ ∼ ϕ + 2π )

ds2BTZ = − (r2 − r2+)(r2 − r2−)

�2r2
dt2 + �2r2 dr2

(r2 − r2+)(r2 − r2−)
+ r2

(
dϕ − r+r−

�r2
dt

)2
(7.3)

solves the Einstein equations (7.2) with � = −1/�2. For r+ ≥ r− ≥ 0 the locus
r = r+ (r = r−) is the outer (inner) horizon of a rotating black hole. Together with
Henneaux they constructed the solutions above as quotients of AdS3 that avoid
singularities (such as CTCs) in the whole spacetime region r ≥ r+.

Here are the main physical properties of BTZ black holes (7.3):

• locally AdS3: Rμν = − 2
�2

gμν

• up to two Killing horizons: event horizon at r = r+ and inner horizon at r = r−
• rotation: black hole horizon rotates with angular rotation parameter �BTZ = r−

�r+• mass and angular momentum: using methods discussed in Sect. 5.1,

MBTZ = r2+ + r2−
8�2GN

, JBTZ = r+r−
4�GN

(7.4)

• temperature and entropy of the BTZ event horizon are given by

TBTZ = r2+ − r2−
2πr+�2

, SBTZ = πr+
2GN

(7.5)

• With the above one may readily verify the first law and Smarr relations

TBTZδSBTZ = δMBTZ − �BTZδJBTZ ,
1

2
TBTZSBTZ = MBTZ − �BTZ JBTZ

(7.6)
• extremal BTZ: confluent horizons, r− → r+, have vanishing surface gravity and

equal mass and angular momentum, �2M2
BTZ = J 2BTZ.

Analytic continuation to imaginary values of r+ leads to new solutions that are
not black holes. Choosing r+ = i� ν with ν ∈ (0, 1) and r− = 0 leads to geometries
without horizons, butwith conical singularities at the origin r = 0. The conical deficit
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angle is given by 1 − ν. Conical deficits describe particles in AdS3, so the physical
interpretation of these geometries is that they are not quite vacuum geometries but
rather have a particle located at the origin. Inserting r+ = i� and r− = 0 into the
metric (7.3) yields global AdS3.

All the geometries above are special cases of the class of Bañados geometries
[478], which are solutions to the Einstein equations (7.2) with � = −1/�2 labelled
by two arbitrary functions L±(x±).

ds2 = dρ2 −
(
e2ρ/� + e−2ρ/�L+(x+)L−(x−)

)
dx+ dx−

+ L+(x+)
(
dx+)2 + L−(x−)

(
dx−)2

, x± = t ± �ϕ (7.7)

For constant L± the BTZ solutions (7.3) are recovered with L+ + L− = (r2+ +
r2−)/(2�2) and L+ − L− = r+r−/�2 upon redefining the radial coordinate suitably
[479]. The Bañados geometries (7.7) have two globally defined Killing vectors,
generically one timelike and one spacelike. There are black holes in the family of
these geometries for which one of these Killing vectors becomes null at the horizon
[480].

7.2.2 Chern–Simons Formulation

Reformulating gravity as a gauge theory brings several technical and conceptual
advantages since gauge theories are typically simpler than gravity theories. Three-
dimensional gravity has a gauge theoretic formulation of Chern–Simons (CS) type.

•> Chern–Simons formulation of AdS3 Einstein gravity [481,482]

Ana Achúcarro and Paul Townsend showed in 1986 that AdS3 Einstein gravity can
be reformulated as CS gauge theory with action

ICS[A±] = k

4π

∫
〈A+ ∧ dA+ + 2

3 A+ ∧ A+ ∧ A+〉 − k

4π

∫
〈A− ∧ dA− + 2

3 A− ∧ A− ∧ A−〉
(7.8)

with CS level given by

k = �

4GN

(7.9)

and sl(2, R) connections A± = Aa ±La with a = 0,±1. In the standard basis where
the sl(2) generators obey the commutation relations [La, Lb] = (a − b) La+b the
(non-degenerate) bilinear form is defined by its non-zero entries 〈L1 L−1〉 = −1
and 〈L0 L0〉 = 1

2 . The relation between the connection 1-forms Aa ± and the Cartan
variables reads Aa ± = 1

2 εabcωbc ± 1
�
ea . The field equations imply gauge-flatness,

F± = dA± + A± ∧ A± = 0, which in Cartan variables translates to the conditions
of vanishing torsion and constant curvature.
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The metric is recovered from the relations

gμν = �2

2
〈(A+

μ − A−
μ)(A+

ν − A−
ν )〉 . (7.10)

As an example let us recover in the CS formulation the solutions corresponding to the
Bañados geometries (7.7). Quite generally, a convenient ansatz for the connection
that separates the radial dependence from the dependence of boundary coordinates
is given by

A± = b−1± (ρ)

(
d+a±(x+, x−)

)
b±(ρ) . (7.11)

Picking the group elements b± = e±ρ/� L0 and choosing the boundary connections
in so-called highest weight gauge

a± = ±(
L±1 − L±(x±) L∓1

) dx±

�
(7.12)

recoverstheBañadosgeometries(7.7)usingtheexpressionforthemetric(7.10)together
with the Baker–Campbell–Hausdorff formula eρ/�L0L±1e−ρ/�L0 = e∓ρ/�L±1.

7.2.3 Canonical Boundary Charges

Applying the general results on canonical boundary charges summarized in Sect. 5.1
to the CS theory (7.8) is straightforward. For concreteness we assume that the CS
theory is defined on a cylinder, since this captures most cases of interest, including
AdS3 gravity.

•> Canonical boundary charges in CS theories

The CS theory (7.8) has two towers of canonical boundary charges

δQ[ε+, ε−] = k

2π

∮
〈ε+ δA+〉 − k

2π

∮
〈ε− δA−〉 . (7.13)

The integral is performed over the boundary S1 of the cylinder on which the CS
theory is defined. The parameters ε± comprise all boundary condition preserving
transformations,

δε± A± = dε± + [A±, ε±] = O(δA±) (7.14)

where δA are gauge connection fluctuations allowed by the boundary conditions.

Whether or not the canonical boundary charges (7.13) are finite, non-trivial, inte-
grable and/or conserved depends on the precise boundary conditions. The class of
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choices (7.11) with δb± = 0 defining ε̂± = b±ε±b−1± always lead to finite charges
since the radial dependence drops out from the general expression (7.13),

δQ[ε̂+, ε̂−] = k

2π

∮
〈ε̂+ δa+〉 − k

2π

∮
〈ε̂− δa−〉 (7.15)

which now only contains the boundary connections a±. This is a considerable sim-
plification and reduces the amount of guesswork one has to make when trying to
invent novel boundary conditions. Gauge transformations acting on the boundary
connections simplify to

δε̂±a± = dε̂± + [a±, ε±] . (7.16)

Varying within the phase space of Bañados geometries is achieved imposing
Brown–Henneaux boundary conditions [483]. The configuration (7.11)–(7.12) is
their CS equivalent and implies

δa± = ∓δL±(x±) L∓1
dx±

�
(7.17)

for the allowed variations of the gauge connection. We study now the associated
canonical boundary charges (7.15). The boundary conditions are preserved by

ε̂± = λ±(x±) L±1 − �λ±(x±)′ L0 + (
�2

2 λ±(x±)′′ − L±(x±)λ±(x±)
)
L∓1 .

(7.18)
This means there are two free functions, λ±(x±), parametrizing all allowed asymp-
totic symmetries and hence two towers of associated canonical boundary charges.

Plugging (7.17) and (7.18) into the variation of the charges (7.15) and integrating
them in field space yields

Q[λ+, λ−] = k

2π

∮
λ+ L+ dϕ − k

2π

∮
λ− L− dϕ . (7.19)

Under boundary condition preserving transformations (7.16), (7.18) the state-
dependent functions transform with infinitesimal Schwarzian derivatives,

± 1

�
δλ±L± = L ′±λ± + 2L± λ± ′ − �2

2
λ± ′′′ . (7.20)

•> Conformal symmetries and Brown–Henneaux central charge

The general discussion of canonical boundary charges in Sect. 5.1 applied to the
present case yields the asymptotic symmetry algebra

{Q±[λ±
1 ], Q±[λ±

2 ]} = Q±[λ± ′
1 λ±

2 − λ± ′
2 λ±

1 ] − k

4π

∮
λ± ′′′
1 λ2 dϕ (7.21)
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This result implies that the physical phase space of Einstein gravity with Brown–
Henneaux boundary conditions is given by two copies of the Virasoro algebra, which
is the conformal algebra in two dimensions. This statement is most explicit when
introducing Fourier modes, L±

n := Q[ieinx±],

i{L±
n , L±

m} = (n − m) L±
n+m + k

2
n3 δn+m, 0 = (n − m) L±

n+m + cBH
12

n3 δn+m, 0 .

(7.22)
The Brown–Henneaux central charges can be read off from (7.22):

c±
BH = 6k = 3�

2GN

(7.23)

The results above provide a precursor of the AdS3/CFT2 correspondence dis-
cussed in the next Chap.8.

7.2.4 Alternative Boundary Conditions to Brown–Henneaux

The Brown–Henneaux boundary conditions (7.11)–(7.12) appear naturally in AdS3
Einstein gravity but are not the only possibility. Indeed, Geoffrey Compère, Wei
Song, and Andrew Strominger provided alternative boundary conditions that do not
lead to two copies of the Virasoro algebra as asymptotic symmetries, but instead, a
single Virasoro algebra plus a u(1) current algebra [484]. Several other alternative
boundary conditions were proposed since then, in some cases with up to four towers
of canonical boundary charges [485,486].

The loosest set of boundary conditions, in the sense of providing the largest num-
ber (namely six) of independent towers of canonical boundary charges, was provided
in [487]. In CS formulation using the ansatz (7.11) these boundary conditions are
defined by the choices

a± =
1∑

n=−1

(
μ±
n (t, ϕ) dt + L±

n (t, ϕ) dϕ
)
Ln (7.24)

and, for instance, b = exp(L−1) exp(ρ/� L0), where it is assumed that all chemical
potentials are arbitrary but fixed, δμ±

n = 0, while the remaining functions character-
ize the physical state and are allowed to vary, δL±

n �= 0. The asymptotic symmetries
induced by the choice (7.24) are two sl(2, R) current algebras.

All other boundary conditions are either special cases of (7.24) (e.g. fixing some of
the functions L±

n to be zero or constant) or deformations where the chemical poten-
tials are assumed to be state-dependent. See for example [488,489] for a Korteweg–
de Vries-type of deformation of Brown–Henneaux boundary conditions.

Which of these boundary conditions one should impose depends, as usual, on the
precise physical questions one is asking.
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7.2.5 Beyond AdS3 Einstein Gravity

While AdS3 Einstein gravity has many nice features, there are good motivations to
go beyond. We mention now some of them:

• Vanishing or positive cosmological constant.

Setting the cosmological constant to zero in (7.1) allows for a discussion along
the lines above. In fact, many statements and formulas can be recovered from this
discussion by taking the limit of infinite AdS-radius, � → ∞. We just provide two
examples. Taking the limit � → ∞ with fixed r̂+ = r+/� of the BTZ black hole
(7.3) yields flat space solutions that are regular on and outside the remaining horizon
r = r−.

ds2FSC = r̂2+
(
1 − r2−

r2
)
dt2 − dr2

r̂2+
(
1 − r2−

r2
) + r2

(
dϕ − r̂+r−

r2
dt

)2 (7.25)

These solutions are known as “flat space cosmologies” since they describe cosmo-
logical solutions that are locally flat [490] (note that r is now the time coordinate).
Much like BTZ black holes, these solutions are orbifolds (of flat space). For the sec-
ond example we take the asymptotic Virasoro symmetry generators L±

n from (7.22)
and linearly combine them as Ln = L+

n − L−−n , Mn = (L+
n + L−−n)/� before taking

the limit � → ∞. This is an example of an İnönü–Wigner contraction and yields
the so-called BMS3 algebra [491] (named after Bondi, van der Burgh, Matzner and
Sachs [115,116]) with central charge cM = 3/GN [492].

i{Ln, Lm} = (n − m) Ln+m i{Mn, Mm} = 0 (7.26a)

i{Ln, Mm} = (n − m) Mn+m + cM
12

n3 δn+m, 0 (7.26b)

For positive cosmological constant, solutions are locally dS3, which could
provide a useful toy model for cosmology. See [493] for some discussions of dS3
Einstein gravity.

• Conformal gravity.

Gravity models with more symmetries than diffeomorphisms are sometimes con-
sidered as toy models or candidates for UV completions, since it can be possible to
gauge away, for instance, curvature singularities. Conformal gravity in particular is
a gravity model that is invariant under local Weyl rescalings of the metric

gμν(x
λ) → g̃μν(x

λ) = e2�(xλ) gμν(x
λ) (7.27)

with some Weyl factor �(xλ). In three dimensions the three-derivative action

ICG[gμν] = k

4π

∫
d3x ελμν�ρ

λσ

(
∂μ�σ

ρν + 2
3 �σ

μτ�
τ
νρ

)
(7.28)
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is both diffeomorphism- andWeyl-invariant, as can be checked easily from theWeyl-
transformation formula for the Christoffel connection, �̃λ

μν = �λ
μν + δλ

μ∂ν� +
δλ
ν ∂μ� − gμνgλσ ∂σ �. The EOM descending from the action (7.28)

Cμν := εμ
αβ∇α

(
Rβν − 1

4 gβνR
) = 0 (7.29)

imply the vanishing of the Cotton tensor Cμν and hence local conformal flatness.
Despite of the fact that the conformal gravity action (7.28) and the EOM (7.29)
contain three derivatives of the metric there is no local physical degree of freedom
due to the additional Weyl symmetry (7.27).

Variousways of imposing (generalizations of) Brown–Henneaux boundary condi-
tions, as well as earlier literature on conformal gravity, are summarized in [494].

• Topologically massive gravity.

StanleyDeser, Roman Jackiw and StephenTempleton discovered a 3-dimensional
gravity theory that propagates (massive) gravitons [495,496]. Its action is the sum
of the Einstein–Hilbert action (7.1) and the conformal gravity action (7.28). It may
seem curious that the addition of two actions, none of which propagates any phys-
ical degrees of freedom, leads to a physical degree of freedom. There is a simple
explanation: adding both actions means the theory is no longer Weyl invariant, but
still contains three derivatives. The EOM

Rμν − 1
2 gμνR + �gμν + 1

μ
Cμν = 0

1

μ
:= 8kGN (7.30)

allow for all solutions of Einstein gravity, but contain additional solutions that are not
locally (A)dS or locally flat, such as warped, Schrödinger or Lifshitz solutions, see
for instance [497,498]. Linearizing around some maximally symmetric background
yields graviton fluctuations whose mass is given by μ.

There are numerous other possibilities for gravitons to acquire mass through
higher derivative interactions, see for instance [499].

• Higher spin gravity.

The reformulation of Einstein gravity as CS theory allows a natural generalization
to higher rank gauge groups, for instance generalizing sl(2) to sl(N ). Such theories
have an interpretation as higher spin theories [500,501] and can provide useful toy
models for Vasiliev higher spin gravity [502,503].

7.3 Gravity in Two Dimensions

Since any 2-dimensional metric trivially obeys the Einstein equations, Rμν =
1
2 gμνR, they convey no useful information. Thus, Einstein gravity ceases to make
sense in two dimensions. The next-simplest theory is a scalar-tensor theory, also
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known as dilaton gravity (or sometimes “quintessence”), whose field content com-
prises the dilaton X and the metric gμν . Two-dimensional dilaton gravity arises in
numerous ways: from higher curvature/torsion theories, from symmetry reductions
of higher-dimensional gravity theories, in non-critical string theory, and as toy mod-
els for various aspects of classical and quantum black holes.

There are many formal similarities between 2-dimensional dilaton gravity and 3-
dimensional Einstein gravity: both theories are locally trivial but globally non-trivial,
have no local physical degree of freedom, and allow for a convenient reformulation as
a gauge theory. Themain difference between these theories is that Einstein gravity has
only one essential free parameter, the cosmological constant, while dilaton gravity
has two free functions characterizing its classical properties.

We start with the historically first dilaton gravity model, the Jackiw–Teitelboim
(JT) model, before addressing generic dilaton gravity models, their gauge theoretic
formulation, and how to obtain all classical solutions, locally and globally.

7.3.1 Jackiw–TeitelboimModel

The JT action [504,505]

IJT[X , gμν] = 1

16πG

∫
d2x

√−g X
(
R − 2λ

)
(7.31)

leads to constant curvature solutions, R = 2λ, as can be seen by varying with respect
to the dilaton X . For negative λ solutions are locally AdS2 and have sl(2, R) isome-
tries. Comparing with the situation in 3-dimensional Einstein gravity it is suggestive
that there could be a gauge theoretic formulation of the JTmodel based on an sl(2, R)

connection.
This is indeed the case: the non-abelian BF-action (see e.g. [506] for a review of

topological QFTs, including BF-theories)

IBF[X, A] = k

2π

∫
〈X (

dA + A ∧ A
)〉 (7.32)

reproduces the JT model [507] by choosing the coadjoint scalar X = Xa La and the
connection A = Aa

μLa dxμ to be sl(2)-valued, [La, Lb] = (a − b) La+b, a, b =
0,±1. The field equations establish gauge-flatness, which translates into the geo-
metric conditions of vanishing torsion and constant (negative) curvature.

7.3.2 Generic Dilaton Gravity

Abovewewere terse since in the followingwe are considering generic dilaton gravity
theories, their gauge theoretic formulation, and classical solutions; the JTmodel then
arises as one particular choice in theory space.
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Table 7.1 Selected dilaton gravity models, their kinetic potentials U (X) and potentials V (X)

Model U (X) V (X)

1. Schwarzschild (1916) 1
2X 1

2. JT (1984) 0 X

3. Witten (1991) 1
X X

4. CGHS (1992) 0 1

5. (A)dS2 ground state (1994) a
X X

6. Rindler ground state (1996) a
X Xa

7. Black Hole attractor (2003) 0 X−1

8. TangherliniD (1963) D−3
(D−2)X X (D−4)/(D−2)

9. All above: ab-family (1997) a
X Xa+b

10. Liouville gravity (1981) a eαX

11. RN (1916) 1
2X 1 − Q2

X

12. Kottler (1918) 1
2X 1 + �X

13. Katanaev–Volovich (1986) α X2 + �

14. BTZ/Achucarro-Ortiz
(1993)

0 �X − Q2

X + J
X3

15. KK reduced CS (2003) 0 1
2 X(X2 − c)

16. KK red. conf. flat (2006) 1
2 tanh (X/2) sinh X

17. 2D type 0A string Black
Hole (2003)

1
X X − q2

4π

•> Second order action for generic 2-dimensional dilaton gravity

Generic dilaton gravity is described by the (power-counting renormalizable) action

IGDG[X , gμν] = 1

16πG

∫
d2x

√−g
(
XR −U (X)(∂X)2 − 2λ V (X)

) + Im

(7.33)
depending on two arbitrary functions, the kinetic function U (X) and the potential
V (X) (made dimensionless by pulling out a factor 2λ, so that e.g. VJT = X ). A third
possible function multiplying the Ricci scalar can be redefined to be the dilaton X .
We have also allowed for the possibility of some matter contribution Im . A list of
specific models is contained in Table 7.1.

The EOM (Tμν = 2√−g
δ Im
δgμν and T̂ = 2√−g

δ Im
δX )

R +U ′(∂X)2 + 2U∇2X − 2λV ′ = −8πG T̂
(7.34a)

∇μ∇νX − gμν ∇2X +U (∂μX)(∂νX) − 1
2 gμνU (∂X)2 − λgμνV = 8πG Tμν

(7.34b)
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in the absence of matter allow for two classes of solutions: constant and linear dilaton
vacua. We discuss here the former and postpone a discussion of the latter until after
the gauge theoretic formulation.

Constant dilaton vacua have X = X0 = const. The second (7.34) yields the condi-
tionV (X0) = 0,while thefirst one shows that curvature is constant for such solutions,
R = 2λV ′(X0). Thus, constant dilaton vacua exist only if V (X0) = 0 has solutions;
they yield metrics that are either locally flat or (A)dS2.

7.3.3 GaugeTheoretic Formulation

As discussed above, the JT model can be reformulated as a BF-type of gauge theory.
What about generic dilaton gravitymodels? They allow a reformulation as non-linear
gauge theories [508,509] known as Poisson-sigma model [510]. Given a set of target
space coordinates X I , connection 1-forms AI and a Poisson tensor P I J (XK ) =
−P J I (XK ) obeying the non-linear Jacobi identities

P I L∂L P
JK + P JL∂L P

K I + PKL∂L P
I J = 0 (7.35)

a Poisson-sigma model is described by the 2-dimensional bulk action

IPSM[X I , AI ] = k

2π

∫ (
X I dAI + 1

2 P I J (XK ) AI ∧ AJ

)
(7.36)

that is invariant under gauge transformations

δεX
I + P I J εJ = 0 δεAI = dεI + (

∂I P
J K )

AJ εK (7.37)

which are abelian for constant P I J , of Yang–Mills type for P I J linear in the target
space coordinates and non-linear otherwise. The EOMderived from the action (7.36)
are first order in derivatives

dX I + P I J AJ = 0 dAI + 1
2

(
∂I P

J K )
AJ ∧ AK = 0 (7.38)

and allow for a simple class of solutions where all target space coordinates are
constant, X I = X̄ I = const.,

P I J (X̄ k) = 0 dAI + f I
J K AJ ∧ AK = 0 (7.39)

where f I J K = 1
2

(
∂I P J K

)
are constants. Generic solutions have non-constant target

space coordinates.
Dilaton gravity emerges by choosing the coupling constant k = 1/(4G), target

space coordinates X I = (X , Xa), connections AI = (ω, ea), and Poisson tensor

PXa = εabX
b Pab = εab

(
λ V (X) + 1

2 XaXaU (X)
)

(7.40)
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where εab is the Levi–Civitá symbol andLatin indices are raised and loweredwith the
Minkowski metric ηab. The interpretation of the fields is as follows: X is the dilaton
field, Xa are auxiliary scalar fields, ω = 1

2 εab ωab is the dualized spin-connection,
ea is the zweibein 1-form and U (X), V (X) are precisely the same potentials as in
the second order action (7.33).

Under dilaton-dependent Weyl transformations gμν → gμνe2�(X) the first order
fields transform as

Xa → Xa e−� ea → ea e
� ω → ω + Xaea�

′ (7.41)

and the model is mapped to a new one with transformed potentials

U → U + 2�′ V → V e−2� . (7.42)

The functions (which will be useful below)

Q(X) :=
∫ X

dy U (y) w(X) := 2λ
∫ X

dy V (y)eQ(y) (7.43)

have simple transformation behavior,

Q → Q + 2�, w → w . (7.44)

7.3.4 All Classical Solutions, Locally and Globally

We derive now all classical solutions for all dilaton gravity models (7.33) using the
first order formulation (7.36)–(7.40) in lightcone gauge for the flat metric, η+− = 1,
ε±± = ±1. Let us start with the simple class of solutions (7.39), known in dilaton
gravity as “constant dilaton vacua”. The auxiliary fields have to vanish, X± = 0,
while the dilaton field must be constant, X = X̄ = const., and solve V (X̄) = 0. The
right (7.39) then imply torsionlessness and constant curvature, so that all constant
dilaton vacua are locally maximally symmetric. Depending on the sign of curvature

R = 2λV ′(X̄) = const. (7.45)

these solutions are locally either (A)dS2 or Minkowski2.
We address now the more interesting generic solutions. A convenient trick is to

exploit dilaton-dependent Weyl rescalings (7.41)–(7.42) to map the model to a new
one with vanishing kinetic potential, U (X) = 0, then solve this model and in the
end perform the inverse Weyl transformation to obtain the solutions of the original
model. The EOM (7.38) with (7.40) for vanishing U (X) read

dX − X−e+ + X+e− = 0 dX± ∓ X± ω ∓ e± λV = 0 (7.46)

dω + e+ ∧ e−λV ′ = 0 de± ∓ ω ∧ e± = 0 (7.47)
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Since we are interested in solutions where X± do not vanish everywhere let us
assume X+ �= 0 in a given patch and define a new 1-form Z := e+/X+. Then the left
(7.46) implies e− = X−Z − dX/X+, while the right (7.46) with upper sign yields
the connection ω = dX+/X+ − λV Z . The right (7.47) with upper sign establishes
that Z is closed, dZ = 0, which locally means it is exact, Z = du. Two of the
remaining three equations are redundant with the rest, so we need to solve only
one additional equation. Taking the linear combination of X− times the upper sign
right (7.46) plus X+ times its lower sign version and using the left (7.46) yields
λV dX − d(X+X−) = 0, which integrates to

1
2 w(X) − X+X− = M (7.48)

where M is an integration constant essentially corresponding to the mass of a given
solution and w is defined in (7.43). The metric in the unphysical conformal frame is
then given by

ds2
∣∣
U=0 = 2e+ ⊗ e− = (

w(X) − 2M
)
du2 − 2 du dX (7.49)

where we used u and X as coordinates.

•> General solution to generic dilaton gravity models

Transforming back to the original conformal frame establishes the general solution
of all dilaton gravity models in an EF patch

ds2 = eQ(X)
(
w(X) − 2M

)
du2 − 2 du dr (7.50)

expressed in terms of the functions defined in (7.43). The solution for the dilaton in
these coordinates is given by integrating eQ(X) dX = dr .

Here are the main physical properties of the solutions (7.50):

• local curvature non-trivial: R = 2e−Q(X) d
dX

(
eQ(X)λV (X) +U (X)(M −

1
2 w(X))

)
• generalized Birkhoff theorem: all solutions have the Killing vector ∂u
• conserved mass: all solutions depend on the integration constant M
• Killing horizons: for every solution ofw(Xh) − 2M = 0 there is aKilling horizon
• temperature: surface gravity for each horizon yields Th = w′(Xh)

4π

Our initial assumption X+ �= 0 is true in the whole EF patch, but not globally.
If X+ = 0 and X− �= 0 the same calculation can be repeated, yielding a mirror
flipped EF patch (exchanging in- and out-going null directions). Except for bifurca-
tion points, where X± = 0, the whole manifold can be covered by these EF patches.
For more details on the global structure see the review article [424], the series of
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papers by Thomas Klösch and Thomas Strobl [155,511,512] and references therein.
A generalization of the action (7.33) to generic models that are not power-counting
renormalizable (but otherwise soluble by essentially the samemethods) can be found
in [513].

7.4 Why Gravity in Higher Dimensions?

Historically, gravity in higher (than four) dimensions was motivated by Einstein
himself in the 1920s, in his grand project of geometrization of all the other
forces/interactions. In particular, within the Kaluza–Klein (KK) theory [514–516]
one may get 4-dimensional Einstein–Maxwell-dilaton theory from a KK reduction
of the 5-dimensional Einstein gravity over a circle. The program of geometrization
was then naturally incorporated within string andM theory [517–519] where 10- and
11-dimensional supergravities appear as low energy effective theory, see Appendix I
for a brief discussion. Consequently, a large class of high-dimensional (super)gravity
theories with various matter contents in dimensions lower than 10 appear through
the compactification procedure, a generalization of the usual KK reduction.

Besides the connections and motivations from QG candidates like string theory,
higher-dimensional gravity theories may be viewed as an arena to examine various
theorems about classical black hole solutions, like topology and uniqueness theo-
rems as well as semiclassical thermodynamical aspects in particular notions like BH
entropy and the area law. In this part, we briefly discuss some of the results with this
latter motivation, while also mentioning some basic features of various supergravity
theories in diverse dimensions. For more detailed discussions on the latter the reader
may consult the books on the topic, e.g. [520–522]. Finally, even when mainly inter-
ested in GR, considering (a large number of) dimensions D can be beneficial for
pragmatic reasons since 1/D provides a small parameter that can be exploited for
perturbation theory. We address such applications in the last section of this chapter.

The simplest gravity theory in generic dimension D is given by the Einstein–
Hilbert term with possibly a cosmological constant term and a matter Lagrangian
Lmat,

IEH = 1

16πGN

∫
dDx

√−g
(
R − 2� + Lmat

)
(7.51)

and the field equations

Rμν − 1

2
Rgμν + �gμν = 8πGN Tμν, (7.52)

where GN is the D-dimensional Newton constant which in natural units (setting �, c
equal to one) 16πGN = (2π)D−3�D−2

Pl and Tμν is the energy-momentum tensor of
the matter part. The matter Lagrangian Lmat typically involves some dilaton fields
and various form fields. In the next sections we discuss some simple cases for Lmat
and solutions to the field equations.
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7.5 Higher-Dimensional Black Hole/Ring/Brane Solutions

As in the D = 4 case, a great deal of effort has been devoted to constructing, analyz-
ing and classifying solutions to (7.52), see e.g. [227]. To start, we discuss vacuum
solutions with and without cosmological constant and then consider solutions with
simple matter fields.

7.5.1 Tangherlini Solution

The simplest higher-dimensional solutionwe discuss is the Tangherlini solution [48],
satisfying Rμν = 0. This is a spherically symmetric and hence static solution and a
direct generalization of the Schwarzschild geometry to D dimensions:

ds2 = −F(r) dt2 + dr2

F(r)
+ r2 d�2

D−2, F(r) = 1 −
(rh
r

)D−3
, (7.53)

where d�2
D−2 is the metric on the round SD−2. Like the Schwarzschild solution,

(7.53) has an event horizon at r = rh and a curvature singularity at r = 0.
The higher-dimensional RN solution describes a static, spherically symmetric

charged black hole. The metric was also written by Tangherlini [48] and has the
same form as (7.53) but with

F(r) = 1 − 2μ

r D−3 + q2

r2(D−3)
, (7.54)

and the 1-formMaxwell field A = Q
(D−3)r D−3 dt . This solution carries electric charge

Q = √
(D − 2)(D − 3)/2q and its ADM mass is M = (D−2)�D−2

8πGN
μ, where �D−2

is the volume of the (D − 2)-dimensional unit sphere.

7.5.2 Myers–Perry Black Holes

After this warm-up example, we explore higher-dimensional counterparts of the
rotating Kerr geometry, which were constructed by Rob Myers and Malcolm Perry
[523], for an instructive review see [524]. To present the Myers–Perry (MP) black
hole, we start with a suitable coordinate system on a (D − 2)-dimensional sphere:

ds2 =
K∑

n=1

dμ2
n + μ2

n dφ
2
n ,

K∑
n=1

μ2
n = 1, K = D − 1

2
, D odd (7.55a)

ds2 = dμ2
0 +

K∑
n=1

dμ2
n + μ2

n dφ
2
n , μ2

0 +
K∑

n=1

μ2
n = 1, K = D − 2

2
D even

(7.55b)
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where φn ∈ [0, 2π ]. The difference between the odd and even dimensions appears
as a result of the fact that the isometry group of SD−2 is SO(D − 1) and its rank, is
(D − 1)/2 for odd D and (D − 2)/2 for even D; the number of independent U (1)
Killing vectors (i.e. the number of φn coordinates in (7.55)) is equal to this rank.
This is the same number as the independent spins (angular momenta) one may turn
on in a D-dimensional spacetime.

The metric of MP black holes in even dimensions (D ≥ 4) is given by

ds2 = − dt2 + μr

�F

(
dt +

K∑
n=1

anμ
2
n dφn

)2

+ �F

� − μr
dr2

+
K∑

n=1

(r2 + a2n)(dμ
2
n + μ2

n dφ
2
n) + r2 dμ2

0

(7.56)

where

F = 1 −
K∑

n=1

a2nμ
2
n

r2 + a2n
, � =

K∏
n=1

(r2 + a2n) . (7.57)

The above for D = 4, K = 1 reduces to the usual Kerr solution.
For odd dimensions (D ≥ 5), the metric takes the form

ds2 = − dt2 + μr2

�F

⎛
⎝dt +

K∑
n=1

anμ2
n dφn

⎞
⎠
2

+ �F

� − μr2
dr2 +

K∑
n=1

(r2 + a2n)(dμ2
n + μ2

n dφ
2
n ),

(7.58)
with the same F, � given above.
The above are solutions to the vacuum Einstein equations, Rμν = 0. They are

asymptotically flat (r → ∞). One may read off their mass and angular momenta
using the standard ADM asymptotic expansion:

M = (D − 2)�D−2

16πGN

μ, Jn = �D−2

8πGN

μan = 2

D − 2
Man (7.59)

where �D−2 is the area of the (D − 2)-unit sphere. For an = 0 we recover the
Tangherlini solution (7.53) and for μ = 0 the metric reduces to a D-dimensional flat
space in a rotating coordinate system. TheMP solutions are stationary. The isometry
group of the solution for general an is Rt ×U (1)K and for the special case where
all rotation parameters an are equal it can enhance to Rt ×U (K ).

•> Horizon structure and topology

The horizons are sitting at constant r at zeros of grr . That is, � − μr = 0 for even
D and � − μr2 = 0 for odd D. These equations are polynomials of degree 2K and
thus have 2K solutions. These solutions are not necessarily real and positive, so
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the number of horizons is typically less than 2K . For odd D, the equation becomes
a polynomial of degree K for R = r2. In this case, the existence of positive roots
requires μ ≥ ∑

n
∏

m �=n a
2
m . Moreover, when only one of the an is zero we have a

special case with vanishing horizon (r = 0). This case corresponds to the extremal
vanishing horizon cases analyzed in [525,526].

In general, the existence and number of horizons depend on the parametersμ, an .
It is possible that the horizon equation has double roots. In this case, we have extremal
MPblack holes.One can show that the horizonswhich arise at the zeros of grr = 0 are
all Killing horizons, see Exercise 7.18. Moreover, similarly to the 4d Kerr case, one
can show that the outermost horizon, if it exists, is an event horizon and the innermost
one is a Cauchy horizon. One can readily observe that the horizon topology for all
MP black holes without non-extremal vanishing horizon is SD−2.

•> Singularity structure

While some of the metric coefficients blow-up at particular values of r , not all of
these are spacetime singularities. For example, for generic an values, the horizon
geometry is smooth. Nonetheless, for the special case of aK = 0 (and all the other
an �= 0) in odd dimensions, the horizon geometry (at r = 0) becomes singular [525].
One can show that [524] for even D and generic an , r = 0 is a curvature singularity
on a (D − 3)-sphere. For odd D and for generic, non-equal, nonzero an , one can
extend the geometry to negative r2 values and the curvature singularity appears at
r2 = −a2s , where as = min(|an|). For special cases when aK = 0 or when more
than one spin parameter has the value ±as , the singular surface is not the entire
(D − 1)-surface at r2 = −a2s [524].

With this information, one can study the maximal analytic extension of the MP
black holes and draw the Penrose diagram. For generic cases, the Penrose diagram
(in which the (D − 2)-dimensional angular part is suppressed) takes the same form
as the 4d Kerr black hole.

As discussed in the opening of this subsection, the extension of the RN solution
to higher dimensions is almost trivial. Nonetheless, it appears that writing down
analytic solutions for higher-dimensional counterparts of KN, i.e. charged MP black
holes, is quite non-trivial and has not been achieved to date.

7.5.3 Five-Dimensional Black Ring Solution

As discussed in Chap.3, in 4d we have the uniqueness and topology theorems stating
that the Kerr geometry is the only asymptotic flat vacuum solution. The arguments
of these theorems does not go through in generic higher-dimensional asymptotic flat
solutions. In particular, here we focus on the 5d example, where besides the 5d MP
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black hole with S3 horizon topology, there are black ring solutions with S2 × S1

horizon topology. The 5d black ring in general comes with three parameters, a mass
parameter and two spin (rotation) parameters. It is instructive to start with rewriting
flat 5d Minkowski geometry in the ring coordinate system [226,227]

ds2 = − dt2 + R2

(x − y)2

[
(y2 − 1) dψ2 + dy2

y2 − 1
+ (1 − x2) dφ2 + dx2

1 − x2

]
,

(7.60)
where ψ, φ ∈ [0, 2π ], x ∈ [−1, 1] and y ∈ (−∞, −1]. Here R is a free parameter
setting the radius of the ring in ψ direction. The ring coordinate system threads the
spatial sectorwith topologically S2 × S1 slices. To see this, consider the constant y =
y0 < −1 slices and rename x = cos θ, θ ∈ [0, π ]. The (x − y)−2 prefactor never
blows up or vanishes at this slice and the metric is (up to a conformal factor) that of
S2 × S1.Whenwe approach y = −1, x = 1 region themetric takes the formof anR

4

while around y = −1, x = −1 it is conformal to R
4. So, away from the asymptotic

y = −1 region the metric (7.60) is well suited for describing a ring geometry.
In this coordinate system the double spinning black ring (Pomeransky–Sen’kov)

[527] solution takes the form:

ds2 = − F(x, y)

H(y, x)
dψ2 − 2

J (x, y)

H(y, x)
dψ dφ + F(y, x)

H(y, x)
dφ2

+ 2k2H(x, y)

(x − y)2(1 − ν)2
(
dx2

G(x)
− dy2

G(y)
) − H(y, x)

H(x, y)
(dt + �(x, y))2

(7.61)

where

G(x) = (1 − x2)(1 + λx + νx2) (7.62)

H(x, y) = 1 + λ2 − ν2 + 2λν(1 − x2)y + 2λx(1 − ν2y2) + ν(1 − λ2 − ν2)x2y2

J (x, y) = 2λν1/2k2(1 − x2)(1 − y2)

(x − y)(1 − ν)2[
1 + λ2ν2 + 2λν(x + y) − ν(1 − λ2 − ν2)xy

]

�(x, y) = −2kλ((1 + ν)2 − λ2)1/2

H(y, x)

[
ν1/2y(1 − x2) dφ

+ 1 + y

1 − λ + ν

(
1 + λ − ν + ν(1 − λ − ν)yx2 + 2νx(1 − y)

)
dψ

]

F(x, y) = 2k2

(x − y)2(1 − ν)2

[
G(y)

(
2λ2 + λ((1 − ν)2 + λ2)x + (1 + ν)((1 − ν)2

− λ2)x2 + λ(1 − λ2 − 3ν2 + 2ν3)x3 + ν(1 − ν)(1 − λ2 − ν2)x4
)

+ (1 − y2)G(x)
(
(1 + ν)((1 − ν)2 − λ2) + λ(1 − λ2 + 2ν − 3ν2)y

) ]
.
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In (7.61) ψ parametrizes the ring direction (cf. discussions below) and k > 0 is a
dimensionful parameter associated with the radius of the ring. The dimensionless
parameters ν, λ specify the two rotation parameters ranging in

0 ≤ ν < 1 , 2
√

ν ≤ λ < ν + 1 . (7.63)

The parameter ν controls the rotation along theφ direction, such that ν = 0 reduces to
the singly rotating ring of Roberto Emparan and Harvey Reall [226]. The asymptotic
region of the solution is specified by y → −1, x → 1 limit where we find a flat 5d
Minskowski space, there one can read the ADM mass and angular momenta:

M = 3πk2λ

GN(1 + ν − λ)
(7.64a)

Jψ = 2πk3λ
√

(1 + ν)2 − λ2
(
ν2 + (λ − 6)ν + λ + 1

)
GN(1 − ν)2(1 + ν − λ)2

(7.64b)

Jφ = 4πk3λ
√

ν
√

(1 + ν)2 − λ2

GN(1 − ν)2(1 + ν − λ)
(7.64c)

The horizon is the solution to G(y) = 0, 1 + λyh + νy2h = 0. Recalling (7.63)
the above equation has two negative, real roots. The bigger root corresponds to the
outer horizon,

yh = −λ + √
λ2 − 4ν

2ν
, (7.65)

which is a Killing and event horizon (see Exercise 7.19). The ring becomes extremal
if the two roots coincide, which happens if ν2 = 4λ. Therefore, a single spinning
ring cannot become extremal.

•> Single-spin, Emparan–Reall ring and its horizon topology

To grasp physics of ring solution, in particular its specific feature, the horizon topol-
ogy, it is instructive to consider the simpler case of Emparan–Reall single-spin ring
[226]. To this end consider the simpler case of a single spin ring with ν = 0. In this
case the metric simplifies and we get

ds2 = −H(y)

H(x)
(dt − C

1 + y

H(y)
dψ)2 − 2k2G(y)H(x)

(x − y)2H(y)
dψ2 + 2k2G(x)

(x − y)2
dφ2

+2k2H(x)

(x − y)2
(
dx2

G(x)
− dy2

G(y)
) ,

(7.66)

where 0 ≤ λ < 1,

C = 2kλ(1 + λ)

√
1 + λ

1 − λ
, H(x) = 1 + 2λx + λ2, G(y) = (1 + λy)(1 − y2).
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Mass and angular momenta for this solution are

M = 3πk2λ

GN(1 − λ)
, Jφ = 0, Jψ = 2πk3λ

GN

(
1 + λ

1 − λ

)3/2

.

As we see Jφ = 0 and we are dealing with a single-spin geometry. λ = 0 recovers
the 5d flat space.

The horizon is at the root of G(y), yh = −1/λ, where the metric takes the form

ds2H = 4k2(1 + λ)2

H(x)
(dψ − �dt)2 + 2k2λ2G(x)

(1 + λx)2
dφ2 + 2k2λ2H(x)

(1 + λx)2G(x)
dx2 ,

(7.67)

where � = 1
2k

√
1−λ
1+λ

is the horizon angular velocity. To explore the topology of
the above 3d space, it is useful to make the coordinate transformation x = cos θ ,
where θ ∈ [0, π ]. We first note that the (x, φ)-part has the topology of an S2. This
is due to the fact that around gφφ = 0 which happens at θ = 0, π , the metric takes

the form 2k2λ2
1+λ

(dθ2 + θ2dφ2) for θ ∼ 0 and 2k2λ2
1−λ

(dθ2 + (π − θ)2dφ2) for θ ∼ π .
Therefore, there is no deficit angle in this part. On the other hand the coefficient
of the dψ2 term does not vanish as we move in the θ -direction; it increases from
(2k)2 at θ = 0 to (2k(1 + λ)/(1 − λ))2 at θ = π . Note also that the

√
det gH =

4k3λ2(1 + λ)/(1 + λx)2 for the horizon metric (7.67) and it does not vanish and
is finite for any x . Therefore, the ψ-direction is the ring direction and the horizon
topology is S2 × S1 and the horizon area is 32π2k3λ2/(1 − λ).

The ring is supported by the angular momentum Jψ along the ring direction. It is
notable that Jψ/M3/2 ≥ √

GN/π and is limited from below, whereas a similar com-
bination for the single-spin MP black hole is limited from above (cf. Exercise7.17).
This shows how (single-spin) rings and holes cover two different regions in the
parameter space of asymptotically flat 5d Einstein vacuum solutions.

One may explore many different physical properties of the black rings, such as
their singularity structure, ergoregions, superradiance, and (in)stability and thermo-
dynamics (see Exercise 7.21).Moreover, similar black ring solutions, with or without
electric and dipole charges have been constructed in higher dimensions. For these
matters, we refer the reader to the very good review on the topic [227].

7.5.4 Asymptotic AdSVacuum Black Hole Solutions

One may find black hole solutions to (7.52) for � = − (D−1)(D−2)
2�2

and Tμν = 0.
Among these black holes, we briefly study solutions that are asymptotic to an AdSD

(D > 3) spacetime of radius �. The first example in this class is AdS-Schwarzschild
black holewhich is static and spherically symmetricwith Rt × SO(D − 1) isometry:



242 7 Gravity and Black Holes in Diverse Dimensions

ds2 = − f (r) dt2 + dr2

f (r)
+ r2 d�2

D−2 , f (r) = 1 + r2

�2
−

(r0
r

)D−3
.

(7.68)
As we see in the r � r0 limit this reduces to AdSD space in global coordinates and
in the flat space limit r , r0 � � we recover (7.53). The solution has a horizon at
f (r = rh) = 0. This is a Killing horizon generated by ξt = ∂t Killing vector and
horizon is a round SD−2. The mass of this black hole is given by [528]

M = (D − 2)�D−2

16πGN

r D−3
0 . (7.69)

This black hole has a curvature singularity, as in the Tangherlini solution, at r = 0.
While the small r region, r/� ∼ finite, looks like the Tangherlini black hole, in the
large r region it is different and hence the causal structure of this black hole has some
crucial differences to Schwarzschild.

Aswe see in the Penrose diagram for the AdS-Schwarzschild black hole Fig. 2.18,
the left and right boundary regions are causally disconnected and the direction of
time flow on the two sides is the opposite.

As in the D-dimensional asymptotic flat space case, we can add [(D − 1)/2]
angular momenta to the above static solution and construct stationaryMP-AdS black
holes, which are again vacuum AdS solutions. The horizon of these black holes has
a topology of SD−2. While in principle there is no objection to having an AdS-black
ring solution, an explicit analytic metric for such a geometry has not been written
down.

As we discussed in Sect. 2.6.2 asymptotic AdS4 black holes do not respect the
topology theorem; the horizon is a smooth, compact 2-dimensional surface, which in
general can be specified by the Euler character of the horizon. Similar features extend
to the higher-dimensional AdS black holes. Themetric for simplest topological black
holes is given by

ds2 = − f (r) dt2 + dr2

f (r)
+ r2 d�2

k , f (r) = k + r2

�2
−

(r0
r

)D−3
,

(7.70)
where k = +1, 0,−1 and the horizon�k is a (D − 2)-dimensional maximally sym-
metric surface with a Ricci tensor: Ri

j = kδi j . Therefore, k = 1 corresponds to
spherical topology, k = 0 to toroidal topology and k = −1 to the negatively curved
hyperbolic space HD−2. For the latter case, to make the horizon compact we should
mod out HD−2 by finite subgroups of its isometry group SO(D − 2, 1).

7.5.5 Black Branes

Black holes are geometries whose horizon has compact constant time slices. How-
ever, in general, such slices may be non-compact. In particular, one may have a
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planar horizon, in which case the geometry is called black brane. In D-dimensional
spacetime, the horizon can be a (p + 1)-dimensional null surface. Such black branes
generically source a (p + 1)-form field Ap+1 (minimally) coupled to D-dimensional
Einstein gravity and usually also involve a dilaton field,

S = 1

16πGN

∫
dDx

√−g

(
R − 1

2
(∂φ)2 − 1

2(p + 2)!e
−α(p)φF2

p+2

)
, (7.71)

where

Fp+2 = d Ap+1, α2(p) = 2(p + 1)2

D − 2
− 2(p − 1) . (7.72)

These are the typical supergravity actions in arbitrary dimensions.
One may then verify that [529–531]

ds2 = f−(r)
q

D−2

(
− f+(r)

f−(r)
dt2 + dxi dxi

)

+ f−(r)
α2
2q

( dr2

f+(r) f−(r)
+ r2 d�2

q+1

)
(7.73a)

Ap+1 =
(√

r+r−
r

)q

dt ∧ dx1 · · · ∧ dxp (7.73b)

e−2φ = f−(r)α (7.73c)

where i = 1, . . . , p denote directions along the brane, q = D − p − 3, and

f±(r) = 1 −
(r±
r

)q
. (7.74)

This black p-brane solution has an event horizon at r = r+ with horizon topology
Rp × Sq+1. The solution has a curvature singularity at r = r−. In the extremal case
r− = r+ the two horizons coincide. There are also solitonic brane solutions to the
same theory (7.71), which carry magnetic charge of the (p + 1)-form. These are
(D − p − 4)-branes with (p + 2)-form magnetic flux through the transverse Sp+2.

The next black brane solution we discuss is the black p-brane on an AdSp+2
background. As mentioned in Sect. 2.6.2, on AdSp+2 we can have black holes of
various topologies including T p. This latter may be viewed as a black p-brane
solution, corresponding to k = 0 case in (7.70). These solutions are asymptotic to
AdS space in Poincaré patch, where the horizon is parallel to the Poincaré horizon.
The AdS-black brane solution is conveniently written as (i = 1, . . . , p)

ds2 = �2

z2

[
− f (z) dt2 + dz2

f (z)
+ dxi dxi

]
, f (z) = 1 − (

z

zh
)p+1 , (7.75)

which solves the AdS-Einstein vacuum EOM.
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7.6 Black Holes in Large Number of Dimensions

If one keeps the spacetime dimension D arbitrary in GR, one can generate a small
parameter 1/D by taking the limit D � 1. Small parameters typically allowperturba-
tive treatments. So the large D limit of GR could be an efficient tool for calculations.

In the large D limit, the number of graviton polarizations D(D − 3)/2 grows
like D2/2, reminiscent of the growth of gluon polarizations in the large N limit of
SU (N ) Yang–Mills. Additionally, the Newton potential gets diluted exponentially,
� ∼ r3−D , meaning that the gravitational field is strongly localized at its source and
Coulomb-like tails become less relevant. It is this second aspect, more than the first
one, that turned out to be fruitful for simplifications, see [532,533] for additional
motivations and references.

Unsurprisingly, black holes are a key player in many large D considerations. To
get a bit of large D intuition, consider Schwarzschild–Tangherlini black holes (7.53).
For fixed D they are characterized by a single scale, the horizon length rh . However,
if we allow 1/D to be a (small) parameter, then other scales are generated, like
rh/D. This smaller scale is clearly separated from the horizon scale, rh/D � rh .
The physical role of the smaller scale is that it characterizes the slope of the Newton
potential near the horizon, ∂�

�
|rh ∼ D/rh .Moreover, it allows to define a “near zone”,

r − rh ≤ O(rh/D), where the Newton potential is order unity, and a “far zone”,
r > rh , where the Newton potential effectively vanishes and geometry practically
becomes Minkowski space. Thus, most of the interesting physics is localized in a
small region around the horizon, which permits an effective membrane description
of large D black holes (compare with the membrane paradigm in Sect. 6.8).

The mechanism of localizing (steep) gradients near the horizon is unfortunate for
numerics—black hole formation in numerical GR becomes increasingly challenging
as the dimension grows—but a godsend for analytic discussions. For a summary of
results see the review [533], including a discussion of QNMs, an effective membrane
theory, a simple derivation of the Gregory–Laflamme instability (see also Exercise
7.24), black hole mergers, and holographic applications.

Further Reading

For lower-dimensional black holes there are classic textbooks [475,534,535], but
especially the older ones are somewhat outdated as there were considerable develop-
ments in lower-dimensional gravity after the 1990s.More up-to-date info is contained
in various reviews.

For 2-dimensional dilaton gravity see [424,536–538]; for 3-dimensional Einstein
gravity see [478,539,540].

For higher-dimensional black holes, there is a paper collection by Gary Horowitz
[227,541].
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Exercises

7.1 Witten black hole [542]
Consider 2-dimensional dilaton gravity with potentialsU (X) = 1/X , V (X) = X

and construct all solutions to the classical EOM, locally and globally.

7.2 Reissner–Nordström as Poisson-sigma model.
Take Einstein–Maxwell theory in four dimensions, spherically reduce to dilaton-

Maxwell in two dimensions and find a gauge theoretic reformulation as Poisson-
sigma model with 4-dimensional target space and Poisson tensor of rank 2.

7.3 Ricci in three dimensions.
Show that for any 3-dimensional metric gμν ,

Rμναβ = −εμνρεαβλG
ρλ

where ε is the totally antisymmetric tensor, Rμναβ is the Riemann curvature, and
Gρλ is the Einstein tensor.

7.4 BTZ black holes are quotients of AdS3.
Show that non-rotatingBTZblack holes, (7.3)with r− = 0, are quotients obtained

via identifications ofAdS3 by e2πξ with theKilling vector ξ = r+
�

(
x∂u + u∂x

)
where

u, x refer to embedding coordinates,

ds24 = − du2 − dv2 + dx2 + dy2, −u2 − v2 + x2 + y2 = −�2.

7.5 Penrose diagram of rotating BTZ.
Construct 2-dimensional slices (assuming constant angle) through Penrose dia-

grams of rotating BTZ black holes, and discuss also the special cases of non-rotating
and extremal BTZ.

7.6 More on Bañados geometries and BTZ black holes.
(1) Do rotating BTZ black holes have an ergo-region? Are you sure?
(2) Prove that all Bañados geometries (7.7) solve the Einstein equations (7.2) with

negative cosmological constant, � = −1/�2.
(3) Show that in general Bañados geometries have at least two globally defined

Killing vectors.
(4) Explore the existence of black holes, with event and Killing horizons, in

Bañados family of solutions and compute surface gravity, horizon angular velocity,
and horizon area for them.What is the shape of the horizon as seen by the asymptotic
observer using the t, ρ, φ coordinate system? These questions have been explored
in [479,480].

(5) Analyze null geodesics around a Bañados geometry and show these black
holes do not have shadows.
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7.7 Equivalence to Chern–Simons formulation.
Verify that the CS connections (7.11), (7.12) lead to the Bañados geometries (7.7)

by using the relation (7.10) between metric and CS connections.

7.8 Flat space Chern–Simons connection.
Provide the CS formulation for flat space Einstein gravity and find boundary

conditions for the connection that permits all flat space cosmologies (7.25).

7.9 Weyl invariance of Cotton tensor.
Check invariance of the Cotton tensor (7.29) under local Weyl rescalings (7.27).

7.10 Topologically massive gravitons in AdS3.
Linearize the TMG EOM (7.30) around global AdS3 and show that there is a

physical degree of freedom corresponding to a massive graviton excitation.

7.11 Most general 2d dilaton gravity solution space.
The most general 2d dilaton gravity model is given by the action (7.33), with

U (X)(∂X)2 + 2λV (X) replaced by V(
X , (∂X)2

)
. Find all classical solutions of

this theory.

7.12 Gauge transformations vs. diffeomorphisms.
Show that gauge transformations in the gauge theoretic formulation of 3- and 2-

dimensional gravity generate on-shell diffeomorphisms, provided the gauge param-
eter λI is chosen as

λI = AIμ ξμ

where AIμ is the gauge-connection and ξμ the vector field that generates the diffeo-
morphism.

7.13 Spherical reduction.
Take Einstein gravity in D > 2 dimensions and assume spherical symmetry by

considering adapted metrics

ds2 = gαβ dxα dxβ + 1

λ
X2/(D−1) d2�SD−1

where λ = const., α, β = 0, 1 and d2�SD−2 is the metric of the round (D − 2)-
sphere. Insert the ansatz above into the D-dimensional Einstein–Hilbert action (dis-
regarding boundary terms) and show that after integrating out the angular part you
get a 2d dilaton gravity action (7.33) with potentials

U (X) = −D − 2

D − 2

1

X
V (X) ∝ X (D−4)/(D−2) .
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7.14 Chaos in Jackiw–Teitelboim gravity and holographic Lyapunov exponent.
Holographically calculate the Lyapunov exponent using the JT model as follows.

Consider an AdS2 black hole of mass M and temperature T , mimicking a thermal
state on the field theory side. Add an infalling massless particle of energy δM �
M , mimicking a small perturbation on the field theory side. Consider additionally
some outgoing signal near the horizon, both in the unperturbed geometry and in
the backreacted one. Show that the time-delay δT generated by this backreaction is
given by

δT ∝ eλLδt

where δt is the expected waiting time (without backreaction). Calculate the holo-
graphic Lyapunov exponent λL and show that it saturates the chaos bound

λL = 2π T .

7.15 Higher-dimensional Birkhoff theorem.
(1) Show any asymptotically flat spherically symmetric vacuum solution is nec-

essarily static and is of the form (7.53).
(2) One may extend the above to the higher-dimensional RN black hole: Show

any spherically symmetric, asymptotically flat solution to Einstein–Maxwell theory
in D dimensions (D > 4) is necessarily static and is of the form (7.54). Work out
the expressions for the ADM mass and charge given for this solution.

7.16 Shadow of a Tangherlini black hole.
Studying the null geodesics around a higher-dimensional Schwarzschild

(Tangherlini) black hole, compute the radius of the shadow of this black hole and
compare it with the 4-dimensional case.

7.17 Single-spin MP black hole.
To obtain a better understanding of MP black holes, it is instructive to consider a

single-spin case in D dimensions. This case may be viewed as a higher dimensional
extension of Kerr geometry.

(1) Write down the metric (7.56) when only one of the rotation parameters an is
non-zero, a1 = a, an = 0 n > 1.

(2) Repeat the same for the odd dimensional case (7.58).
(3) Show that for the D = 5 case, the extremality bound yields J/M3/2 ≤

4
√
2GN/(3

√
3π).

(4) Explore the first law in these cases. Work out Smarr relation and discuss
how the Gibbons’ scaling argument cf. discussions in the end of Sect. 5.5.2, can be
extended to D dimensional case.
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7.18 Killing horizons of MP black hole.
(1) Analyzing the geometry ofMP black holes near the horizons, compute horizon

angular velocities at each horizon, �
(h)
n , where n = 1, . . . , K and h enumerates

which horizon we are focusing on.
(2) As a direct generalization of the 4d Kerr geometry, one can construct the

Killing vector

ζ (h) = ∂t +
∑
n

�(h)
n ∂φn . (7.76)

Show that ζ (h) becomes null at horizon h.
(3) Compute the surface gravity at each horizon κ(h) using the usual formula

(κ(h))2 = 1/4(∇μζν)
2.

7.19 Near horizon limit of MP black holes.
(1) Show the geometry arising in the near horizon of a genericMP black hole may

be brought to Rindler space⊕H , where H is the (D − 2)-dimensional bifurcation
horizon surface. Show H has SD−2 topology.

(2) Repeat the near horizon analysis for the extremal MP black holes and show
that the Rindler part is replaced with a geometry conformal to AdS2, the geometry is
AdS2 �w H), where �w stands for a warped-fibred product, with SL(2, R)×U(1)K

isometry.

7.20 Ergoregions and causal structure of MP black holes.
(1) As in the 4d Kerr, the infinite redshift surface, where gtt = 0 is different than

the horizon in generic MP black holes. Explore the ergoregion, the space between
the infinite redshift surface, and the horizons for the MP black holes.

(2) In the MP black holes one can in principle extend the radial coordinate r to
regions where one develops CTCs. We usually excise the geometry in those regions
to avoid CTC. Analyze the CTC in MP black holes.

7.21 Horizon angular velocity and Smarr relation for the black rings.
(1) Show that the horizon angular velocities of the doubly spinning ring (7.61) is

given by

�ψ = 1

2k

√
1 + ν − λ

1 + ν + λ
, �φ = λ(1 + ν) − (1 − ν)

√
λ2 − 4ν

2kλ
√

ν
�ψ (7.77)

(2) Show that

ζH = ∂t + �ψ∂ψ + �φ∂φ (7.78)

becomes null at the horizon of the ring, i.e. at y = yh (7.65). Using this work out the
surface gravity at the horizon:

κ ≡ 2πTH = (y−1
h − yh)(1 − ν)

√
λ2 − 4ν

4kλ(1 + ν + λ)
(7.79)
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(3) Show that the horizon area AH for the ring is

AH ≡ 4GN SBlack Ring = 32π2k3λ(1 + ν + λ)

(y−1
h − yh)(1 − ν)2

(7.80)

(4) Show that the ADM mass and angular momenta satisfy the Smarr relation

2

3
M = TH SBlack Ring + �ψ Jψ + �φ Jφ (7.81)

7.22 More analysis on AdS-Schwarzschild.
(1) Compute the surface gravity κ for the AdS-Schwazrzschild solution (7.70)

and show that it satisfies the first law κ dAH = 8πGN dM , where AH is the horizon
area and M is the black hole mass (7.69). What is the Smarr relation for this black
hole?

(2) Study null and timelike radial geodesics of AdS-Schwazrzschild and compute
how much coordinate time t it takes for a free particle to travel from ri > rh to
infinity and to the horizon.

7.23 More on black p-branes.
(1) Investigate Penrose diagram and causal structure of the extremal and non-

extremal p-brane solutions in D-dimensional gravity theories. In particular show
that the causal structure of extremal “electric branes” (p < (D − 4)/2) self-dual
(p = (D − 4)/2) and “magnetic branes” (p > (D − 4)/2) are in general different.
See [543] for p = 2, 5; D = 11 and generic p in D = 10 theories.

(2) Compute surface gravity, ADM mass, and (p + 1)-form charge of the black
p-brane solution (7.73) and verify the Smarr formula and first law of black hole
mechanics for the brane.

7.24 Gregory–Laflamme instability [544,545].
Black p-branes which have non-spherical horizons are prone to an instability.

For example, let us consider a black string in five dimensions which is an uplift
4-dimensional Schwarzschild solution to five dimensions over a circle of radius R.
The horizon topology of this solution is hence S2×S1. The same 5d theory has a
solution which is an array of N 4d Schwarzschild black holes with uniform spacing
2πR/N over the fifth circle. One may choose the black string and the array to have
equal total mass (or equivalently, equal mass per unit length over the circle).

(1) Compute entropy of the string and the array and show that Sarray/Sstring ∼
(R/rH)1/2 where rH is the Schwarzschild radius of the 4d black holes in the array.

(2) Argue that for R � rH the string is unstable and more stable configuration is
the array.

(3) Does the above analysis also work in the decompactified R → ∞ limit?
(4) Repeat the above analysis for charged branes/strings. Are extremal Dp-branes

also suffering from Gregory–Laflamme instability?
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7.25 Near horizon of D3-brane solution.
(1) Consider an extremal 3-brane solution to a 10-dimensional theory, i.e. the

solution (7.73) with r+ = r− for p = 3, D = 10. Take the near horizon limit and
show that we get an AdS5×S5 geometry. This was the starting point of the celebrated
Maldacena’s AdS/CFT duality, see Chap.8 for more detailed discussion.

(2) One may start with a near-extremal 3-brane solution, with r+ − r− =
�5/z4h, �

2/zh � r+. Show that in this case we obtain the AdS-black brane solu-
tion (7.75) for p = 3. Compute the surface gravity and the energy/mass for the
AdS-black-brane solution.

7.26 AdS-Soliton solution.
Since Einstein equations are invariant under Wick rotations, one of the usual

solution generating techniques in GR is to make double Wick rotations.
(1) Show from (7.75) one can obtain the so-called AdS-soliton metric [528]

ds2 = �2

z2

[
− dt2 + dz2

f (z)
+ f (z) dy2 + dxi dxi

]
,

f (z) = 1 − (
z

zh
)p+1, i = 1, . . . , p − 1 ,

(7.82)

where we have put the “emblackening” factor in front of a spatial coordinate, rather
than time. Verify directly that this is indeed a Einstein AdS-vacuum solution.

(2) Unlike the AdS-black-brane solution (7.75) z = zh region is singular. To
remove the singularity one may compactify y on a circle of radius R. Compute
R such that the geometry has no deficit angle and is free of conical singularity.

(3) Compute the energy associated with this geometry and compare it with the
AdS-black-brane one. Despite the fact that this energy is negative, this solution has
been shown to be stable [528], as it has the lowest possible energy given the boundary
conditions (with R1+(p−1) × S1 boundary).

7.27 Large D GR and 2d dilaton gravity.
Derive an effective action for spherically symmetric GR in infinite dimensions

and show that this limit recovers the 2-dimensional Witten black hole. (You can use
Table 7.1 and compare your results with [546].)



8Aspects ofHolography

Abstract

In this chapter, we explore some aspects of holographic correspondences, in par-
ticular the AdS/CFT duality. While we assume familiarity with all preceding
chapters, the sections herein are self-contained. Therefore, readers familiar with
more basic material can read them independently from the earlier parts of the
book. Section 8.1 introduces basics of holography. Section 8.2 is devoted to the
holographic formulation of quantum information-theoretic concepts in field the-
ories, including entanglement entropy and mutual information. These concepts
have proven useful for understanding puzzles regarding black holes. In Sect. 8.3,
we discuss black holes in AdS space and their holographic description in terms of
thermal field theories. Section 8.4 discusses the notion of asymptotic symmetries
and reviews the seminal Brown–Henneaux analysis. The notion of asymptotic
symmetries may be extended to boundary symmetries which are essential to the
soft hair proposal, introduced and discussed in Sect. 8.5. Extremal black holes,
while of less observational relevance, are often used as a testing ground for black
hole microstate counting. In this regard, we discuss the attractor mechanism in
Sect. 8.6 and briefly review theKerr/CFT correspondence in Sect. 8.7. In Sect. 8.8,
we briefly mention other aspects of holography and their applications to strongly
coupled/correlated systems.

8.1 Basics of Holography

The holographic principle postulates that QG in D + 1 dimensions is equivalent to
some QFT in D dimensions [85,86]. A concrete realization within string theory is
Juan Maldacena’s AdS/CFT correspondence [88] that relates type IIB string theory
compactified on AdS5 × S5 toN = 4 super-Yang–Mills theory in four dimensions.
An important special case is the supergravity approximation, in which AdS/CFT
relates classical Einstein gravity (or rather, its supersymmetric version) to strongly
coupled N = 4 super-Yang–Mills in the limit of a large number of ‘colors’.
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The AdS/CFT correspondence can be used in either direction, meaning that we
can exploit semiclassical gravity calculations to learn about strongly coupled CFTs
or weakly coupled CFT calculations to learn about QG. Examples of the former are
applications to heavy-ion collisions or condensed matter physics, examples of the
latter so far arise mostly in lower dimensions, particularly in AdS3/CFT2. Typically,
if a calculation is easy on one side of the correspondence it becomes hard on the
other side, like other strong/weak dualities in physics. See the textbook [547].

Besides Maldacena’s strong/weak AdS/CFT correspondence there is also the
weak/weak type of duality found by Igor Klebanov and Alexander Polyakov [548],
and independently by Ergin Sezgin and Per Sundell [549] relatingMikhail Vasiliev’s
higher spin theory on AdS4 to the 3-dimensional O(N ) vector model. Proposals for
holography beyond AdS/CFT exist as well but are less established.

As holography in general and AdS/CFT, in particular, is an ongoing research
endeavorwe focus here specifically on the aspects of relevance for black hole physics,
from which the holographic principle emerged. For applications of AdS/CFT see
[547] and references therein.

Even with this pre-selection of topics, it is impossible to comprehensively cover
holography in a single chapter. Therefore, we provide a summary and outlook at its
end as a guide to further literature.

8.1.1 AdS/CFT, the Precise Statement

An important class of observables in anyQFT is correlation functions of gauge invari-
ant observables, forwhichSteveGubser, IgorKlebanov andAlexander Polyakov [89]
and independently Edward Witten [90] found the following dictionary

〈
exp

( ∫
j(x)O(x)

)〉
CFT

= Zgravity

[
φ(x, z)|z→0 = j(x)

]
. (8.1)

The left-hand side is evaluated in theCFT.HereO(x) is somegauge invariant operator
whose source is given by j(x). The expression on the left-hand side is nothing but the
generating functional of correlation functions, yielding arbitrary n-point functions
by taking n functional derivatives with respect to the sources and then setting them
to zero. The right-hand side is evaluated in QG; in the supergravity approximation,
this reduces to an evaluation in classical gravity. In that limit the quantity Zgravity
is the classical partition function evaluated with boundary conditions for the field φ

given by the function j(x) (which coincides with the source on the CFT side), where
the limit z → 0 denotes approaching the asymptotically AdS boundary (while x are
the boundary coordinates). The field φ must be the one corresponding to the gauge
invariant operator O.

To see heuristically why AdSd+1 is so intimately related to CFTd let us consider a
geometrization of renormalization group flow in a generic QFT, where in addition to
the Minkowski coordinates xμ we introduce energy E as additional coordinate. The
most general metric compatible with d-dimensional Poincaré symmetries is given
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by ds2 = f1(E) dE2 + f2(E) ημν dxμ dxν . If we assume that the QFT has scale
symmetry, xμ → λxμ, E → λ−1E , then the most general line-element compatible
with d-dimensional Poincaré symmetries and scale symmetry is given by

ds2 = �2
(
dE2

E2 + E2 ημν dxμ dxν

)
(8.2)

where we introduced some arbitrary but fixed length scale � to have correct units.
Remarkably, themetric (8.2) describes Poincaré patchAdSd+1 withAdS radius � and
asymptotic boundary at E → ∞. The isometries of AdSd+1, SO(d, 2), match with
the conformal symmetry of a CFTd . Besides the matching of symmetries, another
aspect evident from (8.2) is the UV/IR connection in AdS/CFT [550]: the deep IR
on the gravity side (E → ∞) is mapped to the deep UV on the CFT side, and vice
versa.

8.1.2 Gravity in Anti-De Sitter Space

To see the features outlined above explicitly, let us start by generalizing (8.2) to
locally asymptotically AdS spacetimes

ds2
∣∣
LaAdS = �2

E2 dE2 +
(
�2E2 γ (0)

μν + γ (2)
μν + · · ·

)
dxμ dxν (8.3)

where � is the AdS radius,μ, ν = 0, 1, . . . , D − 1, assuming D ≥ 3, and the ellipsis
refers to terms that vanish when E → ∞ is approached. We may further restrict
γ

(0)
μν = ημν , as it is the case for Poincaré-patch or global AdS. The quantity γ

(2)
μν may

depend arbitrarily on xμ, which are often referred to as ‘boundary coordinates’.
Gaussian normal coordinates, ρ = � ln(�E), are a bit simpler and yield the so-

called Fefferman–Graham expansion,

ds2
∣∣
LaAdS = dρ2 +

(
e2ρ/� γ (0)

μν + γ (2)
μν + · · ·

)
dxμ dxν . (8.4)

where the ellipsis denotes terms that vanish as ρ tends to infinity. To regularize
intermediate results, we introduce an arbitrarily large, but finite, cutoff ρ = ρc where
the boundary is placed. A technical advantage of Gaussian normal coordinates (8.4)
is that the normal vector of this boundary has only non-vanishing component nρ =
nρ = 1, yielding simple expressions for the extrinsic curvature tensor

Kμν = ∇μnν = −	ρ
μν = 1

�
e2ρc/� γ (0)

μν + · · · Kρμ = 0 = Kρρ . (8.5)

Below we are going to use these expressions.
The usual locally asymptotically AdS boundary conditions require

δγ (0)
μν = 0 δγ (2)

μν = arbitrary . (8.6)
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The fixedmetric γ
(0)
μν is often called ‘boundary metric’.We call anymetric consistent

with the expansion (8.4) and the boundary conditions (8.6) ‘locally asymptotically
AdS’ or just ‘asymptotically AdS’.

There are numerous generalizations of (8.4), (8.6): we could change the coordi-
nates; we could switch on mixed terms dρ dxμ; we could consider non-flat boundary
metrics; we could relax or alter the conditions (8.6) by allowing fluctuations of the
boundary metric; we could consider terms that are subleading as compared to γ (0)

but more dominant than γ (2); there could be subleading terms polynomial in ρ, etc.
As always, boundary conditions are a choice, and the precise choice is dictated by
the physical questions one would like to address. The boundary conditions above are
often useful enough, so we restrict them.

8.1.3 Holographic Renormalization

Holographic counterterms are boundary contributions to the action that do not change
the boundary value problem, but that do render the variational principle well-defined.
Examples of candidates for such terms are the boundary cosmological constant and
the boundary Ricci scalar appearing in (6.10). We focus here on asymptotically AdS
boundary conditions.

Let us reconsider the on-shell action, the Brown–York stress tensor and the
variational principle for asymptotically AdS spacetimes, starting from the action
(6.12) and using the results (8.4)–(8.5). The bulk Ricci scalar is constant, R =
2D/(D − 2)� = −D(D − 1)/�2. The bulk volume form is determined from√−g = eρ/�(D−1)

√−γ (0)
(
1 + O(e−2ρ/�)

)
. The boundary volume form is given

by the same expression, but evaluated at the cutoff surface ρ = ρc,
√−h =

eρc/�(D−1)
√−γ (0)

(
1 + O(e−2ρc/�)

)
. Finally, the trace of extrinsic curvature (8.5)

evaluates to K = (D − 1)/�
(
1 + O(e−2ρc/�)

)
. Plugging these results into the

Einstein–Hilbert action with Gibbons–Hawking–York boundary term yields

I =
(

− D − 1

8πG �2

ρc∫
ρ0

dρ eρ/�(D−1) + D − 1

8πG �
eρc/�(D−1)

) ∫
dD−1x

√
−γ (0) + · · ·

(8.7)
which in the large ρc limit evaluates to something infinite

I
∣∣
ρc�1 = eρc/�(D−1) D − 2

8πG �

∫
dD−1x

√
−γ (0)

(
1 + · · · ) . (8.8)

Similarly, theBrown–York stress tensor (6.14) is infinite as the cutoff tends to infinity,

TBY
μν = 1

8πG

(
Kμν − hμνK

) = e2ρc/�
2 − D

8πG �
γ (0)
μν + O(1) . (8.9)

Worst of all, the variational principle is not well-defined for some variations that
preserve our boundary conditions (8.6). Indeed, evaluating the variation (6.13) on-
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shell and setting to zero δγ
(0)
μν yields

δ I
∣∣
EOM = e(D−3)ρc/� D − 2

16πG �

∫
dD−1x

√
−γ (0) γ

μν

(0) δγ (2)
μν + · · · �= 0 . (8.10)

Thus, we recover the same problems that we encountered in the simple mechanics
model in Exercise 6.1.

It is suggestive that the resolution could also be the same: simply add suitable
boundary terms that do not violate our Dirichlet boundary value problem. Adding
such boundary terms is known as ‘holographic renormalization’ (holographic, since
we are adding boundary terms, and renormalization, since we convert infinite quan-
tities like on-shell action and Brown–York stress tensor into finite ones). The full
action is given by

	[gμν] = IEH[gμν] + IGHY[γμν, Kμν] + Ic[γμν] (8.11)

where the holographic counterterm is of the form (R is the boundary Ricci scalar)

Ic[gμν] =
∫

∂M
dD−1x

√−h
(
c0 + c2 R + · · · ). (8.12)

We have again adhered to the principle to write down all possible terms compatible
with the symmetries (boundary diffeomorphisms and boundary Lorentz invariance)
anddisplayed explicitly thefirst two terms in a derivative expansion; dependingon the
dimension onemight needmore than these two terms. The coefficients c0, c2, etc. are
fixed such that all the problems encountered above go away.We could also determine
them by solving a Hamilton–Jacobi equation (as in Exercise 6.1), but it is often more
efficient to simply start with an ansatz like (8.12) and determine the coefficients
by direct calculation. If the matter is present, the holographic counterterms can
additionally depend on the matter fields. See [357,551–553] for explicit expressions
of the holographically renormalizedBrown–York stress tensor in various dimensions.

For the sake of concreteness we consider 3-dimensional vacuum Einstein gravity
with flat boundary metric, γ (0)

μν = ημν , as particular case. It turns out that only c0 is
needed in the holographic counterterm (8.12). Choosing c0 = −1/(8πGN�) solves
all the aforementioned problems so that the holographically renormalized action

	AdS3[gμν] = 1

16πGN

∫
d3x

√−g
(
R + 2

�2

)
+ 1

8πGN

∫
d2x

√−h
(
K − 1

�

)
(8.13)

is finite on-shell, has awell-definedvariation principle, and yields the holographically
renormalized Brown–York stress tensor

TBY-ren
μν = 1

8πGN

(
Kμν − hμνK + hμν

1

�

)
= − 1

8πGN �
γ (2)
μν (8.14)

which is finite, conserved, and traceless.
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8.1.4 Holographic Correlation Functions

A particular example of the holographic dictionary (8.1) is the calculation of n-point
correlation functions of the stress tensor

〈Tμ1ν1(x
λ
1 ) . . . Tμnνn (x

λ
n )〉connectedCFT =

δ	
[
gμν(ρ, xλ)

∣∣
ρ→∞ = γ

(0)
μν

]
δγ

μ1ν1
(0) (xλ

1 ) . . . δγ
μnνn
(0) (xλ

n )
(8.15)

on the gravity side. Since every CFT has the stress tensor as part of its operators,
we focus here on such correlation functions. For other types of correlation functions
and further checks of AdS/CFT see, e.g. [554,555].

The 1-point function yields the (holographically renormalized) Brown–York
stress tensor discussed above. The 2-point functions can be found in [556] and
the 3-point functions were calculated in [557]. They match with corresponding
CFT results, thereby providing evidence for the correctness of AdS/CFT. Calcu-
lating arbitrary n-point functions by repeatedly varying the action is cumbersome.
In AdS3/CFT2 the proof of the dictionary (8.15) works recursively [558], by proving
the Belavin–Polyakov–Zamolodchiov identity [559]

〈Tzz(z1)Tzz(z2) . . . Tzz(zn)〉connectedCFT =
n∑

i=2

(
2

z21i
+ 1

z1i
∂zi

)
〈Tzz(z2) . . . Tzz(zn)〉

(8.16)
through complete induction, where we used conformal coordinates gzz = gz̄z̄ = 0,
gzz̄ = 1, the definition znm := zn − zm and displayed only the holomorphic sector
(the anti-holomorphic one is analogous). Starting point of this proof is the gravita-
tional 2-point function

〈Tzz(z1)Tzz(z2)〉connectedCFT = 3�

4GN z412
(8.17)

which coincides with the 2-point function of the (holomorphic component of the)
stress tensor in a CFT2 with central charge c = 3�/(2GN) [483]. The first step in the
recursion relation then yields the 3-point function

〈Tzz(z1)Tzz(z2)Tzz(z3)〉connectedCFT = 3�

2GN z212z
2
23z

2
13

(8.18)

which coincides again with the corresponding CFT2 result. Further iterations yield
all higher n-point functions coinciding with corresponding CFT2 results, see [558]
for a proof in the CS formulation and for explicit results for correlation functions up
to n = 5.
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8.2 Holography and Quantum Information

Feynman’s slogan ‘everything is particle’ has dominated a lot of the early attempts
to address quantum aspects of gravity, including the Hawking effect and black hole
evaporation. Eventually, the community realized that it is useful to apply in addition
Wheeler’s slogan ‘everything is information’. Indeed, after the turn of the millen-
nium, numerous concepts and techniques from quantum information have entered
the analyses of black holes, particularly in a holographic context.

An early milestone in these developments was the Ryu–Takayanagi (RT) formula
for holographic entanglement entropy [560]. Entanglement is a key concept in quan-
tum mechanics and entanglement entropy is a particular entanglement measure (see
[561] for an overview of entanglement measures and [562] for a review of entangle-
ment entropy). For a bipartite quantum system with a direct product Hilbert space
H = HA ⊗ HB , we can define the reduced density matrix

ρA = TrB ρ (8.19)

where ρ is the density matrix of some general state (normalized such that Trρ = 1)
and TrB indicates that we trace out all degrees of freedom associated with the Hilbert
space HB . Entanglement entropy is defined as the von Neumann entropy of the
reduced density matrix.

SA = −Tr
(
ρA ln ρA

)
. (8.20)

If there is a matrix representation of the reduced density matrix ρA with eigenval-
ues λi then entanglement entropy is given as a sum/integral SA = − ∑

i λi ln λi .
This means that eigenvalues that are either 1 or 0 do not contribute to entan-
glement entropy. Entanglement entropy inherits several key properties from von
Neumann entropy, including unitarity SA(U †ρU ) = SA(ρ), semi-positivity SA ≥ 0,
boundedness SA ≤ ln DA (with DA being the dimension of HA) and concavity
SA(

∑
i μiρi ) ≥ ∑

i ρi SA(ρi ) (for all sets of non-negative μi normalized so that∑
i μi = 1). Moreover, whenever ρ is a pure state we have the identity ρA = ρB .

From the definition (and from Exercise 8.6) it is evident that entanglement entropy
counts the number of entangled bits between the subsystems A and B.

Since holography tells us that every observable on the CFT side should have a
corresponding observable on the gravity side there must be some gravitational way
to calculate entanglement entropy. The RT proposal

SA = area

4GN

(8.21)

resembles the BH formula for thermal entropy (5.43), but the meaning of ‘area’ is
different. Here it is the area of an extremal surface attached to the asymptotic AdS
boundary whose boundary is homologous to the boundary of the entangling region
in the CFT, see Fig. 8.1. The original proposal was improved by Veronica Hubeny,
Mukund Rangamani and Tadashi Takayanagi [563] so that it works also for arbitrary
time-dependent spacetimes. Conceptually, their generalization is similar to Bousso’s
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Fig. 8.1 RT surface is a
d-dimensional minimal
surface attached to some
entangling region A on a
constant time slice of the
conformal boundary of
asymptotically AdSd+2 with
holographic direction ρ

covariant generalization (6.61) of the Bekenstein bound and also involves light sheets
(with vanishing expansion). Besides its conceptual richness, the RT formula (8.21)
provides a useful tool to calculate entanglement entropy in holographic QFTs, which
on the field theory side is notoriously hard.

Even without calculating it, the simple fact that entanglement entropy is given in
terms of extremal/minimal surfaces allows showing in a simple picture a property
called strong subadditivity [564] that otherwise requires amore elaborate proof [565].

SA∪B + SB∪C ≥ SA∪B∪C + SB SA∪B + SB∪C ≥ SA + SC . (8.22)

The left-hand sides contain the sum of entanglement entropies obtained when taking
the union of the entangling regions A and B, and B andC . The right-hand side of the
first inequality contains the sumof entanglement entropy of region B and of the union
of all three regions. The right-hand side of the second inequality contains the sum
of entanglement entropy of regions A and C . Strong subadditivity is the statement
that the left-hand sides are not smaller than the right-hand sides. The graphic proof
is contained in Fig. 8.2 (for simplicity the graphic shows a situation where the field
theory is 2-dimensional so that equal time-slices are 1-dimensional and minimal
surfaces are geodesics, but the same proof works in any higher dimension).

The proof works as follows (we discuss it only for the first line in the figure, as
the second line is analogous). In the first graphic, the green and red curves symbolize
holographic entanglement entropy of SA∪B and SB∪C , respectively. The graph after
the equality is a trivial identity where only the color of the curves has changed
for illustration. The interpretation is now that the red curve starts and ends at the
endpoints of region B, while the green curve starts at the outermost endpoint of A and
ends at the outermost endpoint of C . The last figure plots holographic entanglement
entropy for region B (red curve) and the union of regions A, B, and C (green curve).
The inequality sign comes about because the curves in themiddle figure by definition
are longer than the geodesics in the right figure. This concludes the holographic proof
of strong subadditivity.
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Fig.8.2 Graphic proofs of strong subadditivity inequalities using holographic entanglement entropy

To give the simplest example for holographic entanglement entropy: in
AdS3/CFT2 a simply connected entangling region is just a spatial interval of size L
bounded by two points, and the extremal surface is a geodesic connecting these two
points. The length of this geodesic yields entanglement entropy according to the RT
formula (8.21). For a planar CFT2 at zero temperature this prescription yields (see
Exercise 8.7)

SA = �

2GN

ln
L

a
= c

3
ln

L

a
. (8.23)

Here we used the Brown–Henneaux result for the central charge c = 3�
2GN

; moreover,

we had to introduce a cutoff a to evaluate the length of the geodesic, since the
asymptoticAdS behavior trivially renders their lengths infinite unless a cutoff surface
is introduced. This divergence has a physical origin on the CFT side as well: there is
a UV divergence in entanglement entropy since there are infinitely many pairs that
can be entangled if we zoom into smaller and smaller distances; in lattice models,
the typical cutoff scale is the lattice spacing. The calculation on the CFT side uses
the replica method, which replaces ρA ln ρA by ρn

A with some integer n, the trace of
which can be calculated. The final result is analytically continued to real n, and finally
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the limit n → 1+ is taken; see [566] for a review of the calculation of entanglement
entropy on the CFT side.

Staying in three dimensions, we can introduce ‘velocity’ and ‘acceleration’ of
entanglement entropy, both of which have nice interpretations. Let us start with the
former. Consider entanglement entropy for a Poincaré invariant state (e.g. the vac-
uum) for an entangling region of length L . Then define the velocity-like expression

c(L) := 3L
dSA(L)

dL
. (8.24)

This is precisely the Casini–Huerta c-function [567].1 For L → 0 the function
c(L → 0) → 3�

2GN
coincideswith theUVcentral charge, and for L → ∞ it coincides

with the IR central charge c(L → ∞) → cIR ≤ 3�
2GN

. In between it is a monotoni-

cally decreasing positive function.
The ‘acceleration’ of entanglement entropy can be defined in a more Lorentz

covariant way by considering null deformations of one of the endpoints of the entan-
gling region and then taking second derivatives with respect to the deformation
parameter.

d2SA(λ)

dλ2

∣∣∣
λ=0

+ 6

c

(dSA(λ)

dλ

∣∣∣
λ=0

)2
(8.25)

The reason for the second term is the transformation behavior of entanglement
entropy under diffeomorphisms,

δεSA = εS′
A − c

12
ε′ . (8.26)

The combination appearing in (8.25) transforms with an infinitesimal Schwarzian
derivative. See Exercise 8.9 and [569,570] for more details on this expression.

Inspired by the quantum focusing conjecture [571] the combination (8.25) was
shown to appear in a local quantum inequality, the quantum null energy condition
(QNEC).2

2π 〈Tkk〉 ≥ d2SA(λ)

dλ2

∣∣∣
λ=0

+ 6

c

(dSA(λ)

dλ

∣∣∣
λ=0

)2
. (8.27)

Here 〈Tkk〉 is the expectation value of the double projection of the CFT2 stress tensor
into the same null direction k as used in the null deformations of the entangling
region on the right-hand side of (8.27). QNEC is the only known energy condition
that is local for the stress tensor and valid when quantum effects are taken into

1 The proof that this is a c-function is instructive and short, so the reader is strongly encouraged to
consult Sect. 3 of [568] to verify it. The only input is Lorentz invariance, unitarity, and the use of
strong subadditivity.
2 In higher dimensions the second term on the right-hand side is absent, but the first term looks
essentially the same, up to a geometric factor coming from the induced metric at the boundary of
the entangling region. For details see [572].
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account. Its violation is argued to imply a violation of unitarity. Proofs of QNEC
under increasingly relaxed assumptions are contained in these references [572–575].

We conclude this section by the cautionary remark that the RT formula (8.21)
requires the validity of the large N limit. At finite values of N , there are semiclassi-
cal corrections from bulk entanglement [576]. A quantum proposal for holographic
entanglement entropybeyond the 1-loop approximation involves the concept of quan-
tum extremal surfaces [577].

8.3 AdS Black Holes and Holography

As in the flat space case, black holes on an AdS background can be a result of
gravitational collapse (one-sided black holes) or may be eternal (two-sided black
holes), as depicted in Fig. 8.3. For both of these cases, it takes finite coordinate time
for the outgoing null rays outside black hole to reach the AdS (causal) boundary. In
either of the cases, wemay have large or small AdS black holes. For large black holes,
whose horizon radius is comparable to the AdS radius, the Hawking radiation from
a black hole in the AdS background can reach thermal equilibrium. That is, a large
AdS black hole is like a black hole in a box with fixed temperature at the boundary.
A small black hole, whose horizon radius is much smaller than the AdS radius,
essentially behave like a black hole in a flat background, as expected intuitively.

In this section, we study some aspects of AdS black holes in view of the Ad/CFT
duality.

Fig.8.3 Penrose diagrams for two-sided eternal AdS black hole (left) and the one-sided case (right).
One-sided case is a result of gravitational collapse and has neither a past curvature singularity nor
a bifurcate horizon. The eternal AdS has two causally disconnected boundaries and the arrows on
each boundary show the flow of Killing time
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8.3.1 Black Holes as Thermal States

In Chap. 5 we summarized the classical indications that black holes were thermal
states, which was then supported by semiclassical calculations in Chap. 6. In par-
ticular, we saw schematically how Gibbons and Hawking derived the free energy
from the on-shell action, but a delicate issue that we were slightly vague about is
the determination of the boundary terms, which are crucial for obtaining the cor-
rect (finite) free energy. Fortunately, we just discussed in the previous section how
this issue is resolved in an asymptotically AdS context. Thus, we specify now the
Gibbons–Hawking derivation to black holes in AdS.

For simplicity, we consider here BTZ black holes introduced in the 3-dimensional
gravity discussion in Chap. 7, but we stress that the essence of the calculation does
not change in higher dimensions (for the 2-dimensional case see Exercise 8.11).

In general, our task is to evaluate the holographically renormalized action (8.13)
on-shell for all classical saddle points compatiblewith our specified values for inverse
temperatureβ and the angular velocity� (which plays the role of a chemical potential
μ). However, currently, we are interested in a specific saddle point, namely the BTZ
blackhole (7.3).We shall comeback to competing saddle points in the next subsection
when discussing the Hawking–Page phase transition.

Inserting (7.3) into (8.13) and using the definitions � = r−/(�r+), β = 1/TBTZ
with (7.5) yields the holographically renormalized on-shell action

	BTZ[β, �] = − π2�2

2GNβ(1 − �2�2)
. (8.28)

This implies that the BTZ free energy is given by

FBTZ[T , �] = − π2�2T 2

2GN(1 − �2�2)
. (8.29)

The free energy is negative and its magnitude grows quadratically with the tempera-
ture. From this result, one may expect that at high temperatures the dominant saddle
point will be the black hole. Moreover, differentiating the free energy with respect
to its variables T and � yields all desired thermodynamical quantities. For instance,
the expression

SBTZ = −∂FBTZ[T , �]
∂T

= − π2�2T

GN(1 − �2�2)
= 2πr+

4GN

(8.30)

recovers the BH result (5.43).
AdS/CFT gives a new twist to this story.

ZCFT[β, μ] = 〈1〉CFT = Zgravity[β, μ] ≈
∑

e−	EOM[β, μ]. (8.31)

The first equality is just the definition of the CFT partition function. The quantities
β and μ, respectively, denote inverse temperature and possible additional chemical
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potentials. The second equality is the restriction of themaster formula (8.1) to 0-point
functions. Finally, the last expression is obtained after imposing the supergravity
approximation, where instead of superstring theory the holographically renormalized
(super)gravity on-shell action is used. The sumextends over all classical saddle points
consistent with the choices of inverse temperature and chemical potentials.

This means that in the supergravity approximation black holes in AdS are dual to
thermal states in a (large-N , strongly coupled) CFT.

8.3.2 Hawking–Page Phase Transition

Let us come back to saddle points that could compete with the black hole saddle. We
know for sure that at least one such saddle exists, namely thermal AdS. By this, we
mean global (Euclidean) AdS, with periodic identifications such that the boundary
conditions are met that fix the temperature and the angular velocity.

Sticking with our 3-dimensional example, we insert the global AdS3 metric into
the holographically renormalized on-shell action (8.13), yielding

	AdS[β, �] = − β

8GN �2
. (8.32)

This implies that the free energy of thermal AdS3 is a negative constant.

FAdS[β, �] = − 1

8GN �2
. (8.33)

Comparing the free energies (8.33) and (8.29) we conclude that for small tem-
peratures the dominant saddle is thermal AdS3, while for large temperatures the
dominant saddle is BTZ. The transition from one regime to the other is known as
Hawking–Page phase transition.

The discussion above generalizes to arbitrary dimensions, so the Hawking–Page
phase transitionworks universally for any spacetime dimension D > 2. See [578] for
the original paper. Specifically, on the one hand, one has the thermal gas of massless
particles onAdSat temperatureT which is conveniently describedby a ‘thermalAdS’
space, a Euclidean AdS space with periodic time coordinate, with period 2π/T . On
the other hand, one can have large AdS black holes at a given temperature. There is a
first-order phase transition (as our 3d analysis shows) between the thermal AdS and
AdS black hole, and thermal AdS at the critical temperature Tc = D+2

2π�
, such that for

T > Tc system prefers AdS black hole phase and for T < Tc the thermal AdS.

•> Dual field theory interpretation of the Hawking–Page phase transition

The low-temperature phase is dominated by a state of very low entropy (the field
theory dual to thermal AdS), while the high-temperature phase is dominated by a
highly entropic state (the field theory dual to a black hole in AdS). In a seminal paper
[579], the field theory side of the storywas interpreted as confinement/deconfinement
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phase transition: at low temperatures, the ‘gluons’ are confined and thus the entropy is
relatively low since the state has to be color-neutral; at high temperature the gluons
are deconfined, so the entropy scales like N 2, where N is the (large) number of
colors. According to the AdS/CFT dictionary N 2 corresponds to 1/GN, which gives
the correct BH scaling (8.30).

We close this section with a remark on the dual field theory description of gravi-
tational collapse on an AdS background. The collapse, at least for large AdS black
holes may be viewed as a thermalization process on the dual field theory side. See
Sect. 8.8 for more references and comments.

8.3.3 Eternal Black Holes

As mentioned earlier and depicted in Fig. 8.3, we can have one-sided or two-sided
(eternal) black holes. The eternal AdS black hole has two causally disconnected
boundaries and the proposal is that the AdS black hole is dual to two copies of the
CFT that are in a thermally entangled state, the thermofield double state [580]. This
‘doubling’ feature is very familiar in the context of thermal field theories and goes
under the name of the thermofield double formalism [581]. Our discussions here are
mainly based on [580]; further discussions may be found in [131].

•> Thermofield double formalism, quick review

In a thermal field theory with Hamiltonian H and at inverse temperature β, a generic
n-point function is computed as

Cn := Tr
(
ρ

β
O1 · · ·On

)
, ρ

β
:= 1

Z(β)
e−βH (8.34)

where Z(β) = Tre−βH is the partition function and the trace is over the Hilbert space
H of the theory. The abovemay bewritten as the expectation value over a thermofield
double state |TFD〉,

Cn := 〈TFD|O1 · · ·On|TFD〉 = TrHD

(
ρ

TFD
O1 · · ·On

)
, (8.35)

where |TFD〉 is a specific state in the doubled Hilbert space HD = HL ⊗ HR, with
HL = HR = H ; the operators Oi are defined onHL. Equation (8.35) implies

ρ
TFD

= |TFD〉〈TFD|, TrRρ
TFD

= ρ
β
. (8.36)

Therefore, the thermally mixed density matrix onHL, ρβ
, is ‘purified’ in the doubled

Hilbert spaceHD. One can define a Hamiltonian HD over the doubled Hilbert space
HD. A convenient choice is
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Htot = H ⊗ 1 − 1 ⊗ H . (8.37)

The choice of the Htot, and in particular the minus sign there, is appropriate in the
AdS/CFT setting recalling that the arrows of time on the left and right boundaries
are in opposite directions, cf. Fig. 8.3. See Exercises 8.13, 8.12, and 8.14 for a quick
derivation and more analysis on the thermofield double formalism.

To derive the proposal that the state in the CFTd dual to the eternal AdSd+1 black
hole is the thermofield double state |TFD〉 [580], we should use the statement of the
AdS/CFT (8.1) in the form

ZCFT(�) = Zgravity[∂M = �] , (8.38)

where � = [0, β/2] × Sd−1, as depicted in Exercise 8.12, and Zgravity[∂M = �] is
the path integral for the Euclidean gravity over half of the Euclidean black hole, in
which Euclidean time is restricted to the interval [0, β/2]. That is, M is a half disk
times Sd−1. The Euclidean region M may be completed into a Lorentzian spacetime
as depicted in Fig. 8.4. This setup allows preparing a thermofield double state for the
Lorentzian part.

The thermofield double permits computing two-sided correlators, i.e. correlators
of operators inserted both in the left and right boundaries, e.g., 〈TFD|OL

1OR
2 |TFD〉.

Unlike the correlators of operators only in left or right boundaries, the two-sided
correlators do not have a simple thermal interpretation. The two-sided correlators
are non-zero because of the non-zero entanglement in the thermofield double state.
In the gravity picture, such mixed two-point functions in the leading 1/N order
are associated with spacelike geodesics stretched between the two insertion points
at the left and right boundaries. Such geodesics can probe behind the horizon. In
an interesting work, Maldacena and Susskind [582] made the ER=EPR proposal:

Fig. 8.4 Euclidean
half-AdS, the half-disk (red
region) completed by the
Lorentzian two-sided AdS
black hole in t > 0. The
Euclidean part prepares a
thermofield double state for
the Lorentizan
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the gravity dual of the two-sided Einstein–Podolsky–Rosen-type correlators is the
Einstein–Rosen bridge which connects the left and right parts of the eternal AdS
black hole Penrose diagram 8.3. In suggestive words, the Einstein–Rosen bridges
are equivalent to entanglement.

8.4 Asymptotic Symmetries

Killing vectors generate isometries of a givenmetric, in the sense that theLie variation
along a Killing vector vanishes when acting on the metric (see Sect. 2.2). Killing
vectors lead to conserved charges, defined by Komar integrals (see Sect. 5.1). The
main purpose of this subsection is to generalize the notion of Killing vectors to
asymptotic Killing vectors where not the metric, but only its asymptotic structure, is
preserved. Therefore, when acting with a Lie derivative along an asymptotic Killing
vector on a metric that obeys some specified set of boundary conditions, the result
is not necessarily zero but rather the metric can vary up to terms allowed by these
boundary conditions. While there are always finitely many Killing vectors (as long
as the dimension is finite), there can be infinitely many asymptotic Killing vectors,
which means that the asymptotic symmetry algebras can be considerably richer than
the isometry algebras.

•> Asymptotic Killing vectors

The defining equation for asymptotic Killing vectors

Lξ gμν = O(
δgμν

)
(8.39)

has on the left-hand side the Lie derivative along the asymptotic Killing vector ξ of
a metric g compatible with some given set of boundary conditions, and on the right-
hand side some metric fluctuation/variation allowed by these boundary conditions.

Once the asymptotic Killing vectors are determined it is also of interest to check
their Lie brackets, which yield the asymptotic symmetry algebra.

In many practical applications, one introduces a (partial) gauge fixing and then
requires additionally that the fluctuations δg also preserve the gauge (or diffeomor-
phism) conditions, for instance, fixing the Gaussian normal coordinates.

Example: asymptotic symmetries and asymptotic flatness in two dimensions

Take the 2-dimensional class of metrics defined near the asymptotic boundary at
r → ∞ by

gμν dxμ dxν =
∞∑

n=−1

gn(u)r−n du2 − 2 du dr (8.40)
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where all coefficients gn are allowed to vary so that the allowed metric variations are
given by

δguu = O(r) + O(1) + O(1/r) + · · · δgur = δgrr = 0 . (8.41)

The allowed fluctuations (8.41) preserve EF gauge to all orders in the radial coordi-
nate r (a condition which could be relaxed without changing the physics) and lead
to asymptotically flat metrics, in the sense that the Ricci scalar tends to zero as r
tends to infinity (at least like 1/r3). Let us now construct the associated asymptotic
Killing vectors. The rr -component of (8.39) yields

ξμ∂μgrr + 2grμ∂rξ
μ = −2∂rξ

u = 0 (8.42)

from which we conclude that the u-component of ξ is r -independent. The ru-
component of (8.39) is more complicated,

ξμ∂μgru + grμ∂uξ
μ + guμ∂rξ

μ = −∂uξ
u − ∂rξ

r + guu∂rξ
u = 0 (8.43)

and together with the previous condition (8.42) allows to deduce the following results
for the asymptotic Killing vectors,

ξ = ε(u) ∂u + ( − ε′(u) r + η(u)
)
∂r (8.44)

where prime denotes derivative with respect to u. The uu-component of (8.39) does
not lead to any new constraint on the asymptotic Killing vectors,

ξμ∂μguu + 2guμ∂uξ
μ = O(r) + O(1) + O(1/r) + · · · . (8.45)

Since the asymptotic Killing vectors (8.44) of the metric (8.40) are parametrized by
two arbitrary functions, ε(u) and η(u), we have infinitely many asymptotic Killing
vectors for this example. TheLie-bracket algebra generated by the asymptoticKilling
vectors [

ξ(ε1, η1), ξ(ε2, η2)
]
Lie = ξ

(
ε1ε

′
2 − ε2ε

′
1, (ε1η2 − ε2η1)

′) (8.46)

generates the asymptotic symmetries for our example.

Asymptotic Killing vectors generate asymptotic symmetries that can lead to inter-
esting symmetry algebras. We would like to know how these symmetries act on the
phase space. The canonical realization of the asymptotic symmetries is through the
Poisson/Dirac/Peierls brackets of the boundary (surface) charges Q[ε] introduced in
Chap. 5 and discussed in more detail in Appendix G.
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•> Canonical realization of asymptotic symmetries

Given a set of boundary charges Q[ε], where ε generates all boundary condition
preserving transformations, which in a gravity context means all asymptotic Killing
vectors, the canonical realization of the asymptotic symmetries is given by their
Poisson/Dirac/Peierls brackets

{Q[ε1], Q[ε2]} = Q[ε1 ◦ ε2] + Z [ε1, ε2] . (8.47)

The right-hand side of (8.47) contains the same structure functions as the Lie-bracket
algebra of asymptotic Killing vectors and can additionally contain a central extension
Z [ε1, ε2]. The left-hand side of (8.47) can be evaluated conveniently using

δε1Q[ε2] = {Q[ε1], Q[ε2]} . (8.48)

Following canonical quantization, we replace Poisson brackets by commutators,

i{ , } → [ , ] . (8.49)

We have already discussed an important example, namely the Brown–Henneaux
analysis of asymptotically AdS3 solutions, in Sect. 7.2.3. The main conclusion of
that analysis was that the canonical realization of the asymptotically AdS3 symme-
tries leads to two copies of the Virasoro algebra (7.22), which is equivalent to the
symmetries governing a CFT2. Since this was, at least in retrospect, an important pre-
cursor of AdS/CFT one can exploit similar analyses to conjecture novel holographic
correspondences beyond AdS/CFT, by analyzing first the asymptotic Killing vec-
tors, the asymptotic symmetries they generate, and the canonical realization of these
symmetries. Another example is Kerr/CFT which we review in Sect. 8.7.

If one finds some QFT in one lower dimension that is defined by the same set
of symmetries, one has a candidate for a field theory dual to this gravity theory.
This strategy may allow addressing the question of how general holography is and
whether/how it works beyond AdS/CFT. Moreover, this approach may be useful in
studying and identifying the black hole microstate problem, as discussed in Sect.
8.5.

8.5 Soft Hair and Near Horizon Symmetries

The analysis of asymptotic symmetries can be extended to cases where we have a
boundary, a physical or hypothetical one. An example of such cases is to view the
horizon of a black hole as a boundary for the observers outside the black hole. We
discuss here generic properties of non-extremal horizons, assumed to be in equilib-
riumwith a thermal bath. The physical properties of the thermal bath are modeled by
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the way we impose boundary conditions. Our working definition of a non-extremal
horizon is that the line element can be brought into a Rindler-like form,

ds2 = −κ2 ρ2 dt2 + dρ2 + �ab dxa dxb + · · · (8.50)

where κ is surface gravity (with κ �= 0 to guarantee non-extremality), t is time, and
ρ is some radial coordinate that vanishes at the horizon. We assume that the horizon
is free from singularities and the metric permits a Taylor expansion in ρ in the
near horizon region, specifically the ‘horizon metric’�ab (where a = 1, 2, . . . (D −
2)), is smooth with a non-vanishing determinant, � = det�ab �= 0. The ellipsis
denotes higher-order terms or rotation/boost terms. Consistencywith our smoothness
assumptions determines the near horizon behavior of the metric, which in a co-
rotating frame is given by

gtt = −κ2ρ2 + O(ρ3) gρρ = 1 + O(ρ) (8.51)

gtρ = O(ρ2) gρa = fρa ρ + O(ρ2) (8.52)

gta = fta ρ2 + O(ρ3) gab = �ab + O(ρ) . (8.53)

All coefficients above, κ, fta, fρa,�ab can depend on time t and the transverse
coordinates xa , but not on the radius ρ.

Applying the definition of asymptotic Killing vectors ξ defined in (8.39) to the
class of metrics above yields

ξ t = ε

κ
+ O(ρ) ξρ = O(ρ2) ξa = εa + O(ρ2) (8.54)

where εa depends on xa and ε depends additionally on t subject to the condition
∂tε + εa∂aκ = δκ . The state-dependent functions

P =
√

�

8πGN

Ja =
√

�

16πκGN

(
∂t fρa − 2 fta

)
(8.55)

transform as

δP = εa∂aP + P∂aε
a (8.56a)

δJa = P∂aε + εc∂cJa + Jc∂aε
c + Ja∂cε

c . (8.56b)

The near horizon symmetries are spanned by generators that can be calculated using
the methods reviewed in Appendix G. Their variations

δQ[ε, εa] =
∫

dD−2x
[
ε δP + εa δJa

]
(8.57)

are non-trivial and finite.
If the boundary conditions are chosen such that ε and εa are state-independent,

i.e. δε = 0 = δεa as in [583], then the charges (8.57) are easily integrated and the
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canonical realization of the near horizon symmetries is determined by the transforma-
tion behavior (8.55) by virtue of (8.48). In this case, P,Ja , which are respectively
charges associates with symmetry generators ε, εa , are also referred to as ‘super-
translations’ (since they commute with each other) and ‘superrotations’ (since they
generate diffeomorphisms of the D − 2 dimensional constant t slice at the horizon).

The parameters εa are vectors, while their corresponding charges are 1-form den-
sities of weight one. It is natural to swap their role, so that the charges are 1-forms and
their corresponding parameters become densities of weight one. These near horizon
boundary conditions are obtained by a change of slicing (see Appendix G),

εa = 1√
�

εaH ε = εH − εaHJH
a P−1 (8.58)

with the 1-form JH
a := Ja/

√
�. The change of slicing amounts to taking the new

symmetry generators εH, εaH to be state-independent, δεH = 0 = δεaH, which renders
the previous symmetry generators state-dependent, δε �= 0, δεa �= 0. In this new
slicing, the charges are again integrable and the charge variation (8.57) integrates to

QH[εH, εaH] =
∫

dD−2x
[
εH P + εaHJH

a

]
. (8.59)

The near horizon symmetry transformations (8.56) together with (8.48) yield the
Poisson bracket algebra

{JH
a (x) , P (y)

} = 1

8πGN

∂

∂xa
δ (x − y) (8.60a)

{P (x) , P (y)} = 0 (8.60b){JH
a (x) , JH

b (y)
} = 1

8πGN P(x)
Fba (x) δ (x − y) (8.60c)

where Fab := ∂aJH
b − ∂bJH

a .
In three dimensions Fab vanishes and the boundary conditions reduce to those in

[584,585], while (8.60) reduces to two copies of û(1) current algebras or, equiva-
lently, an infinite tower of Heisenberg algebras. More generally, in any dimension
whenever Fab = 0 the 1-form JH

a is locally exact, JH
a =: ∂aQ. Then, the only non-

vanishing Poisson bracket (8.60), upon quantization (8.49) yields the Heisenberg
algebra,

[Q(x), P(y)] = i

8πGN

δ(x − y) (8.61)

in which the factor 1/(4GN) plays the role of Planck’s constant h.
Both near horizon boundary conditions discussed above allow ‘soft hair’ exci-

tations in the sense of [114] (see also Sect. 9.5.2). Algebraically, this statement is
derived by observing that the Hamiltonian H , essentially given by the zero modes of
the supertranslations, P0 := ∫

dD−2x P, commutes with all other generators. This
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means that any near horizon descendant of any state has the same energy as the origi-
nal state, which implies that all such excitations are soft, i.e. zero energy excitations.
In terms of this zero mode, the BH entropy is given by [583,584]

S = 2π P0 . (8.62)

Inserting the precise numerical factors into the near horizon Hamiltonian H :=
QH[εH = κ, εaH = 0] yields the near horizon first law,

dH = T dS T := κ

2π
. (8.63)

8.6 Extremal Black Holes and Attractor Mechanism

Extremal black holes are a specific class of black holes where the inner and outer
horizons coalesce. These black holes have vanishing surface gravity and do not have
a bifurcate horizon. Aswe have seen in various examples so far, in the near horizon of
extremal black holes we find an AdS2 space rather than the usual Rindler space. This
has been proven for a large class of generic extreme black holes [586]. Moreover,
there are uniqueness theorems for the so-called near-horizon extreme geometries in
vacuum Einstein theory and Einstein–Maxwell theory in four and five dimensions
[586–589]. Here, we give a sketch of the argument.

8.6.1 Symmetry Enhancement

Stationary black holes have a Killing vector that becomes null at the horizon. It is
convenient to adopt the Gaussian Null Coordinates [248], where the Killing vector
∂v becomes null at the horizon, chosen to be the locus r = 0. In such a coordinate
system, the metric

ds2 = r2F(r , x)dv2 + 2dvdr + 2rha(r , x)dvdx
a + �ab(r , x)dx

adxb, (8.64)

depends on coordinates xa, a = 1, 2, . . . , D − 2 that span the directions along the
compact surface at spatial cross-section of the horizon whose metric is denoted by
�ab. The functions F(r , x), ha(r , x), �ab(r , x) are smooth and (by assumption)
admit a Taylor expansion around r = 0. We also assume that the horizon is non-
singular and det�ab �= 0 at r = 0. Black hole extremality is manifest because the
dv2-term starts with a factor of r2. The near-horizon limit

r → rε, v → v/ε, ε → 0 (8.65)

yields the near-horizon metric

ds2 = r2F(x)dv2 + 2dvdr + 2rha(x)dvdx
a + �ab(x)dx

adxb , (8.66)
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where F(x) = F(0, x), · · · . Besides the ∂v Killing vector, the metric above also
enjoys a scaling symmetry generated by the Killing r∂r − v∂v . This symmetry has
appeared as a result of taking the near-horizon limit.

So far, the argument was quite general and only used having an extremal Killing
horizon. The next step is to impose the EOM to restrict the form of the remaining
functions of x . While this depends on the details of the theory and its matter content,
working throughvarious examples onefinds that generally, the solution enjoys having
another Killing vector which together with the two discussed above, yields O(2, 1)
or I SO(1, 1) isometries. That is, the geometry, in general, is a warped product of
a maximally symmetric 2d space and the compact spatial codimension-2 space.
Moreover, this 2d part is AdS2 if the matter fields satisfy the SEC [586], which
encompasses most physical theories of interest. In this case, in a coordinate system
that makes the AdS2 isometries manifest, the metric

ds2 = W (y)

(
−ρ2dτ 2 + dρ2

ρ2

)
+ 	ab(y)(dy

a − kaρdτ)(dyb − kbρdτ) (8.67)

depends on a constant vector ka on the (D − 2)-dimensional compact surface
spanned by ya . The functionsW (y), 	ab(y) are yet to be fixed through the EOM and
depend on the matter content of the theory. For vacuum solutions, it has been shown
that in D = 4, 5 dimensions there is a unique solution with SL(2,R) ×U (1)D−3

isometry [200,586,588] and that these solutions are coming from the near horizon
limit of extremal Kerr (D = 4 case) and extremal MP or extremal double rotating
ring (in D = 5 case). One can show that SL(2,R) invariance implies axisymme-
try (U (1) or U (1)2 isometry for D = 4, 5 cases) for the smooth Einstein vacuum
solutions [590,591]. Similar uniqueness theorems have been proven for solutions of
Einstein–Maxwell theory in four and five dimensions. Classification and uniqueness
of near-horizon-extremal-geometries in more general theories and higher dimen-
sions is still an open problem, see [587,590,592] for more reading on this topic. As
in the black hole case, onemay question the (in)stability of the near-horizon-extremal
geometries. In general there seems to be a linearly growing mode among perturba-
tions of these geometries [593]; see [594–598] for further studies and analysis.

8.6.2 Attractor Mechanism

In gravity theories which generically appear through compactifications of string
theory or supergravity to lower dimensions, there are moduli, scalar fields which
have no potential and enjoy a shift symmetry. In these theories, there are also some
Maxwell fields. The Maxwell term in the action is generically accompanied by an
exponential factor of these scalar fields. If we denote the scalars (usually also called
dilatons) of the theory by �a , the action is such that the theory is invariant under
�a → �a + �0

a together with appropriate scaling of the gauge fields, for arbitrary
constant�0

a . Therefore, startingwith any solution shifting the dilatons by an arbitrary
constant produces another solution. If this solution is a black hole, then thismeans that
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the black hole is not uniquely specified by its mass, charges, and angular momenta
and there is an infinite family of them which only differ by a constant shift in their
value of the dilaton. The attractormechanism is the realization that for extremal black
holes, while the values of dilatons in the asymptotic region can be different, their
values at the horizon only depend on the ADM charges of the black hole. Among
other things, the attractor mechanism tells us that the constant value of the dilaton
does not appear in the black hole entropy and in general in its laws of thermodynamics
[599–601].

Herewe sketch the argument for how the attractormechanismarises in the simplest
near-horizon geometry of static extremal solutions to Einstein–Maxwell-Dilaton the-
ory.

S = 1

16πGN

∫
d4x

√−g

[
R − (∂�)2 − 1

2
e−2α1�(F1)2 − 1

2
e−2α2�(F2)2

]
.

(8.68)
Here Fi = dAi denote the two Maxwell fields we have in our theory. The above
action is invariant under the shift � → � + �0 if we also rescale the gauge field,
Ai

μ → eαi�Ai
μ. The main point of the argument relies on the SL(2,R) invariance of

the corresponding near horizon geometry. The most general spherically symmetric
SL(2,R)-invariant 4d metric is AdS2×S2,

ds2 = R2
1

(
− r2dt2 + dr2

r2

)
+ R2

2

(
dθ2 + sin2 θdφ2) . (8.69)

The same symmetries completely fix the spacetime dependence of the two gauge
fields

Ai = qir dt + pi cos θ dφ (8.70)

and there remain four constants to be determined. Finally, the dilaton field is fixed
to be a constant, � = �c, because there is no other scalar function invariant under
SL(2,R) × SO(3) isometries.

The attractor mechanism then tells us that �c is determined as a function of the
electric and magnetic charges qi , pi . To see this, one may work through the EOM of
the theory (8.68). However, since the solution ansatz we are considering is a product
of maximally symmetric spacetimes (here AdS2 and S2), one can show that the EOM
may be obtained from the reduced action one finds by plugging the solution ansatz
into the action [602,603]. The reduced Lagrangian is

L = R2
1R

2
2

16πG

⎡
⎣(

− 2

R2
1

+ 2

R2
2

)
+

∑
i=1,2

e−2αi�c
( q2i
R4
1

− p2i
R4
2

)⎤
⎦ . (8.71)

One can work out the equations for the three variables R1, R2,�c in terms of the
charges. We leave this as an exercise to the reader. The main point in (8.71) is that
there is a non-trivial potential for the constant value of the dilaton�c and one cannot
shift �c if the αi are different from each other.
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The appearance of this potential for �c is at the heart of the attractor mechanism.
As discussed above, it is based on the SL(2,R)-invariance of the near-horizon-
extremal geometries that fixes the (t, r)-dependence of the fields. This behavior is
hence not expected to happen in generic black holes. Here we presented the sim-
plest possible case. However, the attractor mechanism arises from the enhancement
of isometries in the near horizon extremal geometries—for generic extremal black
holes, black branes, and black rings—and has been extensively discussed in the lit-
erature. The attractor behavior has been at the root of the entropy function proposed
by Ashoke Sen as a way to account for microstates of extremal black holes. For
further readings, we refer the reader to [599,603–606] and their citations for more
followups.

8.7 Kerr/CFT and Related Topics

The appearance of AdS2 factors in the near-horizon-extremal geometries has
prompted the hope that one may use the ideas of AdS/CFT to account for extremal
black hole microstates and then use extremal cases as a base to tackle the same
problem for generic black holes. Nonetheless, it has not been so straightforward to
formulate this idea, in part because of the peculiar feature of AdS2, that it has two
disconnected boundaries and the space is simply too small to allow for fluctuations or
perturbations which are normalized at both boundaries [607]; AdS2/CFT1 is not just
a simple example of AdS/CFT in higher dimensions. One idea to deal with this is the
quantum entropy function mentioned in the previous subsection, which is attempting
to formulate a dual of AdS2 gravity as a quantum mechanics system. Another idea
is the Kerr/CFT correspondence [199], which we briefly discuss here.

•> Statement of Kerr/CFT [199]

QG in the region very near the horizon of an extreme Kerr black hole is dual to a
chiral 2d CFT at central charge cL = 12J , where J is the angular momentum of the
extreme Kerr background.

The backbone of the argument leading to the Kerr/CFT proposal is the realization
of a single copy of the Virasoro algebra (7.22) as the asymptotic symmetry group
of near-horizon extremal Kerr (NHEK) geometry, much in the same way as the
AdS3 and Brown–Henneaux example [534] discussed in the previous chapter. The
difference is that here we have only a single copy of Virasoro, and hence a chiral
CFT appears as the dual field theory. In what follows we show how this single copy
of Virasoro is realized.

Let us start with the NHEK geometry

ds2 = GN J�2(θ)

2

[
−r2dt2 + dr2

r2
+ dθ2 + �2(θ)(dφ − rdt)2

]
(8.72)
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where J is the angular momentum of the associated extremal Kerr and

�2 = 1 + cos2 θ , � = 2 sin θ

1 + cos2 θ
. (8.73)

The above geometry has an SL(2,R) ×U (1)φ isometry algebra with the Killing
vectors given in (5.26) but with k = 1.

Notably, J in (8.72) appears only as an overall factor. In the NHEK geometry,
we have used a coordinate system where the AdS2-part is in the Poincaré patch with
horizon at r = 0. This horizon may be removed by an extension to global AdS2
[199]. The geometry does not have an event horizon, but it has infinitely many
Killing horizons. One may compute the surface gravity for these Killing horizons
and verify that they all have the same surface gravity κ = 1 [380] (cf. discussions
around (5.56) in Sect. 5.4.3). One should note that surface gravity for the NHEK
geometry does not vanish, unlike the surface gravity of the extreme Kerr black
hole itself. The fact that all Killing horizons have the same surface gravity is a
manifestation of the SL(2,R)-invariance of the background. This surface gravity
may then be attributed to the Frolov–Thorne temperature T = 1/(2π), as discussed
in [199].

Asymptotic symmetry group

We start with a NHEK background ḡ given by (8.72) and allow fluctuations gμν =
ḡμν + hμν . The asymptotic conditions [199]3

htt ∼ O(r2) htφ ∼ O(1) hφφ ∼ O(1) (8.74)

htθ ∼ hrφ ∼ hθθ ∼ O(
1

r
) hrθ ∼ htr ∼ O(

1

r2
) hrr ∼ O(

1

r3
) (8.75)

are preserved by diffeomorphisms, Lχgμν = O(hμν), generated by the vector field

χ [ε(φ)] = ε(φ)∂φ − rε′(φ)∂r + · · · , (8.76)

where ε(φ) is an arbitrary smooth (periodic) function and the ellipsis denotes sub-
leading terms. Note the resemblance of (8.76) to (8.44). While χ [ε(φ)] commutes
with ξ1, ξ2 it does not commute with ξ0, ξ4. Nonetheless, the perturbed geometry
still has SL(2,R) ×U (1) symmetry, as Killing isometries are covariant notions and
do not change under diffeomorphisms [608].

Introducing Fourier modes χn := χ [ieinφ], the asymptotic symmetry algebra

[χn, χm]Lie = (n − m)χn+m (8.77)

3 Note that (8.72) only covers a region very close to the horizon of the original extreme Kerr
geometry. Even the ‘asymptotic’ r → ∞ region is close to the horizon of original Kerr black hole.
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is the Witt algebra.
Following the methods of chapter (5), the canonical realization of the asymptotic

symmetries (8.77) yields charges Ln whose Poisson bracket algebra has a non-zero
central extension

i{Ln, Lm} = (n − m) Ln+m + c

12
n3δn+m, 0 c = 12J . (8.78)

Thus, a single copy of the Virasoro algebra (7.22) is obtained in Kerr/CFT.
The appearance of theVirasoro algebra prompted theKerr/CFTproposal, inwhich

this algebra is associated with a chiral CFT2. The precise meaning of this chiral
CFT2 and its dynamical content is yet to be specified and does not follow from the
asymptotic symmetry group analysis, see [609] for a discussion on this. A relevant
class of CFT2 has so-called Cardy growth of states where only the central charge
of the Virasoro algebra and not other details of the CFT enter in the determination
of the asymptotic density of states. See Sect. 9.4, which discusses Cardy growth and
the Cardy formula. Assuming that this chiral CFT is at the temperature T = 1/(2π)

(see the discussions above on surface gravity of the NHEK geometry), one may use
the Cardy formula to correctly reproduce the entropy of the NHEK (and hence the
associated extremal Kerr black hole).

S = 2π J . (8.79)

The Kerr/CFT correspondence has been extended to virtually any extremal black
hole/ring, see [610] for a review.

8.8 Summary and Outlook

In this chapter we mainly focused on the gravity side of AdS/CFT, addressing also
some quantum information aspects of holography. In the first half, we collected
the backbone of AdS/CFT, the Gubser–Klebanov–Polyakov–Witten prescription
(8.1) of calculating correlation functions, the Fefferman–Graham expansion (8.4)
of the metric, holographic renormalization, the RT-proposal for holographic entan-
glement entropy (8.21), the description of thermal states as black holes (with possible
phase transitions), and the concept of asymptotic symmetries. In the second half, we
selected three specific holography-inspired topics that particularly relate to black
holes, namely soft hair and near horizon symmetries, extremal black holes and the
attractor mechanism, and Kerr/CFT.

However, as anticipated at the start of the chapter, this field is still evolving and
there are numerous relevant topics that we omitted. We briefly address them here.

Scalar fields play an important role, both in the original AdS/CFT correspondence
and in phenomenological applications. Many aspects of scalar fields in AdS can be
understood by solving the Klein–Gordon equation on an AdSD background

(∇2 − m2) φ = 0. (8.80)
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Interestingly, unitarity implies a lower bound on the square of the scalar mass that
is negative,

m2�2 ≥ − (D − 1)2

4
(8.81)

known as the Breitenlohner–Freedman bound [611]. This bound emerges from
demanding reality of the conformal weight �+ of the dual operator in the CFT

�± = D − 1

2
± 1

2

√
(D − 1)2 + 4m2�2 . (8.82)

For more details on scalar fields in an AdS/CFT context see, e.g. Appendix K of
[612] or [547].

There are several holographic relations between black holes and observables in
CFTs that we did not mention yet; while some of them will be addressed in the next
chapter, here we highlight just one additional example, namely the identification of
black hole QNM frequencies (see the discussion in Sect. 4.7.1) with the location of
poles in the retarded Green function in a CFT [338].

Numerous applications to holography emerged in the twenty-first century, starting
with applications to quark-gluon plasma physics. The black hole formation on the
gravity side corresponds to thermalization on the field theory side, and numerous
observables were calculated holographically in this context. An emblematic example
is the calculation of the ratio of shear viscosity η over entropy density s at infinite
coupling in the large-N limit [613,614],

η

s
= 1

4π
≈ 0.080 . (8.83)

The experimentally measured value of this ratio at RHIC is surprisingly close to
the result (8.83) [615]. Operationally, the harder part of the calculation is the shear
viscosity, since entropy density follows from the BH law (5.43). It is calculated
through the Kubo formula [414]

η = lim
ω→0

1

2ω

∫
d4x eiωt 〈[Txy(xμ), Txy(0)]〉 (8.84)

where xμ = (t, x, y, z) refers to standard Minkowski coordinates. Thus, the calcu-
lation of shear viscosity reduces to the calculation of 2-point functions of (mixed
spatial) components of the energy-momentum tensor. Holography allows to exploit
the dictionary (8.15) to calculate these correlation functions on the gravity side in a
simple way, yielding (8.83).

Condensed matter systems can also feature strong coupling/correlation phenom-
ena, including cold atoms [616,617], high-temperature superconductors [618,619],
Lifshitz fixed points [620], and strange metals [621]. Since the literature on holo-
graphic applications of black hole physics to QCD as well as to condensed matter
systems is vast, we confine ourselves to some pointers to textbooks, review articles,
and further literature listed below.
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Further Reading

The literature on holography can be overwhelming since the seminal work [88] has
acquired over 17 thousand citations at the time of writing this chapter. Therefore, we
provide here only a few pointers to selected textbooks and review articles.

For general aspects of AdS/CFT see, e.g. [553,554,622–625]. For a more recent
analysis on the thermofield double, how horizons appear in the dual CFT, and how
one can probe the geometry behind the horizon using the dual CFT, see [626,627].

Textbooks and reviews focused on quantum information aspects of holography
include [131,628–631].

For applications to QCD and/or condensed matter applications of holography see,
e.g. [547,632–636].

Exercises

8.1 Domain walls and holographic renormalization group flow.
Consider an AdS3 domain wall metric

ds2 = dρ2 + e2A(ρ)
( − dt2 + dx2

)

that models a renormalization group flow from the UV (ρ → ∞) to the IR (ρ →
−∞), in the sense that this geometry can be dual to the ground state of a QFT2. Show
that this metric has the expected Killing vectors of a QFT2 and deduce conditions on
the function A(ρ) such that the domain wall really can describe a renormalization
group flow between CFT2 fixed points in the UV and IR. In particular, the central
charges at the respective fixed points must obey cUV ≥ cIR.

8.2 Generalized Fefferman–Graham expansion.
Consider metrics of the form

ds2 = dρ2 + (
e2ρ/�ημν + eρ γ (1)

μν + γ (2)
μν + · · · ) dxμ dxν

and calculate the asymptotic expansions for extrinsic curvature Kμν and its trace.

8.3 Holographic renormalization in AdS5.
Renormalize holographically AdS5 Einstein gravity such that the on-shell action

and Brown–York stress tensor are finite and the variational principle is well-defined.

8.4 Holographic 2-point correlator of stress tensor.
Calculate in AdS5 Einstein gravity the 2-point correlator of the boundary stress

tensor.
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8.5 Holographic renormalization in 2d dilaton gravity
Show that the bulk action of generic 2d dilaton gravity (7.33) without matter

requires two types of boundary terms

IGHY = 1

8πGN

∫
dx

√|γ | XK Ict =
∫

dx
√|γ | f (X)

and calculate f (X) depending on the bulk potentials U (X) and V (X). Use the
following assumptions:

• The boundary is a dilaton isosurface at X → ∞.
• The function w(X) defined in (7.43) tends to ∞.
• The state space consists of solutions (7.50) with arbitrary M .

8.6 Entanglement entropy of 2-qubit systems.
Calculate entanglement entropy for the direct product state |ψ1〉 = |0〉A ⊗ |0〉B

and the Bell state |ψ2〉 = 1√
2

(|0〉A ⊗ |0〉B + |1〉A ⊗ |1〉B
)
.

8.7 Holographic entanglement entropy of CFT2.
(1) The geometry dual to the CFT2 vacuum on the plane is Poincaré patch AdS2,

ds2 = �2

z2
( − dt2 + dx2 + dz2

)
. (8.85)

Apply the RT prescription (8.21) to calculate entanglement entropy of the CFT2
vacuum for an entangling region of size L (e.g. by placing the endpoints of the interval
symmetrically at z1,2 = 0 and x1,2 = ± L

2 ). Convince yourself that the length of the
geodesic connecting these points is infinite and, when regulated, coincides with the
result (8.23).

(2) Repeat the above analysis for computing entanglement entropy of a given
interval in a 2d CFT state with generic Virasoro excitation. Holographically, this is
dual to the Bañados geometries (7.7).

8.8 Lorentz geometry in Casini–Huerta proof.
This exercise focuses on a simple detail of the Casini–Huerta proof. Consider four

events in 2-dimensional Minkowski space labeled by Ai , i = 1, 2, 3, 4, such that the
distances A = A1A2, B = A1A3, C = A2A4, and D = A3A4 are all spacelike and
the line A1A3 intersects with the line A2A4. Proof the identity AD = BC .
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8.9 QNEC and Schwarzian.
Show that the QNEC combination Q = S′′ + 6

c (S
′)2 defined in (8.25) transforms

with a Schwarzian derivative under diffeomorphisms, δεQ = εQ′ + 2ε′Q − c
12 ε′′′.

8.10 QNEC with paper and pencil.
Consider stationary spherically symmetric geometries in three dimensions and

calculate the QNEC combination Q = S′′ + 6
c (S

′)2 defined in (8.25). In doing so,
verify the following statements.

(1) The geodesic Lagrangian L yields two Noether charges given by Q1 =
ż∂L/∂ ż + ṫ∂L/∂ ṫ − L and Q2 = ∂L/∂/ṫ , where t is some time coordinate, z some
holographic radial coordinate and dot denotes derivativeswith respect to the geodesic
parameter, which we take to be the third coordinate, x .

(2) The deformation parameter λ can be calculated by the integrals

λ = 2

λ/2∫
0

dt = 2

0∫
z∗

dz
ṫ

ż

where z∗ is the value of the holographic coordinate at the turning point of the geodesic
in the bulk.

(3) The deformed spatial length of the entangling interval, � → � + λ, can be
calculated by similar integrals

� + λ = 2

(�+�)/2∫
0

dx = 2

0∫
z∗

dz
1

ż
.

(4) Using the results above, show that the geodesic length A is calculable but
infinite. Therefore, introduce a cutoff at some z = z0 to regularize the geodesic
length. Show that the result for the regularized length is of the form

Areg = 2

z0∫
z∗

dz f (z, z∗, Q2/Q1) .



8.8 Summary and Outlook 281

(5) Define a renormalized length

Aren = 2

z0∫
z∗

dz
(
f (z, z∗, Q2/Q1) − dAc(z)

dz

)
− 2Ac(z)

with a suitable counterterm Ac(z) and show that the result can be expanded as

Aren = A0(�) + λA1(�) + λ2

2
A2(�) + O(λ3) .

(6) Finally, show that the QNEC combination is given by

Q = c

6

(
A2(�) + A2

1(�)
)

.

8.11 Hawking–Page phase transitions in 2d dilaton gravity
Use the results of Exercise 8.5 to show that the free energy for black hole solutions

in generic 2d dilaton gravity is given by F = M/(8πGN) − T S, with the Hawking
temperature T = w′(Xh)/(4π) and the Wald entropy S = Xh/(4GN), where Xh is
the value of the dilaton at the horizon, i.e. the outermost solution of the algebraic
equationw(Xh) = 2M . Assuming the ground state free energy is some non-positive
constant, discuss under which conditions on the function w(X) Hawking–Page-like
phase transitions arise. (Note: you must assume w(X → ∞) → ∞ for applying
Exercise 8.5, and you must also assume w(Xh), w

′(Xh), w
′′(Xh) > 0 in order to

have, respectively, positive mass, positive temperature and positive specific heat; for
simplicity, you may work with strictly monotonic functions w(X), and as a first try
just with monomials, w(X) ∼ Xn , with some real n.)

8.12 A quick derivation of thermofield double state.
Consider a d-dimensional Euclidean thermal CFT on S1β × Sd−1. One can divide

the S1β into two intervals of length β/2. Let � may be the geometry which has two
boundaries as depicted below.

Show that the Euclidean path integral of the CFT over � yields the thermofield
double state (8.86). In this path integral the left and right states in |TFD〉 are coming
from the contribution of the left and right boundaries of � to the path integral.
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8.13 More on Thermofield double formalism.
(1) Show that for a Hamiltonian H with eigenvalues En and energy eigenstates

|n〉, H|n〉 = En|n〉,

|TFD〉 = 1√
Z(β)

∑
n

e−βEn/2 |n〉L ⊗ |n〉R (8.86)

(2) Show ρTFD = |TFD〉〈TFD| and that TrRρ
TFD

= ρ
β
defined in (8.34).

(3) Show that thermofield double state |TDF〉 is a stationary state under time
evolution defined by the total Hamiltonian Htot (8.37). That is, show

|TFD(t)〉 := eiHtot t |TFD〉 = |TFD〉. (8.87)

8.14 Entropy of thermofield double state.
Starting from ρTFD (8.36) compute the von Neumann entropy of this density

matrix when work on the double Hilbert spaceHD . Work the von Neumann (entan-
glement) entropy of this state after tracing over the left Hilbert space. Show that
the latter is indeed the thermal entropy associated with the field theory at inverse
temperature β.

8.15 Asymptotic symmetries in AdS3.
Consider a class of 3-dimensional metrics obeying the Brown–Henneaux bound-

ary conditions,

ds2 = dρ2 + (
e2ρ/� ηαβ + γ

(2)
αβ + O(e−2ρ/�)

)
dxα dxβ,

where � is a constant (the AdS-radius), ηαβ is the 2-dimensional Minkowski metric

(which is kept fixed) and γ
(2)
αβ is arbitrary (so δγ

(2)
αβ �= 0). Determine all asymptotic

Killing vectors and their Lie-brackets.

8.16 Infinitesimal Schwarzian derivative of boundary stress tensor.
Verify the transformation behavior (7.20) using the results of the previous exercise.

8.17 More on near-horizon limits of extremal black holes.
(1) Show that the metric (8.67) has an SL(2,R) isometry.
(2)Work out the near horizon limit of extremal Kerr and extremal MP black holes

and show that they can indeed be written in the form (8.67).
(3) As in the case of ordinary black holes, near-horizon extremal geometries

also obey their own law of (thermo)dynamics. While extremal black holes have zero
temperature one can show that there is still a notion of the zeroth law: ka are constants.
Similarly one may work through the other laws of black hole mechanics. Work out
these laws. See [367,380,637] for more detailed discussion on this.
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8.18 Softness of near horizon excitations of BTZ black holes
Given the near horizon Hamiltonian H = κ

(
J+
0 + J−

0

)
, where surface gravity κ

is some positive constant, and the near horizon symmetry algebra

[J±
n , J±

m ] = 1
2 n δn+m, 0, [J+

n , J−
m ] = 0,

prove algebraically that any descendant
∏

{n±
i >0} J

+
−n+

i
J−
−n−

i
|ψ〉 of any state |ψ〉 has

the same energy as that state.



9QuantumAspects of BlackHoles

Abstract

Having discussed classical and semiclassical aspects of black holes, in this chapter
we study quantum aspects of black holes. In Sect. 9.1 we discuss some general
aspects of black holes in QG. In Sect. 9.2 we discuss black hole complementarity
and firewalls. In Sect. 9.3 we focus on black holes in string theory. In Sect. 9.4 we
reviewmicrostate countings for certain supersymmetric black holes, in particular,
we discuss the celebrated Cardy formula, which is the cornerstone of these analy-
ses. In Sect. 9.5 we discuss two proposals for identification (and not just counting)
of black hole microstates, the fuzzball and fluffball proposals. We end this chapter
with a discussion on the information puzzle within AdS/CFT in Sect. 9.6.

9.1 Black Holes and QuantumGravity

While as of today there is no conclusive observational evidence for the need to cor-
rect Einstein gravity, there are some theoretical issues that need to be addressed. For
example, the theory allows for solutions with CTCs [638,639] or with singularities,
like typical black hole solutions. Moreover, as discussed in earlier chapters, semi-
classical treatments lead to the thermodynamic picture for black holes, the Hawking
radiation, and eventually total evaporation of black holes, yielding the information
puzzle. There is a widely held view that these issues should be remedied in a theory
of QG.

The development ofQG is however hampered by the smallness of the gravitational
interaction and the related lack of experimental data. As opposed to the development
of quantum mechanics, which was initially driven by phenomenological input from
atomic spectra, there is no “hydrogen atom of QG” yet. However, black holes come
close to playing this role.

In the following, we summarize themain reasonswhy black holes could be crucial
in the (theory-driven) development of QG.We order them by relevance, meaning that
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the points near the top are the most compelling ones and the points near the bottom
require further research.

• BH entropy. Arguably, our least trivial clue so far is the black hole entropy law
in the limit of large horizon area � GN,

SBH = area

4GN

+ N ln area + O(1) (9.1)

where N is some real number encoding 1-loop corrections to the BH law. The for-
mula (9.1) serves as a template for experimental data, in the sense that any putative
theory of QG failing to reproduce (9.1) would be eyed with great suspicion.While
this still leaves room for ambiguities about the precise UV completion of Einstein
gravity, one can at least eliminate speculative approaches to QG that violate the
BH law (9.1). The reason for our trust in the result (9.1) is that its derivation
involves rather established laws of physics, such as quantization of matter fields
on some slowly varying background geometry (see Chap.6). Moreover, the result
(9.1) only involves data that are accessible (semi-)classically, like the area of the
black hole horizon and the number and type of matter fields (which enter into the
number N ).

• High energy scattering. Neglecting gravity, our current “theory of everything”
(the universal framework for physical models) is QFT. Within QFT, if we want
to resolve small distances in some scattering experiment, we need to go to high
energies. However, unlike Yang–Mills gauge theory interactions, gravity cannot
be screened, so if we go to sufficiently high energies we can no longer neglect
gravity since eventually, black holes will form as a result of high energy scattering
[307,640,641]. Once black holes start forming, the existence of a horizon prevents
us from resolving smaller distances. In fact, if the energy is increased further, the
distances that can be resolved do not become smaller but larger, since the horizon
grows as more energy is pumped into the black hole. This simple consideration
puts some lower bound on the distances that can be resolved in scattering exper-
iments, see Fig. 9.1. From this gedankenexperiment, one can deduce that in QG
either there must be some fundamental length scale (e.g. of the order of the Planck
length) or there is some mechanism at work like in the Veneziano amplitude that
renders high energy amplitudes sufficiently soft. The first option is impossible
to reconcile with local Lorentz invariance, which provides a way to test/rule out
such models, see e.g. [642,643]. The second option is realized in string theory,
see e.g. [612,644,645].

• Quantum gravity correspondence principle. Our best theory of gravity cur-
rently is Einstein gravity, in the sense that all known experiments appear to be
compatible with it [17].1 Thus, we should have a QG correspondence principle:

1We are disregarding here the possibility that dark matter or dark energy are consequences of
a modification of Einstein gravity since there appears to be no convincing and predictive model
available so far.



9.1 Black Holes and Quantum Gravity 287

Fig. 9.1 Distance resolution
in high energy scattering as
function of energy

any quantum theory of gravitymust reproduce Einstein gravity, including its black
hole solutions and their smooth and regular horizons, in the classical limit. While
this seems like a trivial statement, it is important to bear it in mind when speculat-
ing about QG—successfully addressing quantum aspects of gravity makes only
sense if the same theory is also correct classically.

• Semi-classical gravity.GRmay be viewed as a field theory with the metric as the
classical field. One may quantize it like any other QFT. This has been carried out
by trying various different techniques and methods, yielding that the theory is not
renormalizable [124,125]. While this non-renormalizability was the inspiration
for some QG proposals, it is not a crucial deficiency once we recall Wilsonian
EFT: Regardless of the UV details of the QG theory, all such quantum effects
at the semiclassical level, i.e. energies sufficiently lower than the Planck scale,
should be captured by diffeomorphism invariant operators with the lowest num-
bers of derivatives, i.e. the cosmological constant andEinstein–Hilbert terms,with
small higher curvature corrections. This perturbative approach allows predicting
quantum corrections, e.g. to the Newton potential [126–128]. Whatever the cor-
rect UV completion is, it should give a clear prediction about the form of these
higher curvature corrections. However, even without an explicit UV completion
one can work in a bottom-up way and study perturbatively theories with higher
curvature corrections. Black holes are an important part of the vast literature of
such higher curvature gravity theories. A fraction of the still-developing litera-
ture is concerned with the construction of such black hole solutions and revisiting
basic black hole theorems discussed in Chap.3. In addition, one should examine
if the laws of black hole thermodynamics are satisfied for black hole solutions to
these theories. While Wald’s entropy and the derivation of the first law reviewed
in Chap.5 are manifestly holding for any diffeomorphism invariant theory, the
generalized second law should still be studied and checked.



288 9 Quantum Aspects of Black Holes

• Horizons and holography. Another consequence of black hole horizons and the
BH law (9.1) is that the classical black hole entropy is extensive (scales with the
volume) in one lower dimension. This observation inspired the holographic prin-
ciple [85,86,646], which most likely is a key aspect of QG. The most elaborated
realization of the holographic principle is the AdS/CFT correspondence deduced
from string theory [88–90]. Substantial progress in QGwas made after the turn of
the millennium by implementing and applying the holographic principle, see our
discussion in Chap.8. It is an open question if/how holography works generically
in asymptotically flat, dS, or arbitrary spacetimes.

• Horizons and causal structure in quantum gravity. One of the key notions in
the (mathematical) definition of black holes (cf. Chap.3) and their semiclassical
behavior (cf. Chaps. 5 and 6) is the notion of horizon. QG is often believed to bring
in a notion of “quantum spacetime” and hence a “quantum causal structure”. The
stretched horizon and the membrane paradigm picture (cf. Sect. 6.8) can be a
toy model for a “semiclassical horizon” that may be useful to the definition of a
quantum black hole.

• Quantum gravity and black hole vacuum states. QG effects can have implica-
tions for the possible vacuum state and Hilbert space of fluctuations for quantum
fields in a black hole background (see the semiclassical discussion in Chap.6),
especially the UV sector from the near horizon observer viewpoint. All these
effects need to be studied and their ramifications for the physics of black holes
should be taken into account.

• Entropy bounds and generalized second law. In addition to all the reasons why
black holes are remarkable, there is an astonishing discrepancy between their
classical simplicity and their quantummechanical complexity. Indeed, classically
black holes are as simple as elementary particles, characterized only by a handful
of numbers (mass, spin, charges), see the uniqueness andno-hair results inChap.3.
Quantum-mechanically, their humongousBHentropy (9.1) shows that black holes
are extremely complex. Entropy bounds lift this observation to a postulate: black
holes are the most complex objects that can possibly exist in our (or any other)
universe; see the discussion in Sect. 6.5.2 for the precise formulation of some
entropy bounds. If these entropy bounds are genuine, they should be derivable
from QG and also be present in its holographic dual (provided the latter exists).
The generalized second law (6.47) is a related clue and has led to new concepts in
QG that could be useful, such as the notion of quantum extremal surfaces [577].

• Information loss and how to avoid it. The semiclassical loss of information
induced by black hole evaporation is often presented as the key puzzle to be
solved by any approach to QG. While we agree with this attitude, it is a logical
possibility that information is lost, which is why this item is not on the top of our
list. The one point onwhich there seems to be rather universal agreement is that the
most fruitful approach is to try to be as conservative as possible. However, it is not
agreed whether postulating that no information is lost is more conservative than
postulating that black holes behave like an open quantum system or vice versa.
Thus, while it is expected of any quantum theory of gravity to make a decisive
statement concerning information loss, we are not 100% sure what we expect
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this statement to be. So unlike the BH law (9.1), we cannot use information
preservation/information loss as a template for falsification. For a summary of
information preservation see [455]. For the information loss perspective see [647].

• Absence of global symmetries. QG is conjectured to not allow for global sym-
metries (as opposed to gauge symmetries and global parts thereof), see e.g. [648]
and refs. therein. Such global symmetries and associated charges do not appear
in the first law of black hole mechanics, see Sect. 5.5. A simple way to argue
why this is the case is to throw some object with a global charge (like the baryon
number) into a black hole and wait until the black hole has evaporated. Unless
there is some remnant carrying the global charge, the global charge cannot be
conserved. Remnants usually are ruled out since they would have to be far too
abundant, see e.g. [649].

• Weakgravity conjecture.The conjecture that gravity is theweakest force brought
an interesting new twist to the absence of global symmetries [30]: if global sym-
metries are not allowed, then also arbitrarily weak local symmetries must be
forbidden since they are indistinguishable from global symmetries. Moreover,
extremal black holes must not be stable (otherwise they would be remnants), so
there must be at least one particle whose mass is smaller than its gauge charge
(in Planck units); this amounts to saying that the gravitational force is weaker
than any gauge force. To accommodate this line of reasoning one cannot neglect
the other forces besides gravity, so the most natural place for the weak gravity
conjecture is string theory, where QG necessitates the presence of (all) the other
interactions.

• Singularities and their resolution. If black hole (or big bang) singularities were
not screened by horizons theywould be excellent sources for QGphenomenology.
According to the CCC (see Sect. 3.2.7), there is an “IR-conspiracy” that hides all
such singularities/strong curvature regions from asymptotic observers. Concern-
ing this issue, the task of QG is twofold: 1. explain the IR-conspiracy from first
principles, and 2. show how singularities get resolved by quantum effects. Fol-
lowing this research avenue, the hope is that once these two issues are solved for
some candidate theory of QG, the solution is so compelling that we can conclude
to be on the right track.

• Near horizon and null boundary symmetries. The relatively recent study of
near horizon symmetries and soft hair excitations of black holes, summarized in
Sect. 8.5, led to speculations that near horizon symmetries could be crucial for
counting, labeling, and constructing black holemicrostates.Regardless ofwhether
or not this will turn out to be correct, near horizon symmetries are intriguing
properties intrinsic to black hole horizons and are expected to be of some use in
QG. We shall elaborate on this in Sect. 9.5 below.

• Chaos. Black holes and thermal systems share one other property with other,
namely chaotic behavior. Classically, this means that the present determines the
future, but the approximate present does not determine the approximate future. In
the context of quantum information (and black hole physics) chaotic behavior is
referred to as “scrambling”. It was conjectured that black holes are the fastest
scramblers in the universe [457,650,651], with a scrambling time t∗ ∼ ln S

2πT ,
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where T is the Hawking temperature (6.29) and S the Bekenstein–Hawking
entropy (5.43). Moreover, black holes saturate the conjectured chaos bound on
the Lyapunov exponent, λL = 2π T [652,653] (see also Exercise 7.14), which
suggests that quantum mechanical systems saturating the chaos bound may have
a holographic gravitational interpretation. Thus, exploring chaotic behavior is
expedient for scrutinizing the holographic approach to QG.

• How to define a black hole quantum mechanically? The classical black hole
definition provided in Sect. 3.1 is not suitable in the quantum theory, since black
holes evaporate—so there is no event horizon in QG.We have saved this question
for the last item since we cannot offer any answer to it. Thus, currently, this
point does not provide us directly with any guidelines concerning QG. Still, it is
worthwhile to address this question, if only to agree on what we actually mean
by a black hole in a QG context.

9.2 Black Hole Complementarity, Firewalls, Page Curve and
Islands

We discuss now in a bit more detail quantum aspects of black hole complementarity
introduced in Sect. 6.9, with particular focus on firewalls and how to avoid them. The
essence of the firewall paradox can be expressed in terms of entanglement properties
of Hawking quanta [92,654].

Consider three quantum states A, B, R, where A, B are a quantum pair created
due to the Hawking process, with A being the particle emitted to infinity and B the
particle falling into the black hole. The state R denotes earlierHawking radiation. The
assumption that Hawking radiation is pure means that R must be (almost maximally)
entangledwith A (this leads to correlations that an asymptotic observer couldmeasure
to deduce deviations from a mixed state). The assumption of the EP, i.e. a smooth
horizon, means that A and B must be (maximally) entangled with each other. Both
together imply that the assumption to apply effective QFT slightly inside/outside
the horizon cannot hold since in ordinary quantum theories we have entanglement
monogamy, i.e. the state A cannot be simultaneously (maximally) entangled with B
and R. See e.g. [131] for a summary of this discussion.

There are different options to resolve the entanglement ménage à trois and recover
monogamy. One is to give up entanglement between A and B, which leads to fire-
walls. The second option is to give up entanglement between A and R, which leads
to information loss. If neither of these options seems attractive one has to work a bit
harder, and there are different possible lines of resolving this issue.

One general idea is to drop the assumption that EFT works. A particular avenue is
to drop the implicit assumption that the black hole interior is independent of the black
hole exterior. Indeed, a conceptually simple resolution is to postulate/argue/derive
that B is identical to R, in which case entanglement would be monogamous, despite
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appearances.2 This idea that the black hole interior is a ‘scrambled version’ of the
black hole exterior was made more precise by Kyriakos Papadodimas and Suvrat
Raju using AdS/CFT as inspiration, see [655] and refs. therein.

A particular way of phrasing the issues with Hawking evaporation is due to Don
Page [442,656] and culminates in the Page curve displayed in the figure below.

In this figure, the linearly rising curve reproduces Hawking’s semiclassical result,
i.e. the entropy of Hawking radiation increases linearly as a function of time, until
the black hole has evaporated completely. The fact that this curve does not go back to
zero means information was lost in the evaporation process. The linearly decreasing
curve is the Bekenstein–Hawking entropy of the black hole. The proposal by Page
is that the entanglement entropy of the Hawking radiation with the black hole is
bounded by these two curves, i.e. loosely follows the thick red curve in the figure.
For many QG researchers deriving the Page curve has become a synonym for solving
the black hole information puzzle.

A more recent development, known as ‘islands’ [657–659], is based on a more
precise definition of black hole entropy. The essence is as follows. To address the
issue of information loss it is important to distinguish the coarse-grained entropy
contained in the generalized second law (the BH entropy plus the entropy of the
exterior matter) from the fine-grained entropy. The former may well continue to
increase monotonically, capturing information loss for all practical purposes, but
the latter should follow the Page curve and drop to zero when the black hole has
evaporated. The fine-grained entropy S f schematically is defined as

S f = min
( A

4
+ Smatter

)
(9.2)

where one takes an arbitrary area outside the black hole, computes its BH entropy,
adds the entropy ofmatter fields outside this surface, and thenminimizes their sumby
varying the area. In this process, it is allowed to move the area into the interior of the
black hole and to have a multiply connected ‘exterior’. A disconnected region in the

2 In the spirit of this whimsical technical slang, this would be like having an affair with your life
partner.
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black hole interior is referred to as ‘island’ and emerges when it is more efficient to
pay the price for an increased area since Smatter goes down sufficiently. This happens
when there are regions far from each other with entangled pairs of quanta, which is
precisely what happens in the Hawking effect.

The main claim is that the fine-grained entropy follows the Page curve and drops
to zero after the black hole has evaporated. For black holes in their early stage, when
there is still collapsing matter in the interior, the minimum occurs when the surface
is in the center so that the fine-grained entropy consists just of Smatter, evolving
unitarily by construction. By contrast, if a black hole has settled down and emitted
for a long time the area thatminimizes the fine-grained entropy is close to the horizon,
essentially because the number of entangled pairs is very large so that moving the
area all the way to the center would be too costly. Since in the course of evaporation
the horizon area shrinks also the fine-grained entropy goes down and eventually
goes to zero (the fine-grained entropy in the Hawking radiation goes down since
eventually there will be no entangled partner hidden behind a horizon). See [455]
for a review on the entropy of Hawking radiation.

9.3 Black Holes in String Theory

String theory claims to provide a unified quantum formulation for all matter fields
and their interactions, including gravity. As such, string theory is expected to supply
the framework to formulate and address questions and puzzles regarding quantum
aspects of black holes. As the name suggests, its “fundamental” degrees of freedom
are strings (rather than particles) moving on a d-dimensional target space, governed
by the worldsheet theory which is a 2-dimensional σ -model, a 2d conformal field
theory. In superstring theory, theworldsheet theory is taken to be a supersymmetric 2d
sigma-model. Cancellation of theWeyl anomaly for the (Euclidean) worldsheet with
any given topology, then fixes the number of spacetime dimensions, which is d = 10
for a superstring theory. One of the salient features of string theory is its background
independence, intuitively meaning that the background over which strings propagate
may be viewed as a condensate state of strings themselves. Moreover, string theory
is described by two parameters, the string scale ms and the string coupling gs ; string
tension is then 2πα′ = m−2

s := l2s where ls is the string length scale.
As implied by various string theory dualities, the theory besides strings has also

brane-type states. In string theory one can hence recognize three class of states:
F(undamental) stringswhose tension parametrically scales likem2

s , Dp-braneswhose

tension scales likemp+1
s /gs andNS5-branes with tension scaling asm6

s/g
2
s . F-strings

have a set of massless states, which fall into short representation of N = 1 or N = 2
10-dimensional supersymmetry algebras, and also a tower of massive states with
mass M2 = m2

s N for any integer N and degeneracy growing like eM/ms . Therefore,
the effective degrees of freedom of the weakly coupled theory are those of F-strings
while in strongly coupled theory Dp or NS5 -branes become light and dominate the
dynamics. For more on string theory we refer the reader to the excellent books on
the theory, e.g. [517–519,660,661].
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For low energy processes with ls E � 1 and in the weakly coupled regime gs � 1,
effectively and in leading order only massless string states contribute, which can
be described by a field theory. The low energy effective theory (LEFT) of weakly
coupled string theory is a (super)gravity theory, plus stringy corrections that appear
as higher derivative terms added to Einstein–Hilbert term, see Appendix I for a quick
review. The Newton constant of the 10d string theories and string parameters are
related as

10d Newton constant : 16πGN = (2π)3g2s l
8
s . (9.3)

String theory in a lower dimension d may then be generically obtained through
compactification of 10d theory over a 10 − d compact manifold, the topological
and geometric properties of which determines the characteristics of the lower-
dimensional theory [517–519,660,661]. In particular if the volume of compact
manifold V10-d := L10−d is not large, EL � 1 where E is the typical energy of
the system, then the LEFT of lower-dimensional string theory is a (super)gravity
[521,522,662] with effective Newton constant (2π)3g2s l

8
s /V10-d, as implied by the

KK theory [514,663].
String theory is proven to be 1-loop renormalizable and is widely believed to

be all-loop renormalizable. The appearance of (super)gravity theories as LEFT of
stringsmeans that all solutions to these (super)gravity theories may also be viewed as
backgrounds over which string theory can be consistently formulated (in a perturba-
tive α′-expansion). Among these are black hole/brane solutions discussed in Chap.7.
These solutions typically carry charges of various p-form fields, which are abundant
in the supergravity theories, F-strings carry the charge of (Neveu–Schwarz-Neveu–
Schwarz) 2-form, NS5-branes carry the charge of the Hodge dual to that of F-strings,
a 6-form charge, and Dp-branes carry (Ramond-Ramond) (p + 1)-form charges.
Importantly, D-branes besides being a solitonic (extended) solution of supergravity
theories also have a description in terms of weakly coupled open strings: Dp-branes
are objects with (p + 1)-dimensional worldvolume where open strings can attach to
by Dirichlet boundary conditions [664]. As we shall discuss in the next section, the
existence of the two complementary descriptions for Dp-branes, in string theory and
in supergravity, is at the root of black hole microstate counting within string theory.

•> Black hole/string transition

From a string theory perspective, there are different regimes of relevance in a black
hole context. At a sufficiently small temperature (so that the inverse temperature
is large as compared to the string length) the semiclassical picture of Chap.6 is
recovered, with small α′ corrections that are genuinely “stringy”. However, when
a critical temperature, known as Hagedorn temperature, is approached the picture
radically changes.Model calculations showsolutions involving awinding condensate
[665], which allows an interpretation as a gas of (hot) strings. Relatedly, already
earlier it was speculated that very small black holes turn into highly excited strings
at the Hagedorn temperature [666]. For recent results andmore literature on the black
hole/string transition see [667,668].
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Particularly interesting black string/brane configurations are the supersymmetric
(BPS) solutions. These BPS solutions are always extremal and have the lowest possi-
ble mass (tension) for a given set of conserved p-form charge (densities) quantized in
integer units. Therefore, BPS configurations are stable and cannot decay. Moreover,
being supersymmetric means that they are (generically) protected against quantum
corrections: while these are found as solutions/normalizable states for gs � 1 the-
ory, they remain solutions/normalizable states for gs � 1. So, we know a part of the
Hilbert space of the strongly coupled theory.

This latter property provides a mechanism to analyze or at least count black hole
microstates: Let us consider a BPS configuration at weak coupling comprising an
almost free gas of strings and branes. As we increase the string coupling they form
a BPS bound state which has the same p-form charges. This BPS state can be an
extremal black hole of the same charges which has a non-zero entropy. This string
theory description, as we will see next, provides a good handle on the black hole
microstate problem. In the next two subsections, we discuss two families of BPS
string theory black holes. As a useful text, we refer the reader to [543,669].

9.3.1 D1-D5-P System

It appears that the supergravity solutions corresponding to BPS brane/string systems
with one or two kinds of p-form charges have either vanishingly small or a singu-
lar horizon and hence are not the best examples for considering simple microstate
countings, see e.g. [654]. For these one- or two-charge solutions, the geometries
may acquire microscopic horizons once we consider α′ corrections. The first non-
trivial semiclassical example with a macroscopically large horizon to consider is a
three-charge system.

Oneof themost commonly studied three-charge black hole configurations consists
of N1 intersecting D1-branes wrapping an S1-cycle and N5 D5-branes wrapping
T4×S1, together with P momentum modes (GW) along the S1. These give rise to a
5d black hole background in 10-dimensional type IIB string theory on T4×S1. Let
the T4 be along Xa , a = 6, 7, 8, 9 with cycles of radii Ra and volume V4 and the
S1 be along X5 and of radius R; hence, D1-branes have their worldvolume along
X0, X5 and D5-branes along X0, X5, . . . , X9. The 5d spacetime is then spanned by
X0, Xi , i = 1, 2, 3, 4. The Einstein-frame3 metric corresponding to the 5d D1-D5-P
black hole system is [543]

ds2 = − (H1(r)H5(r)HP(r))
−2/3 dt2 + (H1(r)H5(r)HP(r))

1/3 [
dr2 + r2 d�2

3

]

(9.4)

H1(r) = 1 + r21
r2

, H5(r) = 1 + r25
r2

, HP(r) = 1 + r2P
r2

(9.5)

3 Readers unfamiliar with the Einstein-frame should consult Appendix I.
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where

r21 = N1gsl
2
s

(
l4s
V4

)
, r25 = N5gsl

2
s , r2P = Pg2s l

2
s

(
l6s

V4R2

)
. (9.6)

Some further comments are in order:

• The full supergravity solution also involves a non-trivial profile for the dilaton �

and the Ramond-Ramond 2-form field, which we do not present here, as we do
not need them for our analysis.

• The above solution corresponds to delocalized (smeared) D1-branes along the
T4 directions. The momentum modes (GW) are moving along the X5 directions
while delocalized along T4.

• The above solution is 1/8 BPS, i.e. it preserves 4 real supercharges (out of the 32
supercharges of the original IIB theory). When one of the charges N1, N5, or P
vanishes, the solution becomes 1/4 BPS, and when two of the charges are zero
the solution is 1/2 BPS.

• This solution is a marginal bound state of the three ingredients (D1-D5-P) and
hence its ADM mass

MADM = P

R
+ N1R

l2s gs
+ N5RV4

l6s gs
(9.7)

is the sum of the three individual contributions.
• In general, one may replace T4 with another 2-dimensional Calabi–Yaumanifold,

namely K3. In this case the solution becomes 1/16 BPS.
• The above is a solution to supergravity, which in general receives gs or α′ higher

derivative corrections. So, as a string theory background one should discuss the
validity of supergravity approximation: (i) weakly curved background r1, r5, rP �
ls , (ii) perturbative strings gs � 1, (iii) V4 � l4s , R � ls . These imply N1N5P �
1.

The 5d black hole (9.4) is extremal and its horizon is at r = 0. Its surface gravity
is zero and its horizon area is

AH = 2π2(r6H1(r)H5(r)HP(r))
1/2

∣∣
r=0 = 2π2r1r5rP . (9.8)

Recalling (9.3), the 5d Newton constant is

16πGN = (2π)3g2s l
8
s

2πRV4
. (9.9)

Therefore, the BH entropy

SBH = AH

4GN

= 2π
√
N1N5P (9.10)
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remarkably is independent of gs and V4, R. It is given by a product of three integers
and hence cannot receive (quantum) corrections. This is in contrast to the ADM
mass of the solution (9.7). Cancellation of all extra non-integer moduli is in fact
a manifestation of BPS-protection discussed above. The entropy of generic black
holes is expected to depend also on the moduli and continuous parameters.

•> Near horizon geometry

One may study the metric (9.4) in the near horizon limit r → 0. In this limit, one
may drop the 1 in the harmonic functions Hi (9.5) to obtain H1(r)H5(r)HP � ( L

2ρ )3

where L3 := r1r5rP, r2 = 2Lρ. Since ρ � r2i /L , the metric (9.4) takes the form of
an AdS2× S3 geometry.

ds2 = −4ρ2

L2 dt2 + L2

4ρ2 dρ2 + L2 d�2
3 (9.11)

When N1N5 � P the geometry may be viewed as a D1-D5 brane systemwrapped on
an S1 perturbed by turning on P units of GWon the S1. The near horizon limit for the
D1-D5 geometry in string frame for IIB theory onT4 is the constant dilatonAdS3×S3

solution [88]. The geometry (9.4) may then be viewed as the BPS deformation of
the AdS3×S3 by the GW [670,671].

9.3.2 Breckenridge–Myers–Peet–Vafa Solution

The D1-D5-P 5d black hole solution of the previous subsection is static. One may
add two angular momenta along two circles on the S3, as in usual 5d MP black
hole discussed in Sect. 7.5.2. A solution with two general angular momenta is not
BPS; the BPS solution comes with two equal angular momenta J . This solution was
first constructed and studied in [672]. The metric for the 10d type IIB uplift of the
solution is of the form [671,673]

ds2 = 1√
H1(r)H5(r)

(
− dt2 + dy2 + r2P

r2
(dt − dy)2 − Ĵ

r2
σ3(dt − dy)

)

+ √
H1(r)H5(r)(

4∑
i=1

dxi dxi ) +
√

H1(r)

H5(r)
ds24

(9.12)

where
4∑

i=1

dxi dxi = dr2 + r2 d�2
3 . (9.13)
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The functions H1(r), H5(r) are given in (9.12), ds24 is the metric over a T4 or K3, y
is a direction along a circle of radius R, and σ3 is a 1-form on the S3 defined as,

d�2
3 = 1

4
(dθ2 + sin2 θ dφ2 + σ 2

3 ) , σ3 = dψ − cos θ dφ , (9.14)

with θ ∈ [0, π ], φ ∈ [0, 2π ], ψ ∈ [0, 4π ].
This geometry is 1/16 BPS and is specified by four integer parameters

N1, N5, P, J , where J = π Ĵ
4GN

with GN given in (9.9). For J = 0 case this is the

10d uplift of (9.4). One may reduce the solution over T4×S1 to obtain a 5d solu-
tion. The horizon is at r = 0, has zero surface gravity, and the Bekenstein–Hawking
entropy

SBH = AH

4GN

= 2π
√
N1N5P − J 2 . (9.15)

9.4 Microstate Counting

As discussed, typical black holes in string theory, in some string duality frame,
may be viewed as a collection of different kinds of intersecting D-branes and/or
fundamental strings. The LEFT of the intersecting branes relevant to the black hole
microstates typically gives rise to a CFT2 of a given central charge. Moreover, as
discussed in Chap.3, AdS3 gravity has BTZ black holes. Recalling the AdS3/CFT2
duality and Brown–Henneaux analysis, these black holes are hence expected to have
amicroscopic description in a CFT2. One can then use this general feature to perform
microstate counting using the Cardy formula and give a microcanonical statistical
mechanical description of the BH entropy.

•> Cardy formula and its corrections

The celebrated Cardy formula [674] counts the number of states in a CFT2, subject
to some assumptions, like sparsity of the spectrum, see e.g. [675]. Here we present
the statement and the main results; a sketch of the proof may be worked through in
Exercises 9.6, 9.7 and a more detailed proof may be found in [676] and references
therein.

Consider a unitary, modular invariant 2d CFT with a mass gap and discrete
spectrum with left and right central charges cL, cR. States in this theory are labeled
by the eigenvalues of left and right Virasoro generators L0, L̄0. Let the values of
these operators on the vacuum state of the theory on cylinder (torus) be �0, �̄0. The
density of states with left and right excitations�, �̄ in a saddle point approximation
� � c � 1 is given as [676]

ρ(�, �̄) �
(

π2

3

)2

ρ0 c̃Lc̃R · I1(S
0
L)

S0L

I1(S0R)

S0R
(9.16)
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where ρ0 = ρ0(�0, �̄0) is the degeneracy of the vacuum state,

c̃L = cL − 24�0 , c̃R = cR − 24�̄0 , (9.17a)

S0L = 2π

√
c̃L
6

(� − cL
24

) , S0R = 2π

√
c̃R
6

(�̄ − cR
24

) , (9.17b)

and I1(x) is the modified Bessel function, so that I1(x) ∼ 1√
2πx

ex , x � 1.
The entropy in the microcanonical ensemble is then given by

S(�, �̄) := ln ρ(�, �̄) � S0L + S0R − 3

2
ln S0L − 3

2
ln S0R + · · · (9.18)

The terms

SCardy := S0L + S0R = 2π

√
c̃L
6

(� − cL
24

) + 2π

√
c̃R
6

(�̄ − cR
24

) (9.19)

are called Cardy formula. The next terms are logarithmic corrections to the Cardy
formula and the ellipsis denotes exponentially suppressed corrections to the Cardy
formula.

We conclude with further comments on the Cardy formula:

• In the saddle point approximation the entropy is just sum of entropies of left and
right sectors; there are no terms mixing them.

• The temperature in the right and left sectors may be defined using the standard
thermodynamical relations, as


TL :=
(

∂SL
∂�

)−1

, 
TR :=
(

∂SR
∂�̄

)−1

(9.20)

where 
 is an arbitrary scale in which we measure energy levels of the CFT. In an
AdS3/CFT2 setup 
 may be taken as AdS3 radius.

• The central charge in the Cardy formula (9.19) appears through the combination
c̃ (9.17a). For CFT2 on the plane, �0, �̄0 are typically zero and hence c̃ = c;
however, this is not true in general.

• The Cardy entropy and its subleading corrections are only functions of the left
and right Cardy expressions (9.17b) and not individual c, �’s.

• The entropy in the � � c case is proportional to the square root of c̃�.
• States of a CFT2 may also be labeled by their energy E and angular momentum

J , which are related to �, �̄ as

� − cL
24

= 1

2
(E + J ), �̄ − cR

24
= 1

2
(E − J ) . (9.21)

• For the chiral excitations when E = |J |, the entropy of the full system is the
entropy of the remaining chiral sector.
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9.4.1 Microstate Counting for BTZ Black Holes

The line element forBTZblackholes is given in (7.3), theirmass, angularmomentum,
and other thermodynamic relations in (7.4)–(7.6). The Brown–Henneaux analysis
yields cR = cL = c = 3


2GN
and for the presumed dual CFT2

� − c

24
= 1

2
(
MBTZ + JBTZ) = (r+ + r−)2

16
GN
, �̄ − c

24
= 1

2
(
MBTZ − JBTZ) = (r+ − r−)2

16
GN
.

(9.22)
Hence,

S0L = πc(r+ + r−)

6

, S0R = πc(r+ − r−)

6

(9.23)

and the black hole entropy (neglecting subleading corrections) is of Cardy-type,

SCardy = S0L + S0R = πcr+
3


= SBTZ = 2πr+
4GN

= SBH (9.24)

see (7.5) and [677].
Remarkably, this result does not rely on string theory or supersymmetry. It is

only assuming that the BTZ geometry has effectively a dual description in terms
of CFT2 at Brown–Henneaux central charge (7.23). This dual description need not
be precise. In other words, the BTZ geometry is effectively like a thermal state in
the Brown–Henneaux CFT. A more precise description may reveal small deviations
from a thermal distribution.

We also comment on the logarithmic corrections to the Cardy formula. The factor
−3/2 in (9.18) is required by the modular invariance and is the correction we find
in the microcanonical description. In the grand canonical description, in which
temperature and horizon angular velocity, or temperatures in the left and right sectors,
are fixed, there is no logarithmic correction, see e.g. [430,678,679]. The details of
the derivation are given as an exercise; the final result is [676]

Sg.can. = π2

3
(cLTL + cRTR) + O(e− π2

3 cLTL) + O(e− π2
3 cRTR) . (9.25)

In particular there is no logarithmic correction once we write the entropy in terms of
the temperatures.

9.4.2 Microstate Counting for D1-D5-P and
Breckenridge–Myers–Peet–Vafa Black Hole

As discussed, within the geometry associated with the near horizon limit of the
D1-D5-P system there is an extremal BTZ black hole excitation of AdS3× S3× T4

geometry over an S1 inside AdS3 (see Exercise 9.4). The latter geometry is the near
horizon limit of theD1-D5 system and dual to aCFT2 with central charge c = 6N1N5
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[88,554] (see Exercise 9.4). Within this picture, the P units of GW correspond to
a chiral excitation of this CFT by � = P, �̄ = 0. Then, using the Cardy formula
(9.19) obtains S0L = 2π

√
N1N5P, S0R = 0. Therefore, we recover the BH entropy

(9.10) as the leading order contribution to the Cardy formula. To be able to use the
Cardy formula we assumed P � N1N5 � 1. Nonetheless, one can argue that what
is actually needed is N1N5P � 1, since one can use another string duality frame
(e.g. via IIB S-duality) if P is not large, where now the central charge is given by
6PN5 and N1 is the excitation.

For the Breckenridge–Myers–Peet–Vafa black hole one can perform a similar
analysis and finds that (9.12) in the near horizon limit becomes an extremal BTZ×
S3q× T4 geometry, where S3q is the squashed three-sphere. That is, turning on angu-
lar momentum squashes the three-sphere and hence changes the central charge of

the dual CFT2 to c = 6N1N5

√
1 − J 2

N1N5P
, see Exercise 9.4 for more details. The

excitation of the CFT2 has � = 6R2r2P
cr21 r

2
5
, �̄ = 0. Using the Cardy formula (9.19) then

recovers the Breckenridge–Myers–Peet–Vafa entropy (9.15).
We close this part with three remarks. In our discussions above we connected the

D1-D5-P or Breckenridge–Myers–Peet–Vafa black holes with a CFT2 and used the
Cardy formula (9.19) for the microstate counting in which we did not explicitly use
supersymmetry or details of string theory. However, the fact that the geometries (9.4)
or (9.12) are good string theory backgrounds where stringy corrections are absent
or under very good control relies on supersymmetry. Moreover, preconditions of the
Cardy formula, i.e. the existence of a dual CFT2 at a given central charge which is
unitary, modular invariant, and has a discrete spectrum, are guaranteed through the
string theory construction of AdS/CFT. So, string theory was at least implicitly used
inmicrostate counting. In addition, aswe shall see in the next section, supersymmetry,
and string theory, while not crucial for microstate counting, can be used to provide a
picture of what the microstates really are. This stringy picture also provides a method
to compute the logarithmic corrections of the black hole as well. They, too, match
with the log-corrections to the Cardy formula [430,680,681].

9.5 Microstate Identification, Fuzzball and Fluffball Proposals

The Strominger–Vafa idea, while very effective in the counting of certain BPS black
hole microstates, sheds little light on what these microstates are in a (strongly cou-
pled) gravitational description where we have the black hole (rather than a gas of
uncoupled BPS microstates), nor it is useful in addressing the information puzzle.
For the latter, we need to reliably go beyond supersymmetric BPS black holes and
have a more detailed microscopic description of the microstates in the range of the
coupling where the black hole form (and e.g. not in a weakly coupled regime where
we have a free gas of strings/branes). In this section, we review and discuss two
proposals for microstate identification/construction, the fuzzball, and fluffball pro-
posals. These two are qualitatively and presumably also conceptually different, in
the sense that the former is more within the framework of string theory and what this
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theory of QG offers and the latter is more within the semiclassical framework and
does not rely on any a full QG description.

9.5.1 Fuzzball Proposal,Microstate Geometries

According to the fuzzball proposal [654] a black hole is an ensemble of eSBH horizon-
less smooth microstate geometries. The horizon of a black hole is then an effective
outcome of the superposition of these microstate geometries. In this framework, QG
effects are not confined to the Planck length and typical microstate geometries have
non-trivial structures up to the scale of the horizon; thesemicrostates fill up the inside
horizon region.

While this proposal and its main idea can be stated without resorting to a specific
theory of QG, it is strongly based on string theory observations in which fundamental
degrees of freedom are not (quantum) fields but extended objects like strings and
braneswhichbesides the “center ofmass” degree of freedomalsohave internal energy
levels and winding modes over the compact part of the internal space. Microstate
geometries are a gas of such states involving both center of motion (like what we
have in ordinary gases) and internal excitations and windings. The effective size
associated with each microstate depends on the amount of internal excitation, which
can be much larger than the basic length scale in the problem, ls . Therefore, the
stringy uncertainties and fuzziness do not remain confined to the string scales ls
but grow with the number of charges (or excitations) [666,682]. A similar intuition
and picture is compatible with the Cardy formula and does not rely on every detail
of string theory: In a CFT of central charge c the gap between energy levels goes
like 1/(lc) where l is a fundamental length scale in the problem; in string theory
examples l ∼ ls and the fuzziness for a state of energy E is growing like

√
lc/E . For

the example of the D1-D5-P system discussed in the previous section, this fuzziness
scale is of the order of the horizon size of the associated BTZ black hole.

Within the fuzzball proposal, the information puzzle can be addressed in a rather
simple manner: Radiation from non-extremal black holes does not happen by a pair
production process from the vacuum, but rather is a result of the (weak) interactions
between each microstate geometry with the fields outside. This is much like the
blackbody radiation from a usual quantum thermal system, which is the result of
interactions ofmicrostates of the systemwith the electromagnetic field quanta. So the
information from the would-be Hawking pair is stored in the microstate geometries.
Moreover, this proposal addresses the firewall issue in a simpleway:As described, the
Hawking process at each and every step is a unitary process and if the original black
hole was in a pure state the densitymatrix of the whole system (black hole+radiation)
always remains a pure state with vanishing von Neumann entropy. According to
the fuzzball proposal, the firewall (as well as the non-unitarity and the Page curve
[442,656]) is an artifact of insisting on a semiclassical picture in which the system is
separated into a black hole and outside+radiation subsystems, which is not allowed
as quantum (gravity) effects appear on scales as large as the horizon size.
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The above ideas and descriptions sound interesting but should be substantiated
by explicit constructions and computations. Details may be found in [654,683–
688] and references therein. Here we give a short account for the simplest two-
charge D1-D5 system. As mentioned, this system does not have a finite size macro-
scopic horizon. Nonetheless, α′-corrections lead to a microscopic horizon with non-
vanshing entropy. The string theory construction of this system yields the entropy
S = 2π

√
2N1N5, e.g. see [654] and references therein. Now let us verify whether

we can account for eS microstate geometries. Consider the D1-D5 system whose
basic metric is (9.12) with rP = Ĵ = 0. One can then promote this basic solution
to a general family of BPS solutions to type IIB supergravity. The metric for this
microstate geometries in the string frame is [686,687],

ds2 = h√
f1 f5

[
−(dt − A)2 + (dy − B)2

]
+ √

f1 f5 (

4∑
i=1

dxi dxi ) +
√

f1
f5

(

4∑
i=1

dza dza)

(9.26)
where y ≡ y + 2πR, za are periodic coordinates on a T4,A := Ai dxi ,B := Bi dxi

are two 1-forms over xi space, and

Ai = −r25
L

∫ L

0
dv

F ′
i (v)

|x − F(v)|2 , Ca = −r25
L

∫ L

0
dv

G ′
a(v)

|x − F(v)|2 , (9.27)

f5 = 1 + r25
L

∫ L

0
dv

1

|x − F(v)|2 , h = f1 f5
f1 f5 − C2

4

(9.28)

f1 = 1 + r25
L

∫ L

0
dv

F ′
i F

′
i + G ′

aG
′
a

|x − F(v)|2 −
∑3

a=1 C
2
a

f5
(9.29)

with v = t − y and

L = 2πr25
R

, r21 = r25
L

∫ L

0
dv |F′|2 . (9.30)

Finally, dB = −�4 dA, where �4 is the Hodge star over the 4d xi -space.
This solution is specified by Fi (v),Ga(v), which are, respectively, two 4d vector

fields over xi and za directions and may be viewed as two curves in these directions.
Smoothness of these geometries at x = F(v) requires that F ′

i (v) and G ′
a(v) do not

have zero modes [686]. Moreover, these geometries do not have a horizon and we
may choose the origin of the xi space such that

∫ L
0 dv F′

i = 0. The above eight-
function family of solutions are microstate geometries and one may count them
using geometric quantization [689], yielding the same counting as in string theory
[686]. If we had not considered the Ga(v) functions, we would have missed some of
the microstates arriving at SRychkov = 2π

√
2N1N5/3 [689]. As we see, the internal

part of the solution, the T4 part, plays a crucial role in capturing the microstate
geometries. So, a non-trivial test of the proposal is to repeat this analysis for the
solution in which T4 is replaced by K3 [686,687].

A more critical test of the proposal appears in the construction of microstate
geometries for three-charge cases where we have macroscopic classical horizon



9.5 Microstate Identification, Fuzzball and Fluffball Proposals 303

size. So far we do not have a construction that captures all microstate geometries
for this case, see [683] for a recent account. Given the explicit form of (some of)
the microstate geometries, one may compute the greybody factors (cf. Sect. 6.4.5)
and Hawking radiation rate, and explore black hole evaporation and resolution to
the information puzzle in the fuzzball setup. See [654,683–685,687] and references
therein for more detailed discussions.

We close this part with some recurring questions in the fuzzball program: Can it be
implemented consistently within (super)gravity or do we need information beyond
this? Does (super)gravity suffice to give a full account of all microstate geometries?
How should we superpose microstate geometries to obtain a (super)gravity solution
of finite-horizon size? It seems that a full realization of the fuzzball proposal requires
information beyond (super)gravity and detailed QG (string theory) information is
needed [687]. In cases where we have dual CFT descriptions like D1-D5-P system,
this information may be provided through the dual CFT.

9.5.2 Soft Hair Proposal and Its Fluffball Realization

Another idea for addressing the information puzzle and microstate identification is
the soft hair proposal [114,690]. According to this proposal, a black hole as seen by
an outside observer is not completely and uniquely described by the ADM charges.
There is additional ‘hair’ for a black hole of given ADM charges. This hair is ‘soft’ in
the sense that turning it on does not change the ADM charges; the soft hair is labeled
by conserved charges that commute with the ADM charges. However, in order for
the soft hair to play the role of microstates, there should be a finite set of them for
a given value of ADM charges. Moreover, to be relevant for the resolution of the
information puzzle they should unitarily interact with non-soft modes (the Hawking
radiation quanta) such that the information in the soft modes can also be transferred
to the Hawking radiation quanta.

Recalling the basic theorems of Chap.3, in particular the uniqueness theorems,
the crucial question is whether black holes can in principle possess such soft hair in
the first place and how to bypass these theorems. To answer it, we note that these
theorems are basically a result of the EP,whichmanifests itself in the diffeomorphism
invariance of the theory and the fact that the EOM define well-posed dynamics. So,
to accommodate any extra information we need to amend/refine the EP in presence
of a horizon that acts as the causal boundary for outside observers, see [691] and
references therein. As discussed in Chap.5, this is a general feature of any generic
gauge/diffeomorphism invariant theory in presence of boundaries: there are twokinds
of gauge transformations, proper ones that do not change the physical state, and non-
proper ones that act non-trivially on the physical state. The latter can be used to label
the boundary data. Here, by boundary, we mean a general codimension-1 surface
in the spacetime, which may be spacelike (a constant time slice), null or timelike.
Examples of these, respectively, are boundaries of asymptotically dS, flat, and AdS
spaces. For the case of black holes the horizon can also be viewed as another null
boundary [692,693]. In other words, in presence of boundaries (e.g. a horizon), there
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are boundary degrees of freedom whose role is to guarantee physically prescribed
boundary conditions as well as accounting for the degrees of freedom corresponding
to the excised part of the spacetime (behind the boundary). These boundary degrees
of freedom only reside at the boundary but can interact with themselves and with the
bulk degrees of freedom. These interactions are specified by the gauge invariance of
bulk+boundary theory. This picture is very familiar in the context of electromagnetic
theory formulated in a box. The boundary conditions are fixed by the electromagnetic
properties of the box (e.g. conductance tensor) and boundary degrees of freedom
manifest themselves through the boundary currents, see e.g. [694,695].Also quantum
Hall physics applies the concept of boundary excitations due to non-proper gauge
symmetries, see e.g. [696].

Even before moving to particular constructions/formulations of the soft hair pro-
posal, already at the level of general ideas, we see some qualitative and conceptual
differences between this proposal and the fuzzball proposal. The soft hair idea tries
to realize a semiclassical description for black hole microstates and the information
puzzle whereas the fuzzball program crucially requires QG features. In the former,
the horizon is the distinctive sign of black holes and plays an important role whereas
in the latter the horizon is not evidently a special place but merely outcome of
microstate superposition. For the soft hair proposal, the region inside the black hole
need not play a special role while in the fuzzball it is the region where the microstates
reside. It is also instructive to compare soft hair and membrane paradigm: The soft
hair may be viewed as a more microscopic description/realization of the membrane
fluid [697].

The solution phase space analysis in Sect. 5.3 provides the appropriate framework
to formulate the soft hair proposal. As already discussed there, configurations in the
solution phase space are labeled by two distinct sets of charges: the exact symmetry
charges (like the ADM charges) and those associated with non-trivial gauge transfor-
mations, and these two sets of charges commute. This is the basic property we need
for the realization of the soft hair idea. The drawback, however, is that the algebra
of the latter set of charges is infinite-dimensional and has infinite-dimensional rep-
resentations. Therefore, we have way too much soft hair. So additionally, we need to
provide a haircut consistent with the solution phase space framework. In other words,
the soft hair must be rendered slightly non-soft so that one cannot keep adding soft
hair excitations ad infinitum. Doing this in a controlled way is not trivial. In the rest
of this section, we briefly discuss a specific proposal that does the job.

•> Fluffball proposal, explicit construction of soft hair microstates

The most precise formulation of soft hair microstates has been constructed for BTZ
black holes in pure AdS3 gravity. This construction has three essential parts [698,
699]:
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1. Near horizon algebra and Hilbert space. The near horizon algebra consists of
two u(1) currents [584,585]:

[J±
n ,JJJ±

m] = n

2
δn+m, 0 , [JJJ±

n ,JJJ∓
m] = 0 , (9.31)

with (JJJ±
n )† = JJJ±−n . The near horizonHilbert space is constructed by the repeated

action of creation operators
∏

ni>0JJJ±−ni on the vacuum state |0〉, defined through

JJJ±
n |0〉 = 0 , ∀n ≥ 0 . (9.32)

We note thatJJJ±
0 , which commute with all the otherJJJ , play the role of left and

right sectors Hamiltonian of the near horizon observer [584]. Therefore, all states
in the near horizon Hilbert space have vanishingJJJ±

0 eigenvalues and are soft.
2. Asymptotic algebra and Hilbert space. The asymptotic symmetry algebra is

the Brown–Henneaux Virasoro charges L±
n , which may be written in terms of an

asymptotic current algebra J±
n

L±
n := in J±

n + 6

c

∑
m∈Z

: J±
n−m J±

m :

[J±
n , J±

m] = nc

12
δn+m, 0 , [J±

n , J∓
m] = 0 ,

(9.33)

where c = 3

2GN

is the Brown–Henneaux central charge. One can show that the

L±
n generate two Virasoro algebras

[L±
n , L±

m] = (n − m)Ln+m + c

12
n3 δn+m, 0 , [L±

n , L∓
m] = 0 . (9.34)

The asymptotic Hilbert space is then constructed by taking (J±
n )† = J±−n, n �= 0

and defining the asymptotic vacuum state |J±
0 ; 0〉 as

J±
0 |J±

0 ; 0〉 = c

6
J±
0 |J±

0 ; 0〉, J±
n |J±

0 ; 0〉 = 0 , ∀n > 0 . (9.35)

The J±
0 are not necessarily Hermitian and J0 can take imaginary and real values.

The asymptotic Hilbert space has two classes of states: (i) Global AdS+conic
defects HCG for which J±

0 = iν/2, ν ∈ (0, 1] (with L±
0 := (J±

0 )2 ∈ [− 1
24 , 0)),

and (ii) BTZ geometries HBTZ for which J0 ∈ [0,∞) (L±
0 ≥ 0), as depicted in

Fig. 9.2. The value ν = 1 describes global AdS3 spacetime and ν �= 1 particles
on AdS3. Of course, these are single particle/black holes states, and in general
in the Hilbert space we can have multi-particle states, too. They do not have a
straightforward geometric interpretation, but are easily constructed algebraically.
A BTZ black hole of mass M and angular momentum J , is then a state |�±〉BTZ

J±
n |�±〉BTZ = J±

0 |�±〉BTZ δn,0, J±
0 :=

√
6�±
c

=
√
3(
M ± J )

c
. (9.36)
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3. Relating asymptotic and near horizon Hilbert spaces to identify microstates.
Wehave introduced above twoHilbert spaceswhich are apparently distinct. These
two can be (or physically, should be) identified by an appropriate matching, which
in the fluffball proposal is conjectured to be given by

L±
n := 1

c

∑
p∈Z

: J±
nc−pJJJ±

p : (9.37)

See [699] for detailed discussions. A BTZ black hole state |�±〉BTZ then cor-
responds to a collection of semiclassical microstates in the near horizon Hilbert
space,

|�±〉BTZ =
∏

n±
i >0

(JJJ+
−n+

i
·JJJ−

−n−
i
)|0〉 ,

∑
i

n±
i = c�± . (9.38)

As pointed out above, all states in the near horizon Hilbert space, including
|�±〉BTZ are soft they have vanishing JJJ±

0 . We hence have an explicit realiza-
tion of the soft hair proposal. Nevertheless, the second equality (9.38) provides a
cutoff on the soft hair spectrum, since the soft hair excitations are not soft with
respect to the Virasoro charges (9.37).
Counting microstates. As a check, one may count the microstates for a BTZ
black hole of given �±. Equation (9.38) provides the answer, recalling the
Hardy–Ramanujan counting [700]: the number of possible partitions of a given
positive integer N into non-negative integers p(N ) for N � 1 is p(N ) =

1
4N

√
3
exp(2π

√
N
6 ), see Exercise 9.11. Therefore, the black hole entropy,

ln(p(c�+) · p(c�−)) for c�± � 1, is given by

SBTZ = 2π

√
c�+
6

+ 2π

√
c�−
6

+ · · · (9.39)

This, to the leading order, matches perfectly the earlier results (9.18). In addition,
a careful analysis taking into account the statistical mechanics ensemble reveals
also matching of the log-corrections [699], see also Exercise 9.12.

The above construction is based on two mild assumptions. (1) The Brown–
Henneaux central charge is quantized in positive integers; (2) The deficit angle ν

is quantized in units of 1/c: ν = r/c, r = 1, 2, . . . , c. These are Bohr-like quanti-
zation conditions and may be an outcome of a full quantum theory, if available. For
example, in the D1-D5-P system the central charge is 6N1N5, which is an integer.
In the same system, various string dualities also imply quantization of mass of AdS3
particles and hence quantization of the deficit angle ν.
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Fig. 9.2 The asymptotic Hilbert space, in two representations, “Virasoro basis” (left) and “current
J basis” (right) [699]

We close this part with some further comments. We have constructed BTZ black
hole microstates as coherent superpositions of a gas of (weakly interacting) particles
on AdS3 in a semiclassical description, without resorting to a full QG formulation.
While simple atypical microstates may have a geometric description (e.g. as conical
defect geometries), a general microstate, which is a multi-particle state, does not
have geometric realization. Thus, even though our construction was inspired by near
horizon geometry as a segue to algebraic considerations, typical microstates do not
have an obvious geometric interpretation for a near horizon observer. By contrast,
an asymptotic observer has a clear geometric interpretation as BTZ black hole, but
does not have semiclassical access to the precise microstate. Moreover, there is a
“particle-black hole” duality, in the sense that two sectors of the asymptotic Hilbert
space depicted in Fig. 9.2 are mapped to each other as described above. All these
states belong to the near horizon Hilbert space and are hence soft hair, as discussed
above. See [699] for more discussions. Our explicit construction here is for AdS3,
but a similar line of ideas may in principle work for more realistic 4d black holes.
The example of extremal Kerr has been worked out in [701].

9.6 Information Puzzle and AdS/CFT

AdS/CFT provides a non-perturbative definition ofQG thatmanifestly preserves uni-
tarity (at least if the dual CFT is unitary—see Chap.8, or [702,703] and refs. therein
for examples of non-unitary holography). As such the black hole formation and evap-
oration should in principle admit a unitary description. So the main question here is
how to manifestly formulate this “in principle”-description and uncover the missing
ingredient in Hawking’s semiclassical derivation.

Conversely, on the CFT side, it can be instructive to show how information can be
apparently lost by taking suitable limits that mimic the semiclassical approximation
on the gravity side. A particular example along this line was studied in AdS3/CFT2
in [704] where the collapse of a spherical shell was set up in the dual CFT2. Taking
the semiclassical limit amounts to sending the central charge of the CFT2 to infinity.
It has been shown that unitarity is indeed violated in the CFT2 in the 1/c expansion
if non-perturbative corrections are dropped.
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As discussed in the previous chapter, we have small black holes in AdS that do not
reach thermal equilibrium with their own Hawking radiation. These black holes are
similar to asymptotically flat black holes and AdS/CFT is not of practical help. For
large AdS black holes, which reach thermal equilibrium and a stationary phase with
their own Hawking radiation, AdS/CFT can provide good handles. For these black
holes, the main question is not about the unitarity of the description at a fully-fledged
quantum level, which is guaranteed by the setup, but whether there is a semiclassical
description that respects other basic features like locality and smoothness of the
geometry (near the horizon) and if yes, how precisely this semiclassical description
is formulated. For eternal black holes that do not evaporate, one needs to reformulate
the information puzzle. Here we briefly discuss such a reformulation within the
thermofield double [580]. The idea is to perturb a thermofield doubled state and
explore what happens to it within time scales t much larger than the temperature
1/β, in t/β � 1.

In a unitary CFT any perturbation around a thermal state should always carry the
information that it is a perturbation of a thermal state; it should never “fully thermal-
ize”. As discussed in Sect. 8.3.2, in the CFT side this perturbation may be probed by
the two-sided correlator P = 〈TFD|OL(0, x)ÕR(t, y)|TFD〉, whereOL and ÕR may
encode perturbations on the left or right CFT’s around a thermofield double state,
respectively inserted at (0, x) and (t, y); see Exercise 9.9 for more analysis. If the
cluster decomposition and locality in the gravity description holds, then for t/β � 1,
Pgravity ∼ ekt/β where k is some constant. That is, Pgravity exponentially decays and
the state becomes arbitrarily close to a thermal state. On the other hand, the same
computation within a unitary thermal CFT is expected to yield, PCFT ∼ ek̃S where
S is the entropy and k̃ is some constant. While PCFT is exponentially suppressed by
the entropy, it does not decay with time t . So, for t/β � 1, PCFT � Pgravity.

This apparent puzzle, which may be viewed as a reformulation of the information
puzzle, can be remedied if the assumptions yielding the gravity result can be relaxed.
One of these assumptions is locality of the gravity description. The other one is
overlooking the non-perturbative contributions to the gravity side of order e−1/GN ∼
e−S . Indeed, as discussed in Sect. 8.3.3, there exist thermal AdS and eternal AdS
black hole saddle points, and the former can contribute to Pgravity. There may be
other saddle points (Euclidean wormhole type saddles) that can also contribute. This
description does not tell us how the information could be retrieved in (quantum)
gravity but gives an idea of where to look for it.

Other related issues, like the firewall paradox and the recent discussions of islands
in the context of Hawking radiation (see Sects. 6.9 and 9.2) can also be made more
precise and addressed using AdS/CFT, see the literature quoted in these sections.

Further Reading

While string theory is currently the leading candidate for a theory of QG, there are
other QG proposals that we did not discuss, e.g. loop quantum gravity [705–707],
asymptotic safety [708] or causal dynamical triangulation [709]. See [710,711] for
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a bird’s eye view of various approaches to QG and [712] for a review of options that
avoid quantizing gravity and the associated challenges.

For more on black hole microstate counting within string theory see [606,713–
715].

For more on subleading corrections to the Cardy formula (the Farey-tail expan-
sion) see [716].

For discussion on fuzzball versus firewall see [717–719].
For AdS/CFT and black hole information puzzle see Thomas Hartman’s lecture

notes, available at the webpage http://www.hartmanhep.net/topics2021/ or Daniel
Harlow’s lecture notes [131]. See [626,627] for recent discussions on thermofield
double and realization of horizons in the dual CFT description. The SnowmassWhite
Paper on “Quantum aspects of black holes and the emergence of spacetime” [720]
provides a comprehensive guide to some of the more recent literature.

Exercises

9.1 Ensemble dependence of log corrections.
Show that the number N in the logarithmic corrections to the entropy (9.1) depends

on the thermodynamic ensemble that is used. In particular, show the relation

Sc = Smc + 1

2
ln

(
CT 2) + . . .

where Sc is the canonical entropy, Smc the microcanonical entropy, C the specific
heat and T the temperature.

9.2 Double-copy for black holes.
Scattering amplitudes show a remarkable double-copy mechanism that relates

(color-stripped) amplitudes in Yang–Mills theory to gravitational amplitudes, see
[721] and refs. therein. Convince yourself that this double-copy mechanism can be
extended to black holes by considering the following steps.

(1) Take the Maxwell equations ∂μFμν = jν with the abelian current jν =
−gvνδ(3)(x), where g is the magnitude and vν = (1, 0) the 4-velocity of the point
charge in its rest frame. Show that in a suitable gauge the gauge connection is given
by

Aμ = g

4πr
kμ r2 = x2

with the null vector

kμ = (
1,

x
r

)
.

(2) Make the double-copy replacement

g → κM kμ → kμkν

http://www.hartmanhep.net/topics2021/
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in the connection Aμ to construct a symmetric 2-tensor (the non-perturbative gravi-
ton)

hμν = κM

4πr
kμkν

and show that the sum of Minkowski metric plus non-perturbative graviton,

gμν = ημν + hμν

is the Schwarzschild metric for a black hole of mass M in Kerr–Schild form (see
also Exercise 2.39; fix the gravitational coupling constant κ suitably).

(3) Show that the double-copy mechanism works also for the sources, i.e. show
that the distributional energy-momentum tensor

Tμν = Mvμvνδ(3)(x)

plugged into the Einstein equations yields the Schwarzschild metric as a solution (if
you have solved Exercise 2.30 this should be straightforward).

Note: This exercise shows that the Schwarzschild black hole is a double-copy
of the Coulomb solution. For a discussion of other black holes from a double-copy
perspective see [722].

9.3 No cloning theorem.
Assume the Hilbert space factorizes, H = HE ⊗ HB , where HE corresponds to

the Hilbert space characterizing the exterior of the black hole and HB the Hilbert
space characterizing the black hole interior. Assume further that black hole comple-
mentarity implies HE = HB . Prepare the system such that the initial state is given
by the product state |ι〉A ⊗ |o〉B . Using the axioms of quantummechanics, prove that
there is no unitary operator U obeying

U
(|ι〉A ⊗ |o〉B

) = eiφ |ι〉A ⊗ |ι〉B
for any real number φ (which may depend on ι and o) and for all normalizable states
|ι〉, |o〉. This statement is known as “no cloning theorem”.

9.4 Microstate counting for rotating black holes.
(1) Starting from (9.12) at rp, Ĵ = 0, show that in the near horizon limit (dropping

1 in the harmonic functions H1, H5) we obtainAdS3×S3×T4 geometrywhereAdS3
and S3 radii are both equal to 
2 = r1r5.

(2) Show that the central charge of the dual 2d CFT is then

c = 3


2G(3)
N

= 6N1N5, (9.40)

whereG(3)
N

= gsl8s
4V4
3

is the Newton constant of the 3d gravity obtained from reduction

of the 10d theory over S3× T4.
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(3) One may then turn on rp while Ĵ = 0. Show that the geometry becomes that
of Extremal BTZ× S3×T4, where the horizon radius of the extremal BTZ is rpR/
,
where R is the radius of the circle in y direction.

(4) Last, one may turn on both rp, Ĵ . Show that the geometry becomes that of
Extremal BTZ× S3q×T4 where the radius of AdS3 is 
 and horizon radius is rpR/


as before and Sq is that of an squashed sphere,

dsSq = 
2

4
(dθ2 + sin2 θdφ2 + q2σ 2

3 ), q2 = 1 − Ĵ 2


4rp
= 1 − J 2

N1N5P
. (9.41)

Show that performing the reduction to 3d, the Newton constant now becomesG(3)
N

=
g2s l

8
s

4V4
3q
and hence the central charge (9.40) becomes c = 6N1N5q .

9.5 Microstate counting for four-charge 4d BPS black holes.
Consider the 4d extremal black hole described by the Einstein-frame metric,

ds2 = −F(r)−1/2dt2 + F1/2(r)
(
r2 + r2d�2) , F(r) = H1H2H3H4

with Hi = 1 + Qi
r . This is a solution to Einstein-U (1)4 dilaton theory and may

be obtained from dimensional reduction of 10d type IIA theory (cf. Appendix I),
corresponding to configuration of branes consisting of D2,D6, NS5 branes together
with KK monopoles. See [543] for more details.

(1) Compute the BH entropy of the above four-charge solution and show it is

S4−charge = π
√
Q1Q2Q3Q4

2GN

= 2π
√
N2N6 N5Nw

where N2, N6, N5, and Nw are respectively number of D2, D6, NS5, and KK
monopoles that constitute the black hole solution.

(2) Given the brane IIA construction mentioned above, repeat Strominger-Vafa
counting and obtain the above entropy as the Cardy entropy of a 2d CFT. See [723,
724] for more details.

9.6 Cardy formula from modular invariance.
Consider a Euclidean CFT2 on a torus with coordinates (τ, σ ) ∼ (τ, σ + 2π) ∼

(τ + β, σ )with a vacuum state that is gapped from the rest of the spectrum. Assume
the gap is given by the usual Casimir energy as determined from the central charge
c. The goal of this exercise is to evaluate the partition function

Z [β] = Tr e−βH

in the limit of high temperature, T = β−1 → ∞.
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(1) Consider first the opposite limit, β → ∞, and argue that the partition function
projects to the ground state

lim
β→∞ Z [β] ≈ e−βE0

where E0 = − c
12 is the (free) energy of the gapped vacuum.

(2) Prove the low-high temperature duality β ↔ 4π2/β upon exchanging the two
cycles τ and σ , accompanied by a suitable dilatation.

(3) Combine (1) and (2) to obtain the high-temperature limit of the free energy,

lim
β→0

F ≈ −π2c T 2

3

and show that this result is compatible with the Cardy formula.

9.7 More on Cardy formula.
(1) Given (9.18) and properties of Bessel functions verify (9.25).
(2) Show that to leading order for BTZ black hole,

TR = r+ − r−
4π


, TL = r+ + r−
4π


. (9.42)

Note that for the extremal BTZ case with r+ = r−, TR = 0.
(3) Using (9.20) compute corrections to the left and right temperatures (9.42).
(4) Recalling (9.20), show that

2

TBTZ
= 1

TL
+ 1

TR
, �BTZ = TBTZ

( 1

TL
− 1

TL

)
. (9.43)

(5) Compute the microcanonical temperature T−1
MC = ∂TMC

∂E and show π2

3 (cL +
cR)TMC = SCardy I1(SCardy)

I2(SCardy)
, where I1, I2 are modified Bessel functions.

(6) To define the entropy in canonical formulation one should start from the
partition function Z(βL, βR) where,

Z(βL, βR) =
∫

d� d�̄ ρ(�, �̄) e−βL�e−�̄βR (9.44)

where ρ(�, �̄) is given in (9.16). Since ρ in the saddle point approximation is
product of left and right sectors, Z = ZL(βL) · ZR(βR). That is in the saddle point
approximation partition function of any unitary, modular invariant 2d CFT is holo-
morphically factorizable.

One can define left and right free energies as FL = −TL ln ZL and similarly for
the right sector, where TL = 1

βL
. The total entropy in canonical ensemble is then

Scan = ∂FL
∂TL

+ ∂FR
∂TR

. (9.45)

Verify that Scan. has the expression given in (9.25).
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9.8 Cardyology for different boundary conditions.
This exercise investigates the Cardy-type counting for BTZ black holes in 3-

dimensional Einstein gravity with different boundary conditions. You may work in
the limit � � cL and �̄ � cR .

(1) Convince yourself that the (holomorphic) microscopic density of states trans-
forms with a Jacobian,

ρ(�̃) = ∂�

∂�̃
ρ(�)

where � is the left-moving energy for the theory with the original boundary condi-
tions and �̃ the corresponding quantity for the newboundary conditions. The full den-
sity of states is a product of left- and right-moving sectors, ρ(�, �̄) = ρ(�)ρ̄(�̄).

(2) Assume the new boundary conditions imply �̃ ∝ �(z+1)/2 with some z ≥ 0
(and analogously for the right sector). Calculate the Jacobian in (1) and determine
what the Cardy formula looks like for the new boundary conditions. Verify, in par-
ticular, that for z → 0 the Cardy entropy scales linearly with �̃.

(3) Verify that the density of states for near horizon boundary conditions (z = 0
case),

ρ(�̃) = e2π
√

c
6 �̃

√
2π�̃

.

(4) Show that the Jacobian factor in (1) with the assumptions stated in (2) changes
the log corrections to the entropy in microcanonical ensemble,

S(�̃, ˜̄�) = ln ρ(�̃, ˜̄�) = S0L + S0R − 2z + 1

2
ln S0L − 2z + 1

2
ln S0R + · · ·

9.9 Perturbing a thermofield double state.
Consider a thermofield double state |TFD〉. Perturb the state with an operator in

the left CFT OL .
(1) Argue that the perturbed state is described by ˜|TFD〉 = (1 + εOL)|TFD〉.
(2) Does ˜|TFD〉 describe a thermal state?
(3) Probe ˜|TFD〉 by an operator in the right CFT ÕR . Show that the expecta-

tion value of this probe in the perturbed state in the leading order in ε is given
by the two-point function in the unperturbed original thermofield double state,
〈TFD|OL ÕR |TFD〉.

9.10 Twisted Sugawara construction.
Starting with a u(1)k current algebra, [Jn, Jm] = k

2 δn+m, 0, prove that the twisted
Sugawara construction

Ln = 1

k

∑
p∈Z

Jn−p Jp + inβ Jn

yields a Virasoro algebra for the modes Ln with central charge c = 6kβ2. By calcu-
lating [Ln, Jm] verify whether or not J is a primary field from a CFT2 perspective.
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9.11 Partitions of integers and Hardy–Ramanujan formula.
Define p(n) as the number of different partitions of the integer n into pos-

itive integers, e.g. p(5) = 7 because 5 = 4 + 1 = 3 + 2 = 3 + 1 + 1 = 2 + 2 +
1 = 2 + 1 + 1 + 1 = 1 + 1 + 1 + 1 + 1. Find a proof that for large n the Hardy–
Ramanujan formula,

p(n) ∼ 1

4n
√
3
exp

(
2π

√
n

6

)

holds. Here is an outline of a proof idea that goes back to Newman [725].
(1) Define the generating function f (z) = ∑∞

n=0 p(n)zn = ∏∞
m=1(1 − zm)−1,

where |z| < 1. Define also the auxiliary function

φ(z) =
√
1 − z

2π
exp

(π2

12

1 + z

1 − z

)

and interpret it as another generating function, φ(z) = ∑∞
n=0 q(n)zn .

(2) Prove the inequality

| f (z)| < exp
( 1

1 − |z| + 1

|1 − z|
)

by taking its logarithm and using the identity ln f (z) = ∑∞
n=1

1
n

zn
1−zn .

(3) Prove the estimate f (z) = φ(z)[1 + O(1 − z)] for |z| < 1 and |1 − z| ≤
2(1 − |z|), starting with the exponential map z = e−w such that

ln f (z) =
∞∑
n=1

1

n(enw − 1)
= π2

6w
+ 1

2
ln

(
1 − e−w

) + w

∞∑
n=1

( 1

nw(enw − 1)
− 1

n2w2 + e−nw

2nw

)

︸ ︷︷ ︸
O(1)

.

The most lengthy part is to show that the last term above is O(1).
(4) Prove that p(n) = q(n) + . . . , where the ellipsis denotes term that behave not

worse than O(n−5/4 exp (2π
√

n
6 )). To this end use the identity

p(n) − q(n) = 1

2π i

∮

C

f (z) − φ(z)

zn+1 dz

where the contour C is the circle |z| = 1 − π/
√
6n.

(5) Finally, compute q(n), starting with the Gaussian integral identity

√
2πeπ2/12 φ(z) = (1 − z)

∞∫

−∞
exp

(
π t

√
2

3
− (1 − z)t2

)
dt .
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9.12 Hardy–Ramanujan and Cardy formula.
Use the Hardy–Ramanujan formula of the previous exercise.
(1) Show that a partition function ρ(�, �̄) ∼ p(n) p̄(n̄) obeys the Cardy formula

if the energies � (�̄) scale like the (large) integers n (n̄) in the Hardy–Ramanujan
formula above.

(2) Calculate the logarithmic corrections in the Hardy–Ramanujan formula and
show how they differ from the logarithmic corrections in the Cardy formula.



10Outlook

Abstract

In this final chapter, we start with a summary of our book in Sect. 10.1, continue
with selected open conceptual issues that are the subject of ongoing research in
Sect. 10.2 and then finish in Sect. 10.3 with future observational prospects.

10.1 Summary of the Book

It is sometimes said that the discovery of today is the tool of tomorrow and the
background of the day after. The subject of black holes is currently in a transient
phase between the discovery- and tool epochs and has not yet reached the background
stage. A lot has happened since JohnMichell pondered, in 1783, what would occur if
the escape velocity of a star exceeded the speed of light. The preceding nine chapters
were our attempt to cover the most salient discoveries in black hole physics, as well
as the most common tools therein and applications thereof. Before we venture into
the unknown future, we briefly take stock of what we covered in our book.

Each chapter was organized similarly, commencing with a brief abstract and
concluding with a brief paragraph on further reading, as well as a list of exercises.
As mentioned in the introduction, we consider the exercises an integral part of our
book. Students who use our book to teach themselves black hole physics are strongly
encouraged to solve these exercises—not necessarily all of them, but at least half of
them, depending on their specific research interests.

In Chap. 1, besides summarizing basic material like GR, we began with a brief
history of black holes that we organized logically, but not necessarily chronolog-
ically. We then collected the evidence for black holes prior to any experimental
discoveries, based on the collapse of stars. At least in retrospect, the considerations
by Chandrasekhar and others provided the rationale for expecting the existence of
black holes long before the community understood the physics of accretion disks,
the GW emission of black hole mergers, or the intricate gravitational lensing effects
leading to black hole shadows. We concluded this chapter by presenting three dif-
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ferent schools of thought concerning black holes (or, in fact, anything else), based
on the premises ‘everything is geometry and symmetries’ (GR), ‘everything is par-
ticles and fields’ (HEP) and ‘everything is information and entanglement’ (quantum
information).

In Chap. 2, we introduced the Schwarzschild solution and discussed its geodesics
as well as its Carter–Penrose diagram. The later sections generalized these discus-
sions to black holes with charge, angular momentum, black holes in (A)dS, andmore
exotic black holes, e.g. featuring the gravitational analog of a magnetic monopole.
In the very end, we briefly mentioned non-stationary black holes as the first glimpse
of time-dependent black hole solutions.

In Chap. 3 we took a more formal perspective than before, starting with the
classic(al) definition of black holes for mathematical purposes and discriminating
between several notions of horizons. We then summarized some key aspects of
black hole theorems and how to prove them, including the Raychaudhuri equation,
energy conditions, singularity-, horizon- and uniqueness theorems. We also intro-
duced notions of asymptotic flatness and mentioned cosmic censorship. The final
section highlighted the focusing equation and the area theorem, anticipating already
aspects of black hole thermodynamics developed in later chapters.

In Chap. 4, we got black holes out of isolation and allowed them to interact
with surrounding light, matter, and accretion disks, to be perturbed and ring quasi-
normally, to emit GW, and to form in the first place. We considered both perturbative
and non-perturbative aspects, including black hole stability. These tools are crucial
for black hole observations and phenomenology.

In Chap. 5, we introduced notions of (conserved) charges, like the traditional
Komar charges or the (Wald-)entropy as Noether charge. This paved the way for
the derivation of the four laws of black hole mechanics that describe convexity and
conservation equations of these charges. Moreover, these four laws are in one-to-
one correspondence with the four laws of thermodynamics, providing a classical
incentive to view black holes as thermal states.

In Chap. 6, we studied semiclassical aspects of black holes, i.e. the quantization
of fields on a black hole background. We started with general remarks on the varia-
tional principle and then summarized the Unruh- and the Hawking-effect. The latter
finally established that indeed black holes are thermal systems with a characteristic
(Hawking-)temperature and a gigantic (BH-)entropy, given for GR by one quarter
of the area A of the event horizon (in units of Newton’s constant GN).

SBH = A

4GN

(10.1)

We also re-derived aspects of this thermodynamic description in different ways and
discussed the Parikh–Wilzcek picture of black hole tunneling, as well as black hole
evaporation and the membrane paradigm. The concluding section introduced the
information puzzle, a recurring theme of later chapters, including this last one.

Inevitably, every book enjoys (or suffers from) an author’s bias. This may be par-
ticularly true for Chap. 7, where we considered black holes in various dimensions,
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starting with the lower ones. Gravity in three and two dimensions strikes an inter-
esting balance between conceptual wealth and technical accessibility, allowing one
to address some issues that are much harder to resolve in higher dimensions. Since
research on both subjects is still evolving, we confined ourselves to well-established
classical statements, but we stress that one of the main motivations for considering
lower-dimensional gravity is its promise to teach us about QG. The final part of the
chapter presented results for higher-dimensional black holes, as well as generaliza-
tions to black rings, black branes, and other black manifolds, addressing also the
limit of GR in a large number of dimensions.

In Chap. 8, we explored the consequences of the holographic principle, in par-
ticular, its implementation in the form of the AdS/CFT correspondence. After for-
mulating the basics, including the holographic dictionary for correlation functions
and holographic renormalization, we stated the RT formula for holographic entangle-
ment entropy and some of its consequences.We continuedwith the discussion ofAdS
black holes as thermal states in a dual CFT and the Hawking–Page phase transition.
Asymptotic symmetries, which had featured as a precursor of AdS/CFT in seminal
work by Brown and Henneaux, can be extended and applied to the near horizon
region, which led to soft hair excitations of black holes. The next sections explored
extremal black holes, the attractor mechanism, and the Kerr/CFT correspondence.
Since the subject of holography is too rich and broad, we selected black hole-related
topics, but to mitigate our inevitable omissions, our final section contained some
pointers to key aspects of holography and its applications.

In Chap. 9, we hazarded into quantum aspects of black holes. Naturally, some
of the material in this chapter has a different standard than the preceding chapters
and the authors’ selection bias is even more pronounced here. Our opening gambit
consisted of general remarks about black holes and QG, followed by black hole
complementarity and firewalls. Next, we focused on black holes in string theory and
microstate counting. While counting black hole microstates and recovering the BH
entropy is gratifying, eventually, we would also like to explicitly construct all (or
at least typical) microstates. To this end, we discussed fuzzballs and fluffballs, but
we hasten to add that neither of them is expected to be the last word on black hole
microstates. We concluded with broad-brush aspects of the information puzzle in the
context of AdS/CFT.

10.2 Open Conceptual Issues

There are interesting technical challenges in the theory and mathematics of black
holes, which provide numerous worthwhile research avenues. We pointed to some of
them in the final paragraphs on further reading in previous chapters, and in particular,
in Sect. 9.1. Here we focus on three unresolved conceptual issues, all of which are
subjects of ongoing research endeavors.
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Boundary and horizon degrees of freedom

Sometimes insights are sharply peaked in time and a scientific revolution is immi-
nent, like in the development of GR, quantum mechanics, or AdS/CFT. However,
more often, the insights are reached more gradually, like for boundary and horizon
degrees of freedom. After the shock provided by the BMS discovery of infinitely
many translation-like symmetries in the 1960s [115,116] and the seminal work by
Brown and Henneaux in the 1980s [483], it required the AdS/CFT correspondence
in the late 1990s [88–90] to get a new perspective on these milestones: the asymp-
totic symmetries, acting on the classical phase space can be interpreted as global
symmetries of the dual field theory.

The asymptotic symmetries generate non-proper diffeomorphisms that change the
physical state. Therefore, even in the absence of bulk GW, there can exist boundary
gravitons, also known as boundary degrees of freedom or edge states, see e.g. [540,
726,727] (the latter slang is borrowed fromQuantumHall physics, where these edge
states feature prominently [696]).

After the turn of the millenium, numerous new insights led to a proliferation of
this research avenue. Since then, our understanding of these symmetries has consid-
erably evolved. Some specific topics are generalized asymptotically AdS boundary
conditions [484,487,728], the AdS/log CFT correspondence [702,729], flat space
holography [492,730,731], relations to memory effect and soft scattering [284,732],
celestial holography [733,734] and, more recently, also near horizon symmetries
[583,584,735–737] ormore generally null boundary symmetries [404,693,738,739]
and soft hair [114]. Each of these directions is the subject of ongoing research. In
the remainder, we focus briefly on open questions regarding the last two.

In the context of classical black holes, a pressing issue is how the bulk degrees of
freedom—the GW and matter—interact with the boundary degrees of freedom and
how such interactions affect the charges associated with near horizon symmetries
as well as their (non-)conservation. Besides theoretical interest, resolving this issue
could be important for phenomenology. At the time of writing this chapter, the most
up-to-date analysis is provided by [693].

It is tempting to speculate that near horizon symmetries and soft hair excitations
may help to understand the black hole entropy [740] or even to construct semiclas-
sical black hole microstates [698]. Whether or not such constructions work for Kerr
black holes is an outstanding open issue.

Information puzzle

Despite several claims in the past decades that the information puzzle is finally
solved, it remains an active area of research at the start of the 2020s. Holographic
correspondences such as AdS/CFT in principle can be considered as solutions to the
information puzzle, but just stating that the puzzle is solved and information is not
lost does not explain several issues. For instance, what precisely is incorrect with the
semiclassical arguments by Hawking, why do they break down, and how to avoid
firewalls. Thinking about the information puzzle has engendered a wealth of new
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concepts and apparent paradoxes, which are spread over our book (see Sect. 1.2.3,
6.9, 9.5, and 9.6).

One of the key observations in this regard is the need to consider the black hole plus
its radiation as parts of a single system, e.g. through the ER=EPR proposal [582].
It proposes that entanglement between the black hole and its Hawking radiation is
captured by a Euclidean wormhole geometry, as briefly discussed in Sect. 8.3.3. The
most recent incarnation of such a setup is the island proposal discussed in Sect. 9.2.
The quantumHilbert space associated with the full system involves various parts that
are non-trivially entangled with each other, and the von Neumann entropy associated
with this system is the quantity expected to follow thePage curve. If true, this provides
a setting in which the quantum evolution of a black hole remains unitary, see [455]
for a review.

A potential issue with the island proposal is that it may only work for massive
gravity theories, as argued in [741]. See also [742] for a critical review of the island
proposal. Thus, the status of the island proposal remains disputed at the time of
concluding our book. Not intending to sound flippant, we hope the reader is not too
surprised in case they witness at the time of reading this chapter a novel proposal on
the market that solves the information puzzle or a new black hole paradox showing
an apparent clash between GR and quantum mechanics.

Black holes as a window to quantum gravity

In Sect. 9.1, we already discussed some different bearings a theory of QG may have
for black holes and their classical and semiclassical analysis. This part is meant to
be a complement to the discussions in that section.

The idea that the metric or even the spacetime are not some fundamental objects,
but rather emergent quantities is a common thread in numerous approaches to QG,
and is inspired by the analogy to hydrodynamics, the effective theory of molecules
at low energies. If correct, this idea is relevant for QG, since it indicates that trying
to quantize the Einstein equations is as ill-guided as trying to quantize the Euler
equations instead of quantizing its fundamental constituents, the molecules. If this
line of thinking is pertinent, the obvious question seems ‘what is the analog of the
molecules for QG’? Is it conformal bootstrap á la string theory or holographic qubits
followingRTor a tower of infinitelymanyVasiliev-type higher spin-fields or all/none
of the above? To make progress on such daunting questions, it is useful to have a
simple system available where these issues are relevant. Quantum black holes seem
tailor-made for this purpose.

Indeed, it is often said that black holes could play the same role in the development
of QG as the hydrogen atom did in the development of quantum mechanics. While
this seems a fair metaphor, it highlights a pressing conceptual and technical issue: so
far, we do not know precisely how to define a black hole in a quantum mechanical
context!

The mathematical definition we gave in Chap. 3 is meaningless since there are
no event horizons in the full quantum theory of gravity—at least if information
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eventually escapes the black hole. So, unless the information is lost, horizons should
not be the defining property of quantum black holes.

Thermal properties are a useful ingredient. Therefore, it is tempting to include
the property of being a thermal state as part of the definition of a quantum black
hole (to reiterate, by thermal state we mean a pure state that is exponentially close to
a mixed state and indistinguishable from it through simple experiments). However,
our universe has many thermal states that are not black holes, like Planck’s photon
gas in a box, stars, or the cosmic microwave background radiation. So thermality
cannot be the only defining property of black holes.

Similar remarks may apply to other properties, such as the area law for entropy,
the fast scrambling of black holes, their saturation of the chaos bound, etc. Every
object is defined by the sum of its properties, so we need to figure out more about
black holes and how to define them quantum mechanically.

10.3 Observational Prospects

As discussed in Chaps. 1 and 4, there are already many observational direct and
indirect pieces of evidence for black holes with masses ranging from few solar
masses to supermassive black holes of billions of solar masses. The possible mass
range is yet wider in theoretical proposals and models, cf. Table 1.1. Our information
about their spin and possibly their tidal Love numbers or higher moments [743] is
still more limited than their mass [295,298,744–746].

Observational questions regarding black holes are generically aimed at answering
three classes of questions: (1) their origins and how they have formed or can form;
(2) emissions (electromagnetic or gravity wave) from systems involving black holes,
and (3) how they impact their surroundings. These surroundings can be light (shad-
ows, photon-spheres, lensing, and microlensing), accretion disks, other galaxies, or
compact massive objects like neutron stars or other black holes in binary systems.

The messengers which carry the information about black holes and their impacts
are typically electromagnetic waves with various frequencies, from microwave to
X- and γ -rays, or GWs with frequencies of nano-Hz (in the NanoGrav experiment
[747]) to 10–104 Hz (in the LIGO-VIRGO experiments). Upcoming ground-based
advanced LIGO/VIRGO and KAGRA [64,65,748,749] or space-borne experiments
such asLISA [750–752] and eLISA [753–757]will greatly advanceGWspectroscopy
in both frequency range and sensitivity of GW detection. This is a quickly evolv-
ing field, see e.g. [758–760] for recent reviews. Moreover, in the future, other light
particles like axions or neutrinos may also be added to these messengers. We briefly
mention some of the upcoming or ongoing searches below (Fig. 10.1).

Black holes or heavy object mergers

As discussed, merger of binary systems consisting of two compact stellar objects
(white dwarfs, neutron stars, and black holes) typically yield a black hole plus a nearly
monochromatic GWwhich may be accompanied by an electromagnetic emission (in



10.3 Observational Prospects 323

Fig. 10.1 Sensitivity of LISA, eLISA, and advanced LIGO as a function of frequency. They lie in
between the bands for ground-based detectors like advanced LIGO and pulsar timing arrays such
as the European Pulsar Timing Array. The characteristic strain of potential astrophysical sources
is also shown. To be detectable, the characteristic strain of a signal must be above the noise curve.
Source Wikipedia

non-black hole-black hole mergers). The merger is then detected through the GW or
photon emissions. Such binaries and mergers can be in our galaxy or other galaxies.
Advanced LIGO/Virgo/KAGRA and LISA will be able to detect such mergers. Cur-
rent observations show these mergers yield black holes in a wide mass range from
a few M� to 180M� (see Fig. 10.2); the upper range may still increase in future
observations.

A merger may involve two intermediate-mass black holes (with masses in a few
100M� range) or two supermassive black holes of masses � 106M�. According to
themost conservative populationmodels, at least a few such supermassive black hole
merger events are expected to happen each year. In November 2021, two coalescing
supermassive black holes have been reported, where their merger is expected in 250
million years [761]. Mergers can also take place in extreme mass-ratio inspirals,
consisting of a light stellar compact object (< f ew M�) slowly falling onto more
massive black holes of (� 100M�) while emitting GWs. Extreme mass-ratio inspi-
rals are expected to occur regularly in the centers of most galaxies and in dense star
clusters and will be detectable by LISA.

As discussed, GWs emitted from binary mergers besides a dominant oscillatory
signal (predominantly coming from the inspiral and ringdown phases), also have a
non-oscillatory component that arises from the nonlinear memory effect [762]. The
memory monotonically grows during the late inspiral and merger, modifying the
signal by an almost step-function profile [763]. The nonlinear memory, while still

https://en.wikipedia.org/wiki/Laser_Interferometer_Space_Antenna
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Fig. 10.2 Masses of detected LIGO/Virgo compact binaries. This plot shows the masses of all
compact binaries detected by LIGO/Virgo as of the end of 2021, with black holes in blue and neutron
stars in orange. The purple and yellow dots respectively show stellar mass black holes and neutron
stars discovered with electromagnetic observations. Source LIGO/Virgo-KAGRA collaboration.
An interactive version of the plot may be found here

undetected in LIGO/Virgo [764], can be detectable in GW interferometers and pulsar
timing array measurements [765,766].

Primordial black holes

Theevolutionoftheuniverseduringinflation,reheatingandthroughvariousphasetran-
sitions, may yield seeds for sub-solar mass black holes. These seeds (over-densities)
can undergo gravitational collapse and form black holes of various sizes, from 10−5g
to 1050 g. Those smaller than∼ 1015 g have a short Hawking evaporation lifetime and
theirabundanceat formation isconstrainedbytheeffectsof theirHawkingradiationon
big bang nucleosynthesis, the cosmic microwave background, the galactic and extra-
galactic γ , and cosmic-ray backgrounds [767]. Heavier PBHs are also constrained by
their impact on gravitational lensing and imprints on the large-scale structure. PBHs
may account for a part of the darkmatter in the universe. Current data, including those
fromNanoGrav [768], and other GWdetections [769], yield bounds on themasses of
PBH and on the percentage of the dark matter PBH can constitute. The allowed mass
rangesare1017–1023gand, interestingly, also the stellarmass range10–100M�. In the
latter range, PBHs can still account for a large fraction of dark matter. If PBHs exist,
they provide a unique probe of the early universe.

Black hole accretion disks

Accretion disks are one of the observational windows into the black holes that can
reveal signatures of event horizons, ISCOs, and ergospheres. Theoretically, there

https://media.ligo.northwestern.edu/
https://media.ligo.northwestern.edu/gallery/mass-plot
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Fig.10.3 (Left) Snapshot image from a magnetically arrested radiative simulation of M87∗ [778],
convolved with a circular Gaussian blurring kernel with a full width at half maximum of 15 micro
arc-sec (μas), which at this resolution, qualitatively matches the first images ofM87* from the EHT
[779]. (Middle) The simulation snapshot at native resolution viewed at an inclination θo = 163 deg
where the black hole spin vector is oriented to the left and into the page [780]. The filamentary,
turbulent structures, a central brightness depression, and a narrow, bright photon ring in this snapshot
image closely track the theoretical critical curve (cyan curve). (Right) The same simulation snapshot
in a gamma color-scale, accentuating low-brightness features. In this scale, the central brightness
depression corresponds to the black hole’s inner shadow, or the direct lensed image of the equatorial
event horizon (white curve). The figure is taken from [777]

are four primary accretion disk models: Polish doughnuts (thick disks), Shakura–
Sunyaev (thin) disks, slim disks, and advection-dominated accretion flows. Aspects
of these models like stability, jets, spectral states, hardening of X-ray reflections
and emissions, quasi-periodic oscillations, and their applications for black hole
(or neutron star) mass and spin have been analyzed analytically and numerically
[299,301,770,771]. These features and properties have been used to test the Kerr
black hole and constrain deviations from Einstein gravity for various galactic and
extragalactic black hole candidates. See [772–776] for reviews and recent progress
reports.

Black hole shadows and strong lensing

As discussed in Chaps. 1 and 4, black hole shadows and photon-spheres constitute
a unique opportunity to probe black holes in regions very close to their horizon. As
the next step, the EHT collaboration is going to extend their results obtained for the
black hole in M87* (M = 6.5 ± 0.7 × 109M�) [26,279], to the supermassive black
hole in the center of our galaxy. At the theoretical level, there are several studies on
how the addition of matter fields (e.g. scalar hair) or deviations from Einstein gravity
affects black hole shadows and photon-spheres. The EHT images released thus far
do not resolve features like ‘inner shadow’ or ‘photon ring’ of M87* (see Fig.10.3).
However, improvement in related observations may detect such features which can
teach us more about the black hole mass and spin, see [777] for more analysis.

The era of black hole observations has just begun and will improve our under-
standing of black holes and the underlying theory of classical and quantum gravity.



AVariational Identities

Consider small variations of the metric δgμν with δ2gμν = 0. Then we have the
following variation identities (covariant derivatives are with respect to the reference
metric gμν , which is also used to move indices):

Inverse metric δgμν = −gμαgνβ δgαβ (A.1)

Volume form δ
√−g = 1

2

√−g gμν δgμν = −1

2

√−g gμν δgμν (A.2)

Christoffels δ�λ
μν = 1

2
gλτ

(∇μδgντ + ∇νδgμτ − ∇τ δgμν
)

(A.3)

Riemann tensor δRλ
μτν = ∇τ δ�

λ
μν − ∇νδ�

λ
μτ (A.4)

Ricci tensor δRμν = 1

2

(∇λ∇μδgλν +∇λ∇νδgλμ − gλτ∇μ∇νδgλτ −∇2δgμν
)

(A.5)

Ricci scalar δR = ∇μ∇νδgμν − gμν∇2δgμν − Rμν δgμν. (A.6)

While Christoffel symbols are not tensors, their variation δ�λ
μν is a tensor.

If the metric g splits into boundary metric h and normal vector n, see (6.4), these
additional identities are useful:

Normal vector δnμ = 1

2
nμnνnλ δgνλ (A.7)

Extrinsic curvature δKμν = 1

2
nλnτ Kμν δgλτ + nτ

(
nμK λ

ν + nν Kμ
λ
)
δgλτ

− 1

2
hμ

λhν
τnσ

(∇λδgστ +∇τ δgλσ − ∇σ δgλτ
)

(A.8)

Trace thereof δK = −1

2
nμ
(∇νδgμν − gλτ∇μδgλτ

)− 1

2
Kμν δgμν

− 1

2
Dμ

(
hμνnλδgνλ

)
(A.9)

whereDμ := hν
μ∇ν and hμν = gμνnμnν is the induced metric on surface normal to

nμ.
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Sometimes higher variations are needed. For themetric they vanish by assumption
and for the inverse metric they can be deduced from further varying (A.1). All other
higher variations can be determined from higher variations of Christoffel symbols.

δn�λ
μν = n

2

(∇μδgντ + ∇νδgμτ −∇τ δgμν
)
δn−1gλτ . (A.10)

For example, the second variation reads

δ2�λ
μν = −

(∇μδgντ + ∇νδgμτ −∇τ δgμν
)

gλαgτβ δgαβ . (A.11)

Exercises

A.1 Verify appendix.
Show all variation formulas in this appendix.

A.2 Variational étude.
Given a hypersurface with normal vector nμ (with nμnμ = 1) calculate the vari-

ation of its covariant divergence, δ(∇μnμ), up to total boundary derivative terms
Dμ(. . . ), where Dμ := hν

μ∇ν and all free indices on which Dμ acts must be pro-
jected to the boundary with hμν = gμνnμnν . Express the result entirely in terms of
variations δgμν .

A.3 Gravitational Chern–Simons term.
Vary the gravitationalCS term εμνλ�α

μβ(∂ν�
β
λα + 2

3 �
β
νγ �

γ
λα)with respect to

themetric, where� is the Christoffel connection, and show that, up to total derivative
terms, the result is a tensor (known as ‘Cotton-tensor’).

A.4 Maxwell stress tensor.
Vary the gravitational Maxwell Lagrange-density

√−g FμαFνβgμνgαβ with
respect to the inverse metric and show that the resulting expression is proportional
to the canonical Maxwell stress tensor.

A.5 Lovelock equations of motion.
Lovelock theories in D dimensions are described by the Lagrangian

L =
[ D−1

2 ]∑

n=0
λnδ

α1···αnμ1···μn
β1···βnν1···νn

Rβ1ν1
α1μ1 · · · Rβnνn

αnμn (A.12)

where λn are constant and δ
α1···αnμ1···μn
β1···βnν1···νn

= δ
[α1[β1 · · · δ

μn ]
νn ] .

(1) Show that for n = 0, 1 the Lovelock Lagrangian respectively reduces to cos-
mological constant and Einstein–Hilbert term and for n = 2 we get Gauss–Bonnet
term.
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(2) Compute the EOM for this Lagrangian and show that they are of the form
Xμν := 0, where Xμν is symmetric and divergence-free, ∇μXμν = 0.

(3) Show that Xμν = 0 are second-order differential equations. In fact, Lovelock
has proved [463] that the above Lagrangians are the only ones in the family of
L = L(gμν, Rμναβ) family whose EOM are second order.

(4) Work out the analog of Gibbons–Hawking–York boundary term for the Love-
lock theories which guarantees Dirichlet boundary conditions for the metric.



Bp-Forms

Antisymmetric tensors with p lower indices are also known as p-forms. It is common
to write them without indices.


p := 1

p! 
μ1μ2...μp dxμ1 ∧ dxμ2 ∧ · · · ∧ dxμp . (B.1)

The wedge product

dx1 ∧ dx2 := dx1 ⊗ dx2 − dx2 ⊗ dx1 (B.2)

ensures total antisymmetry. If taken between a p and a q-form it yields a (p + q)-
form. In D spacetime dimensions, we necessarily have p ≤ D due to total antisym-
metry. The top-form with p = D is also known as ‘volume form’


D = 1

D! 
μ1μ2...μD ε̃μ1μ2...μD dx D = √−g
1

D! 
μ1μ2...μD εμ1μ2...μD dx D

(B.3)
where ε̃ is the totally antisymmetric Levi-Civitá symbol (with values ±1 and 0),
while ε is the corresponding tensor.

Cotangent vectors are 1-forms. A 1-form of particular interest is the de Rahm
differential (or exterior derivative)

d= ∂μ dxμ . (B.4)

It is common notation to suppress the wedge symbol when we act with the de Rahm
differential on a p-form, thereby creating a (p + 1)-form. As long as it acts on
quantities that are sufficiently smooth (so that second derivatives commute), we
have the identity

d2 = 0 . (B.5)
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The de Rahm differential obeys the Leibnitz rule,

d
(

p ∧
q

) = ( d
p
) ∧
q + (−1)p
p ∧ d
q . (B.6)

The Poincaré lemma states that any closed p-form (with p ≥ 1), d
p = 0, is exact
in a star-shaped region, 
p = d
̂p−1.

The Hodge-star ∗ converts p-forms into (D − p)-forms.

∗
p = 1

p!(D − p)! 
ν1...νpεμ1...μD−p
ν1...νp dxμ1 ∧ · · · ∧ dxμD−p . (B.7)

It is involutive, ∗ ∗
p = ±
p, where the sign depends on the form degree p, the
spacetime dimension D, and the signature of the metric.

Exercises

B.1 Maxwell equations in form language.
Show that the equations dF = 0 = ∗ d∗F , with the exact 2-form F = dA, are

equivalent to the vacuum Maxwell equations.

B.2 Instanton density.
Show that in four spacetime dimensions the 4-form F ∧ F is a total derivative term

(known as instanton density). Here F = dA is the Maxwell field strength written as
2-form. Generalize your result to arbitrary even dimensions D by considering D/2
wedge products between F .

B.3 Helmholtz–Hodge decomposition.
Define the adjoint operator δ := ∗ d∗ and the Laplacian� := dδ + δ d. Show first

that δ reduces the form degree by one while�maintains the same form degree. Then
translate in three (Euclidean) dimensions the Hodge decomposition of 1-forms A,
A = dλ+ δμ, into traditional vector notation to recover the Helmholtz decomposi-
tion of a 3-dimensional vector into a gradient and a curl.
Note: In general dimensions and for general p-forms the Hodge decomposition,
A = dλ+ δμ+ h, includes also a harmonic term h obeying�h = 0. The other two
terms are called exact (dλ) and co-exact (δμ).



CCartan Formulation

According to theEEP,we can locally use a freely falling frame, sometimes called ‘ele-
vator frame’ or ‘orthonormal frame’, where the relevant metric is not the spacetime
metric gμν but rather the Minkowski metric ηab. In order to do the same in tangent
space, we introduce a quantity ea

μ, which allows converting spacetime indicesμ (also
known as ‘curved’ or ‘holonomic’ indices) locally into Minkowski indices a (also
known as ‘flat’ or ‘anholonomic’ indices), e.g. va = ea

μv
μ.When this is possible also

globally the manifold is called ‘parallelizable’; in this appendix, we work locally and
do not assume anything about the global structure of the manifold.

Using the formalism of Appendix B, we define the 1-form

ea = ea
μ(x

ν) dxμ (C.1)

and refer to it as ‘vielbein’.1 Its inverse is a vector field, ea = eμa ∂μ, and obeys the
orthogonality and completeness relations

ea
μeνa = δνμ ea

μeμb = δa
b . (C.2)

Curved (flat) indices are raised and lowered with the spacetime metric gμν (the
Minkowski metric ηab).

Since the norms of vectors shouldmatch regardless of whether we contract curved
or flat indices, v2 = vμvνgμν = vavbηab, the spacetime metric must be bilinear in

1 The naming convention is dimension-dependent. ‘Vielbein’ is the generic expression (‘viel’ mean-
ing ‘many’ and ‘bein’ meaning ‘leg’), while in D dimensions the expression is ‘< D >bein’, where
< D > is the German word for the number D, i.e. ‘einbein’, ‘zweibein’, ‘dreibein’, ‘vierbein’, ...
‘elfbein’ for D = 1, 2, 3, 4, ..., 11. Sometimes the expression ‘vielbein’ is reserved only for the
components of the vector field rather than the 1-form; we shall refer to both of them as ‘vielbein’,
regardless of the index position, since the index position makes it clear whether one is dealing with
a 1-form or its dual vector.
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the vielbein,

gμν = ea
μeb

νηab . (C.3)

The same logic applies to the inverse metric.

gμν = eμa eνbη
ab. (C.4)

The metric has D(D + 1)/2 independent components in D dimensions, while the
vielbein has D2. This means that the vielbein must have D(D − 1)/2 redundant
components from the metric perspective. The origin of this redundancy is local
Lorentz invariance, v′ a = �a

bv
b, where �a

b generates a Lorentz transformation.
Since local symmetries are gauge symmetries there should be a gauge connection

1-form associated with local Lorentz invariance. It is called ‘spin-connection’ or
‘Lorentz-connection’ and denoted by

ωa
b = ωa

bμ dxμ . (C.5)

The gauge-covariant derivative that replaced the de Rahm differential reads

Da
b = δa

b d+ωa
b . (C.6)

Under local Lorentz transformations, the spin-connection transforms like any other
non-abelian gauge connection (for D > 2; in D = 2 it becomes abelian since the
Lorentz group SO(1, 1) is abelian),

ω′ ab =
(
�−1D�

)a
b = �c

a d�c
b +�c

aωc
d�

d
b (C.7)

while the vielbein transforms like a Lorentz vector

e′ a = �a
b eb . (C.8)

The full covariant derivativeD (by which wemean Lorentz and spacetime covari-
ant) vanishes when acting on the vielbein.

(
De
)
μ
ν

a = ∂μeνa + �ν
μλeλa + ωa

c
μeνc = 0. (C.9)

This statement is known as ‘vielbein postulate’ and can be derived from the relation
�λ

μν = eλa Da
bμeb

ν , which in turn follows from the definition of the covariant deriva-
tive and the requirement ∇μXν = (Da

bμXb)eνa . The statement (C.9) is true regard-
less of index positions, i.e. (De)μa

ν = 0. The last equality implies that metricity,
∇λgμν = 0, is equivalent to antisymmetry of the spin-connection under exchange of
flat indices,ωab = −ωba . In Einstein gravity andmost of its generalizationsmetricity
is assumed and hence the spin-connection is antisymmetric.
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The fundamental building blocks of theCartan formulation of gravity are vielbein,
spin-connection, and gauge-covariant derivative. Acting with the latter on the former
two we obtain interesting 2-forms, namely the torsion 2-form

T a = Da
beb = dea + ωa

b ∧ eb (C.10)

and the curvature 2-form

Ra
b = Da

cω
c

b = dωa
b + ωa

c ∧ ωc
b . (C.11)

These two definitions are also known as first and second Cartan structure equations.
Like in the previous appendix, we often suppress spacetime indices when presenting
p-forms and we also suppress the wedge symbol when a derivative acts on a form.

The relation of torsion and curvature 2-forms to Riemannian quantities is as
follows. Torsion determines the antisymmetric part of the spacetime connection.

eλa T a
μν = �λ[μν]. (C.12)

Thus, the absence of torsion implies symmetry of the spacetime connection in the
lower index pair. Note, however, that torsion also contributes to the symmetric part of
the spacetime connection. This contribution is sometimes called ‘contorsion’; to be
more precise, the contorsion tensor is the difference between the spacetime connec-
tion and the Christoffel connection. If we are interested in Riemannian geometry, we
thus have to set torsion to zero in addition to assuming antisymmetry of the Lorentz
connection. The Riemann tensor is then determined by contracting the curvature
2-form with vielbeins.

Rλ
τμν = Ra

bμν eλaeb τ . (C.13)

In some applications, the purely flat-indexed version of the Riemann tensor is useful.

Ra
bcd = Ra

bμνeμc eνd . (C.14)

We have seen that acting once with the gauge-covariant derivative on vielbein
and spin-connection leads to interesing 2-forms, torsion, and curvature. However,
acting repeatedly with gauge-covariant derivatives does not yield anything new. The
relation

(D2)a
b = Da

c Dc
b = Ra

b (C.15)

is known as Bianchi’s first identity and implies particularly

(DT )a = (D2)a
b eb = Ra

b ∧ eb . (C.16)

Bianchi’s second identity (also known as Jacobi identity)

(D3)a
b = (DR)a

b = d Ra
b + ωa

c ∧ Rc
b + ωb

c ∧ Rac = 0 (C.17)
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shows that no new tensor structures arise when repeatedly acting with gauge-
covariant derivatives, besides vielbein, spin-connection, torsion, and curvature.

Thus, constructing gravity actions in the Cartan formulation just requires to build
Lorentz-invariant volume forms out of these building blocks, possibly using the
Hodge-∗ defined in the previous appendix. A particular consequence of (C.3) is that
the volume form is given by

√|g| dDx = ∣∣ det ea
μ

∣
∣ dDx = ±ea1 ∧ ea2 ∧ · · · ∧ eaD εa1a2...aD =: ε (C.18)

where the sign depends on the choice of orientation. For example, the Einstein–
Hilbert–Palatini action (in dimension D > 2) is given by

IEHP[ea, ωa
b] = κ

∫ (
εa1a2a3...aD Ra1a2 ∧ ea3 ∧ · · · ∧ eaD + λε

)
. (C.19)

The EOM derived from the action (C.19) imply in particular vanishing torsion (from
varying the spin-connection) and the Einstein equations (from varying the vielbein
and using the on-shell condition of vanishing torsion), which makes the theory
defined by the bulk action (C.19) classically equivalent to Einstein gravity (with
λ being proportional to the cosmological constant� and κ inversely proportional to
Newton’s constant GN). This classical equivalence no longer holds when spinning
matter is coupled to the gravitational theory (C.19) since the matter Lagrangian then
depends on the spin-connection so that torsion becomes dynamical. In this Einstein–
Cartan theory, where the spin-connection is independent of the vielbein, energy is
still the source of curvature and spin the source of torsion. Since gravity is weak
and spins tend to average to zero macroscopically (as opposed to energy, which just
adds up macroscopically), observing dynamical torsion is quite non-trivial and has
not been achieved so far, see e.g. [781,782].

Exercises

C.1 Cartan variables in 2d.
Take 2-dimensional metrics in EF gauge, ds2 = −2 du dr − K (u, r) du2, and

choose the zweibein e+ = du, e− = − dr − 1
2 K (u, r) du, with theMinkowskimet-

ric in lightcone gauge, η±∓ = 1 and η±± = 0. Determine the spin-connection from
the condition of vanishing torsion and derive the curvature 2-form as well as the
associated Ricci tensor and scalar.

C.2 Cosmological Einstein–Hilbert–Palatini in 4d.
Vary the action IEHP[ea, ωa

b] = 1
16πGN

∫
εabcd

(
Rab ∧ ec ∧ ed + 1

2 �ea ∧ eb ∧
ec ∧ ed

)
with respect to vielbein ea and spin-connection ωa

b. Show that the latter
equation yields the condition of vanishing torsion as equation of motion, while the
former yields the Einstein equations.
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C.3 Gravitational instanton density and Euler density.
Vary the action I top[ωa

b] =
∫ (

αRa
b ∧ Rb

a + βεabcd Rab ∧ Rcd
)
and show that

you only get boundary terms, i.e. no contribution to the bulk EOM from this action.
Bonus level: consider which boundary and corner terms you have to add to get van-
ishing variations in presence of boundaries and corners.
Note: The term proportional to α is called gravitational instanton density or gravita-
tional Chern–Pontryagin density and the term proportional to β Euler density, it is
also called the Gauss–Bonnet term.

C.4 Nieh–Yan form.
Show that the 4-form T a ∧ Ta − ea ∧ eb ∧ Rab, known as Nieh–Yan form, is

locally exact in presence of torsion, T a �= 0, and vanishes in the absence of torsion.



DTeukolsky Equation

In this appendix, we discuss the Teukolsky equation [289,783], which describes
perturbations of Kerr black holes, and some of its solution methods. In order to
obtain the Teukolsky equation, we need to introduce some formalism that is not part
of the main text, namely the Newman–Penrose formalism (for a textbook explaining
this formalism in full generality see e.g. [784,785]).

D.1 Newman–Penrose Formalism Applied to Kerr

Startwith theKerrmetric inBoyer–Lindquist coordinates (2.74), (2.75) and introduce
the following null tetrad (the component order is t, r , θ, ϕ)

lμ =

⎛

⎜
⎜
⎝

r2+a2
�
1
0
a
�

⎞

⎟
⎟
⎠ , nμ = 1

2ρ2

⎛

⎜
⎜
⎝

r2 + a2

−�
0
a

⎞

⎟
⎟
⎠ , mμ = 1√

2(r + ia cos θ)

⎛

⎜
⎜
⎝

ia sin θ
0
1
i

sin θ

⎞

⎟
⎟
⎠

(D.1)
with the properties lμlμ = nμnμ = mμmμ = lμmμ = nμmμ = 0, lμnμ = −1,
mμm̄μ = 1 (bar denotes complex conjugation) and

gμν = −lμnν − nμlν + mμm̄ν + m̄μmν . (D.2)

GW (spin-2 perturbations) can be understood as linearized perturbations of the
Weyl tensor Cμνλκ . They can be parametrized in terms of the Newman–Penrose
scalars

2�0 = −Cμνλκ lμmνlλmκ
2�4 = −Cμνλκ nμm̄νnλm̄κ . (D.3)
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Similarly, electromagneticwaves (spin-1 perturbations) can be parametrized in terms
of the Newman–Penrose scalars

1�0 = Fμνlμmν
1�2 = Fμνm̄μnν . (D.4)

As shown in [783], also massless spin-1/2 perturbations can be parametrized
in terms of scalars 1

2
�, and the same is true for scalar (spin-0) perturbations 0�.

Teukolsky realized that all these perturbations for different spins obey the same type
of master equation.

D.2 TeukolskyMaster Equation as Heun Equation

Assume there is some perturbation s�(t, r , θ, ϕ) on a Kerr black hole, where s =
n/2 is the spin, with n ∈ {0,±1,±2,±3,±4}. The quantity s�(t, r , θ, ϕ) is a
Newman–Penrose scalar associated with spin |s|, see the previous section.

Teukolsky showed that all such perturbations obey a single master equation that
is separable, as consequence of the Kerr Killing tensor. Starting with the separation
ansatz

s�(t, r , θ, ϕ) = e−iωt+imϕ
s Sω,m,E (θ) s Rω,m,E (r) (D.5)

with separation constant E yields the Teukolsky angular equation

(
1

sin θ

d

dθ

(
sin θ

d

dθ

)
+ s Wω,m,E (θ)

)

s Sω,m,E (θ) = 0 (D.6)

with the effective angular potential

s Wω,m,E (θ) = E + a2ω2 cos2θ − 2saω cos θ − s2 + 2ms cos θ + m2

sin2θ
(D.7)

and the Teukolsky radial equation

(
�−s d

dr

(
�s+1 d

dr

)
+ s Vω,m,E (r)

)

s Rω,m,E (r) = 0 (D.8)

with the effective radial potential

s Vω,m,E (r) =
(
ω(r2 + a2)− ma

)2

�
− is

(
ω(r2 + a2)− ma

) dln�
dr

− E + s(s + 1)− a2ω2 + 2maω + 4isωr .
(D.9)
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Solutions to the angular equation (D.6) are generalizations of spherical harmonics
(often called ‘spin-weighted spheroidal harmonics’); for vanishing frequencies, ω =
0, they are precisely the spin-weighted spherical harmonics sYlm , where the angular
quantum number l and the spin s determine the separation constant E = l(l + 1)−
s(s + 1).

Both equations reduce to the confluent Heun equation [786,787]

d2H(z)

dz2
+
(
α + β + 1

z
+ γ + 1

z − 1

) dH(z)

dz
+
(μ

z
+ ν

z − 1

)
H(z) = 0 (D.10)

with suitable choices for the constants α, β, γ, μ, ν. In the radial case the two regular
singular points z = 0 and z = 1 correspond to the inner and outer horizon of the Kerr
black hole, and the irregular singular point |z| = ∞ corresponds to r = ∞. Thus,
either z = (r − r−)/(r+ − r−) or z = (r+ − r)/(r+ − r−).

D.3 Remarks on the Teukolsky Equation for Vanishing Spin

For vanishing spin, angular and radial Teukolsky equations simplify.

(
1

sin θ

d

dθ

(
sin θ

d

dθ

)
+ a2ω2 cos2θ − m2

sin2θ
+ E

)

0Sω,m,E (θ) = 0 (D.11)

(
d

dr

(
�

d

dr

)
+
(
ω(r2 + a2)− ma

)2

�
− a2ω2 + 2maω − E

)

0Rω,m,E (r) = 0.

(D.12)
In the low frequency limit,ωa � 1, the equations simplify [788]. The angular one,

(D.11), is then solved by spherical harmonics, with the separation constant given by
E = l(l + 1), where l is the angular quantum number of the spherical harmonic. The
radial equation (D.12) simplifies from a confluentHeun equation to a hypergeometric
equation. Since the hypergeometric function forms representations of sl(2,R) this
may be interpreted as indication for hidden conformal symmetry of Kerr black holes,
see for instance [789].

In the high frequency limit, ωa � 1, the spheroidal differential equation (D.11)
simplifies to the Laguerre differential equation. For details on the high-frequency
limit, see [790].

Exercises

D.1 Kinnersley tetrad and Kerr black hole.
The null tetrad introduced in Sect. D.1 is known as Kinnersley tetrad. Show that

(D.2) with (D.1) reproduces the Kerr metric in Boyer–Lindquist coordinates (2.74),
(2.75).
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D.2 Teukolsky and Heun equation.
Verify that the Teukolsky equation (D.6), (D.7) and (D.8), (D.9) reduce to the

confluent Heun equation (D.10) and calculate the constants α, β, γ ,μ, and ν therein.



EBasics ofQFT inCurvedSpacetime

In this appendix,we reviewelementary aspects ofQFTsonfixed curvedbackgrounds.
Consider for concreteness aminimally coupledmassive scalar field φ in D spacetime
dimensions with Lagrangian

L = −√−g
(1
2

gμν ∂μφ∂νφ + m2φ2
)

(E.1)

leading to the Klein–Gordon equation on some given background

(
�− m2)φ = 1√−g

∂μ
(√−ggμν∂νφ

)− m2φ = 0 . (E.2)

The symplectic inner product on solutions φ1,2 to (E.2),

(φ1, φ2) = −i
∫

�

dD−1x
√
γ nμ

(
φ1∂μφ

∗
2 − φ∗2∂μφ1

)
(E.3)

does not depend on the choice of the spacelike hypersurface � (γ is the induced
metric on �, nμ the future point unit normal and ∗ denotes complex conjugation).
It is convenient to introduce a complete orthonormal set of modes ψi ,

(ψi , ψ j ) = δi j (ψ∗i , ψ∗j ) = −δi j (E.4)

in terms of which a generic solution expands as

φ =
∑

i

(
aiψi + a†

i ψ
∗
i

)
. (E.5)

According to standard Fock space quantization, the coefficients are replaced by
annihilation and creation operators ai , a†

i , obeying the oscillator algebra
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[ai , a†
j ] = δi j [ai , a j ] = 0 = [a†

i , a†
j ] . (E.6)

The vacuum state |0〉 by definition is annihilated by all annihilation operators.

ai |0〉 = 0 ∀i . (E.7)

For each mode, there is a number operator

Ni = a†
i ai (E.8)

that also annihilates the vacuum, but which has non-vanishing expectation value for
excited states. For example, taking a simple descendant of the vacuum,

|i〉 := a†
i |0〉 (E.9)

leads to expectation values of the number operator that do not vanish in general.

〈i |N j |i〉 = δi j . (E.10)

If we choose a different basis χi using a Bogoliubov transformation,

χi =
∑

j

(
αi jψi + βi jψ

∗
i

)
(E.11)

the vacuum state changes in general, which we shall see in a minute. To preserve the
symplectic inner product, the Bogoliubov coefficients must obey the normalization
conditions

∑

k

(
αikα

∗
jk − βikβ

∗
jk

) = δi j

∑

k

(
αikβ jk − βikα jk

) = 0 . (E.12)

In the new basis, the field depends on a new set of annihilation and creation operators

φ =
∑

i

(
biχi + b†i χ

∗
i

)
(E.13)

that are related to the old ones by the Bogoliubov coefficients

bi =
∑

j

(
α∗i j a j − β∗i j a

†
j

)
. (E.14)

Only if all the β-coefficients vanish the old vacuum is still annihilated by the new
annihilation operators. However, if some of the β-coefficients are non-zero then
not all number operators have vanishing expectation value with respect to the old
vacuum.

〈0|b†i bi |0〉 =
∑

jk

βi jβ
∗
ik 〈0|a j a

†
k |0〉 =

∑

j

|βi j |2. (E.15)
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The fact that Bogoliubov transformations with non-vanishing β-coefficients convert
the original vacuum into an excited state is behind numerous physical effects, includ-
ing Hawking- and Unruh-effects, with applications outside of black hole physics
ranging from condensed matter physics (squeezed states, Bose–Einstein conden-
sates) to cosmology (particle generation in the early universe).

Some textbooks and lecture notes that elaborate further on these semiclassical
methods include [134,244,459,460].

Exercises

E.1 Thermal spectrum from Bogoliubov transformation.
Consider modes labeled by frequencies ω and assume the relation

βω,ω̄ = exp (−πω/κ)αω,ω̄

for the coefficients in theBogoliubov transformedbasis (E.11).Use the normalization
conditions (E.12) to show that the number operator (E.13) gives a Planck distribution

〈0|b†ωbω|0〉 = 1

e2πω/κ − 1

for a black body with temperature T = κ
2π .

Bonus: use the results above together with the high-frequency limit of the Regge–
Wheeler equation, Exercise 4.7, to argue that for Schwarzschild black holes the
Hawking temperature is given by T = 1

8πM . For a derivation of the first displayed
equation above see the next exercise.

E.2 Ray tracing to determine relation between Bogoliubov coefficients.
In order to obtain the first displayed equation in the previous exercise, one can

adopt Hawking’s original method of ray tracing, see Sect. 6.4.3. Outgoing positive
frequency modes near I+ are of the form φω ∼ exp (−iωu) with (EF) retarded time
u.

(1) Show that slightly outside the future event horizon these modes are blue-
shifted, φω ∼ exp (i ω

κ
ln ε), where U = −ε is the value of the (Kruskal) retarded

time U associated with such a mode, with ε � 1.
(2) Argue that the rapid oscillations of φω justify the geometric optics approxi-

mation.
(3) Show that a light ray arriving at Kruskal retarded time U = −ε at I+ must

have emanated at EF advanced time v = −ε, provided the latter is shifted such that
an emission time v = 0 corresponds to rays traveling exactly along the event horizon.

(4) Combine these results to conclude that within the ray approximation themodes
on I− are given by φω(v) = θ(−v) exp (i ω

κ
ln(−v)).

(5) Fourier transform this result, φ̄ω̄ =
∫

eiω̄vφω(v) dv and show, using complex
analysis, that for positive ω̄ you get φ̄ω(−ω̄) = − exp (−πω

κ
)φ̄(ω̄).

(6) Put all pieces together to conclude that at very late times positive frequency
modes at I+ match to mixed modes on I− with Bogoliubov coefficients αω,ω̄ =
φ̄ω(ω̄) and βω,ω̄ = φ̄ω(−ω̄) obeying the desired relation βω,ω̄ = exp (−πω/κ)αω,ω̄.



FADM 3+ 1Decomposition

Consider a scalar time-function t whose isosurfaces� are (partial) Cauchy surfaces.
The timelike unit normal

nμ = −N∂μt (F.1)

features the lapse function

N = 1
√−gμν(∂μt)(∂ν t)

. (F.2)

The spatial metric on �

hμν = gμν + nμnν (F.3)

by construction projects to zero when contracted with the normal, hμνnν = 0.
The time-flow vector field tμ obeying

tμ∂μt = 1 (F.4)

can be decomposed into tangential and normal parts with respect to �,

tμ = Nnμ + Nμ (F.5)

where N is the lapse function (F.2) and Nμ := hμ
ν tν is the shift vector. It is conve-

nient to adapt the coordinates to a (3+ 1)-split, xμ = (t, xi ) by defining ∂t xμ := tμ.
This allows to introduce the spatial projector

�i
μ := ∂xμ

∂xi
(F.6)
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and correspondingly projected tensors, hi j := �i
μ� j

ν hμν . and Ni := �i
μNμ =

�i
μtμ.
The ADM decomposition

gμν dxμ dxν = −N 2 dt2 + hi j
(
dxi + N i dt

)(
dx j + N j dt

)
(F.7)

splits the (3+ 1)-dimensional metric into the spatial metric hμν , the shift vector Nμ

and the lapse function N . The ADM form (F.7) is useful for the canonical analysis
of GR. In matrix form, the metric (F.7) is given by

gμν =
(−N 2 + N i Ni hi j N j

hi j N i hi j

)
(F.8)

which implies that its determinant

− det(gμν) = N 2 det(hi j ) (F.9)

is independent from the lapse function Ni .
Some textbooks and lecture notes that elaborate further on theADM3+ 1 decom-

position include [8,108,133].

Exercises

F.1 Gauss–Codazzi equations.
Use the spatialmetric (F.3) to defineprojected tensors⊥Tμ...

ν... = hα
μ . . . hν

βTα...
β...

and intrinsic covariant derivatives, DμTν...
λ... = ⊥∇μTν...

λ.... Show the Gauss–
Codazzi relations

⊥Rαβγ δ = Rαβγ δ + Kαγ Kβδ − Kβγ Kαδ

⊥(Rαβγ δnα
) = DδKβγ −Dγ Kβδ

where R is the intrinsic Riemann tensor associated with D and K the extrinsic
curvature tensor defined in the main text, (6.7).

F.2 Double normal component of Riemann tensor.
In the previous exercise, one component of the full Riemann tensor is missing,

namely the double normal component. Show that it obeys a Gauss–Codazzi-like
relation

⊥(Rαβγ δnαnγ
) = Kβ

μKμδ −Ln Kβδ +Dβaδ + aβaδ

where Ln denotes the Lie derivative along the normal vector nα and aμ := nν∇νnμ

is the normal-acceleration.
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F.3 Projected Ricci tensor and Ricci scalar.
Use the definitions and results of the previous two exercises to derive the projec-

tions of the Ricci tensor

⊥Rαβ = Rαβ + K Kαβ − 2Kα
μKβμ +Ln Kαβ −Dαaβ − aαaβ

⊥(Rαβnα
) = DμKμβ −Dβ K

Rαβnαnβ = −Kμν Kμν −Ln K +Dμaμ + aμaμ

and the Ricci scalar

R = R+ K 2 + Kμν Kμν + 2Ln K − 2Dμaμ − 2aμaμ .

F.4 Lie derivative of extrinsic curvature.
Show the equality

Ln Kαβ = nμ∇μKαβ + Kμβ∇αnμ + Kαμ∇βnμ

= −Rγαδβnγ nδ + KαμKβ
μ +Dαaβ + aαaβ

and prove nαLn Kαβ = 0.

F.5 Einstein–Hilbert Lagrange density.
Use the results of the last two exercises to show that up to total derivative terms

the Einstein–Hilbert Lagrange density is given by

L EH = 1

16πGN

R = 1

16πGN

(
R− K 2 + Kμν Kμν

)
.

F.6 Canonical momenta in GR.
Using the previous exercise, determine the canonical momenta in GR,

πμν = ∂L EH

∂(Lnhμν)
= 1

16πGN

(
Kμν − hμν K

)
.

F.7 Hamiltonian and momentum constraints.
The Einstein tensor Gμν can also be split into intrinsic and normal components.

The former are evolution equations and the latter constraint equations from a Hamil-
tonian perspective, in the sense that they do not involve any normal derivatives acting
on the phase space variables hμν, π

μν . Assuming a spacetime dimension D > 2,
calculate the Hamiltonian constraint

H = −2Gαβnαnβ = R+ (16πGN)
2(πμνπμν − 1

D − 2
π2) ≈ 0
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and the momentum constraints

Hμ = ⊥(Gαβnβ
) = 16πGN Dμπμβ ≈ 0

where the notation≈ 0 means that these constraints must hold on the physical phase
space, but do not hold as general identities on the full phase space.



GCovariant Phase Space Formalism

The Covariant Phase Space Formalism (CPSF) provides a systematic way of calcu-
lating variations of conserved charges in generic theories with gauge symmetries, in
particular generally covariant theories. This method was initiated in [392,791,792]
and studied more in [363,373,374,394,793–796].Wald’s approach, reviewed below,
is based on the action formulation. There is another way of formulating the CPSF,
developed by Barnich et al., based on the EOM (instead of the action) [363,394]. In
this appendix, we briefly review the Wald-et al. formulation using their, now stan-
dardized, notation. A more extensive and rigorous discussions can be found in the
original papers, e.g. in [793], or in pedagogical reviews [396,796].

The key object in this formulation is the construction of the phase space and its
symplectic structure. To work out such a phase space one may base the construction
on the Lagrangian or action formulation, rather than the Hamiltonian—hence the
attribute ‘covariant’. This is possible since the symplectic 2-form may be deduced
from the surface term in the variation of the action. As a simple illustrative example,
consider a multi-particle Lagrangian and its variation

L =
∑

i

q̇2
i − V (qi ), δL =

∑

i

[(
q̈i − ∂V

∂qi

)
δqi + d(piδqi )/dt

]
(G.1)

where we used the fact that momenta are canonically defined pi = q̇i . One may then
take the second variation of the on-shell action to find d(

∑
i δ pi ∧ δqi )/dt , which

is nothing but the time derivative of the symplectic 2-form of the theory computed
over the tangent space of the phase space parametrized by δqi , δ pi , for examples see
[393].

The above can be extended to field theories that have an infinite-dimensional
continuous phase space. In this case, especially in the presence of gauge symmetries,
we typically have degenerate directions on the symplectic 2-form, which one needs
to tackle. This latter has been studied and analyzed systematically, e.g. for gauge
theories [393] or for gravity in a series of papers by Wald and collaborators. After
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removing the degenerate directions, we have a covariantly defined symplectic form
for the theory.

The phase space is a manifold M that is equipped with a symplectic 2-form �.
To construct � for a given d-dimensional generally invariant theory, we start with
the action

S[�] =
∫

L, (G.2)

where L is the Lagrangian d-form, and � is used to denote collectively all the
dynamical fields. Variation of the action leads to

δL[�] = E� δ�+ d�LW(δ�,�) , (G.3)

where δ� is a generic field variation and provides the basis for the tangent space of
the phase spaceM. The EOM are given by E� = 0. The total derivative contribution
�LW is a (d − 1)-form over the spacetime and a 1-form on the tangent bundle ofM,
i.e. �LW is a (d − 1; 1)-form. We denote on-shell equalities by ≈, e.g.

δL[�] ≈ d�LW(δ�,�) . (G.4)

The Lee–Wald symplectic 2-form in the CPSF [791] is defined as

�
�

LW
(δ1�, δ2�,�) :=

∫

�

ωLW(δ1�, δ2�,�) (G.5)

where � is a Cauchy surface, δ1� and δ2� are two arbitrary field perturbations that
are members of the tangent bundle ofM, and the (pre-)symplectic form

ωLW(δ1�, δ2�,�) := δ1�LW(δ2�,�)− δ2�LW(δ1�,�) . (G.6)

Therefore, ωLW is a (d − 1; 2)-form. One may show that (G.5) does not depend on
the choice of � (see Exercise G.1 and [791,793]), so we drop the superscript � on
�

�

LW
and simply denote it by �LW.

Hereafter, we restrict to solutions of the EOM, with the tangent bundle being
variations satisfying the linearized EOM around � for which the symplectic form
is closed, dωLW(δ1�, δ2�,�) ≈ 0 and �LW has no degenerate directions and is
conserved.Denoting the set of solutions to theEOMbyF , the pair (F ;�) constitutes
a well-defined phase space. The tangent space of F , spanned by δ�, is denoted by
TF .

Freedom in ω. The Lee–Wald symplectic form ωLW constructed from the bound-
ary term in the Lagrangian (G.4) reveals and therefore inherits a freedom in defining
� up to a (d − 2; 1)-form corner term Y:

�LW(δ�,�)→ �Y(δ�,�) = �LW(δ�,�)+ dY(δ�,�) . (G.7)
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As a result, the symplectic current has the following freedom:

ωLW(δ1�, δ2�,�)→ ωY(δ1�, δ2�,�)

ωY(δ1�, δ2�,�) = ωLW(δ1�, δ2�,�)+ d
[
δ1Y(δ2�,�)− δ2Y(δ1�,�)

]
.

(G.8)
The boundary termY is not specified by the theory andmay be chosen using physical
requirements, e.g. see [380,608,797–799]. From now on we assume this freedom
was fixed and drop decorations like ‘LW’ or ‘Y’.

•> Conserved charges on the phase space

The symplectic form ω may be used to define conserved charges associated with a
specific set of transformations generated by ε, δε�. The transformations we consider
here are among gauge transformations, which also include the exact symmetries
(isometries). Since dω(δ1�, δ2�,�) ≈ 0 for any two perturbations satisfying the
linearized EOM, locally and on the phase space F ,

ω(δ�, δε�,�) ≈ dkε(δ�,�) , (G.9)

where kε is a (d − 2; 2)-form.This on-shell relation is called the fundamental identity
of the CPSF. One may integrate kε over a codimension-2 slice to define the charge
variation associated with ε [373]:

/δQε(�) =
∫

�

dkε(δ�,�) =
∮

∂�

kε(δ�,�) . (G.10)

The charge variation is a (0; 1)-form and is given by a surface integral, an integral
over the codimension-2 spacelike surface at the boundary of �. We have denoted
this ‘charge variation’ by /δQε(�), as it is not necessarily the variation of a charge
Qε(�) over the phase space, i.e. δ(/δQε(�)) is not necessarily zero.

The charge variations generated by ε, /δQε(�) are Hamiltonian generators, as
they can be written in terms of the symplectic form,

/δQε(�) =
∮

∂�

kε(δ�,�) ≈
∫

�

ω(δ�, δε�,�) = �(δ�, δε�,�)

=
∫

�

(
δ�(δε�,�)− δε�(δ�,�)

)
. (G.11)

One may show that /δQε(�) is conserved in the following sense. If we view � as a
constant time slice at time t , then /δQε(�) does not depend on t , or on the choice of
� (see Exercise G.1).

Proper (trivial) gauge transformations. If /δQε = 0 over the whole phase space
F , then ε is the generator of a ‘proper gauge transformation’ [791]. The field config-
urations related by such coordinate/gauge transformations are physically equivalent
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as their Hamiltonian generator is trivial and vanishing over the phase space. As is
usual in the context of gauge theories or generally covariant theories, one may then
define physical states or observables up to gauge equivalent classes.

As an example consider the charges associated with diffeomorphisms and gauge
transformations in the Einstein–Maxwell theory. In the presence of U (1) gauge
fields Aa , labeled by a counting index a, besides diffeomorphisms generated by ξ ,
the Lagrangian L is also invariant under gauge transformations Aa → Aa + dλa for
arbitrary scalar generators λa . Our generators δε now involve both diffeomorphisms
and gauge transformations, ε := {ξ, λa} such that δε� = {Lξ�, δλa�}. We shall
come back to this example later, evaluating all the quantities introduced above and
below.

Notation.Hereafter, we use ε := {ξ, λa} for symmetry generators, which involves
a diffeomorphism ξ and some internal gauge transformations λa .

•> Integrability of charges for field-independent symmetries

The charge Qε[�] is well defined if /δQε(�) is integrable over the phase space.
This condition holds if (δ1δ2 − δ2δ1)Qε(�) = 0, in which � is any field config-
uration in the phase space F , and δ1,2� are two arbitrary members of its tangent
bundle. For field-independent transformations, i.e. when δε = 0, recalling (G.11),
the integrability condition is equivalent to [791]

∮

∂�

ξ · ω(δ1�, δ2�,�) ≈ 0 , ∀� ∈ F , δ� ∈ TF . (G.12)

•> Noether–Wald charges

If the surface integrals of charge variations are finite and non-vanishing, and if
/δQε(�) is integrable, we can define the charge Qε(�). In this case, (G.11), (G.6),
and (G.4) yield

kε(δ�,�) ≈ δQε − ξ ·�(δ�,�) , (G.13)

in which the (d − 2; 0)-form Qε is the Noether–Wald charge density, related to the
Noether current by Jε := dQε . The latter is defined as

Jε := �(δε�,�)− ξ ·L . (G.14)

One may then evaluate the charge variation density by computing kε . One may
integrate this charge variation density over ∂� to obtain the charge variation.

The freedoms. Given a symmetry generator ε, one may use the CPSF or the
Noether–Wald chargemethod to compute the charge. Even if the charge is integrable,
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the results of the two methods need not necessarily match. The reason is the freedom
in either of the methods. These freedoms arise from the use of the Poincaré lemma
over the spacetime and the phase space, i.e. dX = 0 =⇒ X = dZ , δX = 0 =⇒
X = δW locally. The expressions Z and W are not uniquely determined. The Y-
freedom in the definition of ω (G.7), is an example of such a freedom in the CPSF.
As another example, one may readily observe that changing the Lagrangian by a
total derivative L → L+ dW, while not changing EOM, modifies the Noether–
Wald charge. Interestingly, the W-freedom does not change ω and hence does not
affect the charge computed in the CPSF. Therefore, if the charge associated with
a transformation is integrable, matching CPSF and Noether–Wald charges implies
a specific fixing of the W-freedom. In any case, in either of the formulations of
computation of conserved charges one should address the freedoms.

•> Field-dependent transformations and their charges

So far we assumed that the symmetry generators ε are field independent, i.e. δε = 0.
However, in general one can relax this assumption but adjust the formulation to
account for the field-dependence [799]. Recalling the second line in (G.11), the
adjusted charge variations

/δQε :=
∫

�

(
δ[�]�(δε�,�)− δε�(δ�,�)

)
(G.15)

contain field variations δ[�] that act only on � and not on the ε inside �.
One can still compute /δQε using the surface integral /δQε =

∮
∂�

kε(δ�,�), but
the integrability condition is now modified to [799]

∮

∂�

(
ξ · ω(δ1�, δ2�,�)+ kδ1ε(δ2�,�)− kδ2ε(δ1�,�)

)
≈ 0 . (G.16)

•> Symplectic symmetries

Bydefinition, the phase space (F ;�)has a non-degenerate symplectic 2-form. Itmay
happen that for a subspace of the tangent space (to a given point �) the symplectic
density ω vanishes on-shell, i.e. for a subclass of δε�’s, which will be denoted by
δω�,

ω(δ�, δω�,�) ≈ 0 , (G.17)

for all δ� satisfying the linearized EOM. Two important properties follow from
(G.17): (i) conservation of /δQω and that it is independent of�; (ii) independence of
the charge on the codimension-2 integration surface ∂�. In this case, the chargesmay
be defined over any compact codimension-2 surface that need not be the boundary of
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a Cauchy surface [380,796,799]. The transformations generated by δω� are called
symplectic symmetries [380,798].2

Equation (G.17) may be satisfied for two classes of field perturbations, the non-
exact symmetries δχ� and the exact symmetries δη�:

1. Symplectic non-exact symmetries are the subset of δω� that are non-zero at
least on one point of the phase space. We denote symplectic non-exact symmetry
perturbation by δχ� �= 0. Based on a given solution�0, one may construct a full
phase space by the successive action of δχ on �0 (which is formally denoted as

e
∫
γ δχ �0, where γ denotes an arbitrary path in the phase space). The elements

in this phase space, denoted by F�0 , are then labeled by conserved charges asso-
ciated with symplectic non-exact symmetries. These charges are defined by the
integration of the symplectic current over a generic smooth, closed, and compact
codimension-2 surface ∂�; they fall into the coadjoint orbits of the algebra of
symplectic charges. See [377,380,479,799] for a discussion of symplectic charges
and their algebra for cases where�0 is a locally AdS3 geometry or a near-horizon
extremal geometry.

2. Symplectic exact symmetries are the subset of δω� that vanish over the whole
phase space, δη� = 0. For symplectic exact symmetries (in short, exact sym-
metries), (G.17) is obviously satisfied. Exact symmetries are the gauge transfor-
mations that do not move us in the solution space. Such η are hence in general
field-dependent, η = η[�]. If we consider diffeomorphisms, these exact sym-
metries are the isometries of spacetime generated by the Killing vectors. In the
presence of gauge fields, the exact symmetries are not limited to Killing vectors;
there could be a subset of internal gauge transformations which do not change a
given solution. For example, the Maxwell gauge field corresponding to a set of
static charges, in the static gauge, is invariant under gauge transformation gener-
ated by λ = const., the global part of the U (1) gauge transformations. These are
the set of symmetries for which one may define Komar-type charges, discussed
in Sect. 5.3.

•> Example: conserved charges in Dilaton-Einstein–Maxwell theory

As reviewed and explained above, kε depends on the details of the theory.As example
and to illustrate how our method works, consider Dilaton-Einstein–Maxwell theory
with cosmological constant �. The dynamical fields � are the metric gμν , some
abelian 1-form gauge fields Aa (with field strength Fa = dAa) and some scalar

2 In holographic contexts, symplectic symmetries can be defined for any cutoff surface, i.e. they do
not require some asymptotic expansion of the fields. This is in contrast to asymptotic symmetries,
see Chap. 7.
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fields φ I governed by the Lagrangian

L = 1

16πGN

(
R − 2fI J∇μφ I∇μφ

J − kab Fa
μν Fb μν − V (φ)

)
. (G.18)

The functions fI J and kab can depend on φ I . The Lagrangian d-form is the Hodge-
dual of (G.18), L =  L,

L =
√−g

d! εμ1μ2···μd L dxμ1 ∧ dxμ2 ∧ · · · ∧ dxμd . (G.19)

Here εμ1μ2···μd is the Levi-Civitá symbol, ε012···d−1 = +1. The surface (d − 1; 1)-
form � is

� =
√−g

(d − 1)! εμμ1···μd−1 (!
Eμ +!Mμ +!Sμ) dxμ1 ∧ · · · ∧ dxμd−1 (G.20)

in which

!Eμ(δ�,�) = 1

16πGN

(∇νhμν − ∇μh) , (G.21)

!Mμ(δ�,�) = −1
4πGN

kab Fa μν δAb
ν , (G.22)

!Sμ(δ�,�) = −1
4πGN

fI J ∇μφ I δφ J , (G.23)

where hμν ≡ gμσ gντ δgστ and h ≡ hμ
μ. For ε = {ξ, λa}, the Noether–Wald (d −

2; 0)-form Qε can be read off from (G.14), yielding

Qε =
√−g

(d − 2)!16πGN

εμνμ1···μd−2 (Q
E μν
ε + QM μν

ε + QS μν
ε ) dxμ1 ∧ · · · ∧ dxμd−2

(G.24)
with

QE μν
ε = 1

2

(∇νξμ −∇μξν
)
, (G.25)

QM μν
ε = −2kab Fa μν(Ab

ρξ
ρ + λb) , (G.26)

QS μν
ε = 0 . (G.27)

Next, we compute the (d − 2; 1)-form kε(δ�,�) using (G.13). The calculations
are cumbersome but straightforward [795] (e.g. see Appendix C.6 in [796] for the
Einstein–Hilbert theory). The final result is

kε(δ�,�) =
√−g

(d − 2)!16πGN

εμνμ1···μd−2 (k
Eμν
ε + kMμν

ε + kSμν
ε )dxμ1 ∧ · · · ∧ dxμd−2

(G.28)
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where the Einstein part reads

kEμν
ε (δ�,�) = ξ [ν∇μ]h − ξ [ν∇ρhμ]ρ + ξρ∇[νhμ]ρ + 1

2
h∇[νξμ] − hρ[ν∇ρξ

μ] (G.29)

and the Maxwell and scalar parts are given by

kMμν
ε (δ�,�) =

(
hkab Fa[νμ]−4kab Faρ[μhρ

ν] − 2kabδFa[μν]−2
∂kab

∂φ I
Fa[μν]δφ I

)

(
ξρ Ab

ρ + λb
)
− 2kab Fa [μν]ξρδAb

ρ − 2 kab Fa ρ[μξν]δAb
ρ (G.30)

kSμν
ε (δ�,�) = 2ξ [ν fI J ∇μ]φ I δφ J . (G.31)

The results above hold for any value of the cosmological constant �.

•> Change of slicing

TheCPSF is a systematicway to associate a symplectic structure to the solution space
specified by some parameters and functions. The symmetry generators εi , which are
vector fields in the gravity case, take us fromone point in the solution space to another
close-by point. Thus, they provide a basis on the cotangent space of the solution space
and a way to span and label the solution space, if the associated surface charges Qi

are integrable. As in any manifold, one may adapt different slicings. Here we address
how this can be done systematically on the solution space, i.e. we study a general
coordinate transformation on the solution space. To this end, let us start with the
charge variation

/δQε =
∫

εi/δQi d
d−2x , i = 1, 2, . . . , N (G.32)

and perform a generic change of slicing, i.e. a coordinate change on the solution
space, from Qi to Q̃i . The expression

Q̃i = Q̃i [Q j , ∂
n Q j ] (G.33)

is a (smooth and real) functional of Qi . Recalling that the charge variation /δQε is
a physical observable on the solution space and thus slicing-invariant, fixes how the
transformation of the symmetry generators.

ε̃i = δQ j

δ Q̃i
ε j . (G.34)

That is, a change of slicing takes a given set of symmetry generators to a field
dependent linear combination thereof, while keeping /δQε invariant.
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Changes of slicings generically change the charge algebra. More crucially, the
very notion of integrability of surface charges is slicing-dependent. Therefore, one
can ask if there exist slicings that render a given charge variation /δQε integrable. It
has been conjectured [692,739] that in the absence of flux of bulk modes through the
boundary, i.e, in the absence of ‘genuine flux’, there always exist such ‘integrable
slicings’, see Exercise G.4 for an example.

In general, the adjusted Lie bracket [799] of symmetry generators closes onto an
algebroid (and not an algebra). Changes of slicings can bring such algebroids into
(Lie-)algebra form, see Exercise G.3 for an example. See [376,404,693,737,739,
800,801] for examples and further discussions on changes of slicings.

Exercises

G.1 Conservation of symplectic form and charge variations.
(1) To show that symplectic form (G.5) is independent of �, one may compute

it over two different Cauchy surfaces �1, �2, find their difference and verify that
indeed the difference vanishes. Explore if this requires extra conditions on fluxes at
the boundaries of the region between �1, �2.

(2) One may repeat the above analysis to show that the charge variation (G.11) is
indeed conserved in time, by choosing the two Cauchy surfaces to be two constant
time slices at two different times t1, t2 and verifying that once computed on-shell the
charge is independent of t .

G.2 More on the integrability condition.
Prove the field-dependence adjusted integrability condition (G.16).

G.3 Change of slicing from an algebra to an algebroid.
Consider the following surface charge (see [737] for more details)

Q[η, ηa] =
∫

d2x
(
ηP+ ηaJa

)
, a = 1, 2 (G.35)

with variations,

δP = ηa∂aP+ P∂aη
a,

δJa = ∂aηP+ ηb∂bJa +Jb∂aη
b +Ja∂bη

b.
(G.36)

(1) Show the charge algebra in the above slicing is

{P(x),P(y)} = 0

{Ja(x),P(y)} =
(
P(y)

∂

∂xa
− P(x)

∂

∂ ya

)
δ2(x − y)

{Ja(x),Jb(y)} =
(
Ja(y)

∂

∂xb
−Jb(x)

∂

∂ ya

)
δ2(x − y).

(G.37)
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The above is an extension of the BMS4 algebra, with P the charge associated with
supertranslations and Ja the charge associated with extended superrotations. The
symmetry generators η(x), ηa(x) also satisfy a similar algebra as (G.37).

(2) Consider the following change of slicing,

η→ ξ = η + ηaJa, ηa → ξa = Pηa . (G.38)

(2-1) Show the charges in the new slicing are P = P, Ja = Ja/P.
(2-2) Show the charge algebra in ξ slicing is

{P(x), P(y)} = 0

{Ja(x), P(y)} = ∂

∂xa
δ2(x − y)

{Ja(x), Jb(y)} = 1

P(x)
Fba(x)δ

2(x − y)

(G.39)

where Fab := ∂a Jb − ∂b Ja .
(2-3) Show that {P(x), Fab(y)} = 0 and that (G.39) closes onto an algebra, i.e. it

satisfies Jacobi identities. Nonetheless, as one can see it is not a Lie algebra, as the
Ja, Jb commutator is not linear in the generators.

(2-4) Compute the adjusted Lie bracket of the symmetry generators ξ, ξa and
show that it is of the form of an algebroid.

G.4 Change of slicing from non-integrable into integrable charges.
We mentioned that non-integrability of the charge may be an artifact of solution

space slicing. Here we take the reader through such example in 2d gravity case. The
details may be found in [739]. Consider a 2d metric and scalar field of the form

ds2 = 2η(v)drdv − 2rηF(v)dv2 + O(r2),
� = �(v)+ O(r)

(G.40)

where r = 0 denote a null surface which is taken to be the boundary of spacetime.
The above are the leading expansion terms in powers or r of a 2d Einstein-dilaton
gravity theory, if

F(v) = �′′

�′
− η′

η
,

where prime denotes derivative with respect to v.
(1) Show the vector field

ξ = T ∂v − r(W − T ′)∂r + O(r)

is a generator of symmetry within the solution space (G.40) which is specified by
two independent functions η(v),�(v).
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(2) Compute the Lie bracket of symmetry generators ξ and show they satisfy a
BMS3 algebra.

(3) Find variations of the fields and show

δξ η = η′T + 2ηT ′ − ηW , δξ� = �′T .

(4) Compute the charge associated with the symmetry generators ξ and show

/δQξ = Wδ�+ T /δA,

where

/δA = �δ�− 2δ�′ +�′ δη
η
, � := −2�′′

�′
+ η′

η
.

(5) Consider the following change of slicing

W → W̃ = W − �T , T → T̃ = �′T .

Show that the adjusted Lie bracket of symmetry generators vanishes, [ξ̃ (T̃1, W̃1),

ξ̃ (T̃2, W̃2)] = 0.
(6)Write the charge variation in the tilde-slicing and show that the charge becomes

integrable with

δQ ξ̃ = W̃δ�+ T̃ δP, P = − ln

(
�′2

η

)
.

(7) Show the charge algebra takes the form of a Heisenberg algebra,

{�(v),�(v′)} = {P(v),P(v′)} = 0, {�(v),P(v′)} = δ(v − v′).



HMoreonMembraneParadigm

In this appendix,we presentmore details of derivations associatedwith themembrane
paradigm at the classical level. Take the stretched horizon to be a time-like (2+ 1)-
dimensional surface which is at small proper distance ε outside the event horizon, see
Fig. 3.9 for a visualization of the stretched horizon. We denote the outward-pointing
spacelike unit normal vector to the stretched horizon by nν , n2 = 1 and take our
fidos to follow worldlines with velocity uμ, u2 = −1, n · u = 0. At finite (but small)
ε we define uμ = lμ − ε �μ and nμ = lμ + ε �μ with l2 = 0, lμ�μ = 1/(2ε) and
�2 = o(1/ε2). In this Carrollian limit, ε → 0, both nμ and uμ become null vectors
tangent and normal to horizonH .

We take hμν to be the induced metric on the stretched horizon and Kμν to be its
extrinsic curvature

hμν = gμν − nμnν , Kμν = 1

2
(∇μnν +∇νnμ) . (H.1)

For later use we also introduce the metric on the bifurcation surface

γμν = gμν − nμnν + uμuν . (H.2)

We denote the directions along the codimension-2 bifurcation surface by xa .
To implement the variational principle we should specify the behavior of the fields

at the boundaries, the stretched horizon, and the asymptotic region. Here we only
focus on the former since the boundary conditions in the asymptotic region may be
fixed independently of those at the horizon. Physically, these boundary conditions
should guarantee that the free-fall observers measure finite observables and that
they do not see any sources or sinks as they pass through the stretched horizon.
Boundary conditions are imposed through the addition of appropriate boundary or
surface terms to the action, as discussed in Sect. 6.1. In Maxwell’s theory with field
strength Fμν , the appropriate boundary conditions are to assert that the stretched
horizon is a perfectly conducting surface, i.e. δFμνnν = 0. For gravity, Dirichlet
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boundary conditions, δgμνnν = 0, are imposed by adding the Gibbons–Hawking–
York boundary term. The Einstein–Maxwell theory with appropriate boundary terms
is hence

I [gμν, Aμ] = 1

16πGN

∫
d4x
√−g(R − F2)+ 1

8πGN

∮
d3x
√−h (K + 2FμνnμAν) .

(H.3)
The boundary conditions are chosen such that the boundary terms contribute to the
boundary EOM like a boundary source:

JH
ν :=

δ Ib’dry
δAν

= 1

4πGN

nμFμν , (H.4a)

T H
μν := −

2√−h

δ Ib’dry
δhμν

= −1
8πGN

(Kμν − hμν K ) . (H.4b)

From now on we refer to the stretched horizon as ‘membrane’.
Electromagnetic properties of the membrane. The electric field is normal to

the membrane,

E⊥ := Fμνnμuν = 4πGNuμJH
μ := 4πGNσ (H.5)

and is sourced by the local charge density σ over the membrane; the total charge on
the black hole is its integral over the membrane, taken at some constant universal
time, see Exercise H.1. The magnetic field is tangential to the membrane,

Bμ
‖ := ερναβuρhμ

ν Fαβ = 4πGNε
μ
αβνuαnβJν

H (H.6)

and is sourced by the local current density at the membrane.
The boundary EOM yield the conservation equation

hμν∇μJH
ν = uμ∂μσ + γ ab∇aJH

b = −Jn, (H.7)

where Jn = Jμnμ with Jμ being the external current appearing in the right-hand side
of the bulk Maxwell equations outside the horizon, ∇μFμν = 4πGN Jν . Physically,
this equation expresses local charge conservation: any charge that falls into the black
hole can be regarded as remaining on the membrane; the membrane is an equi-
potential surface impermeable to charge. Smoothness ofwhat freely falling observers
see at the membrane then relates E‖ to B‖ as (work through Exercise H.2 for the
derivation)

E‖ = n̂ × B‖ = 4πGNJH , (H.8)

where the spatial vectors are on constant time slices. That is, black holes obey Ohm’s
law with vacuum surface resistivity, ρ = 4πGN ≈ 377 
. Moreover, (H.8) implies
that all radiation in the normal direction is ingoing; a black hole acts as a perfect
absorber, consistently with classical intuition. Explicitly, the Poynting-flux is

S = 1

4πGN

(E× B) = −4πGNJ2
H n̂ . (H.9)
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We reiterate that observers falling through the stretched horizon find neither sur-
face sources nor a physical membrane; for them, the stretched horizon is like a red
line drawn on some geographic map: helpful for orientation, but not part of the
physical world. The membrane paradigm is a useful tool for fidos, analogous to the
method of image charges in electrostatics, in which a fictitious charge distribution is
added to the system to implement, say, conducting boundary conditions.

Stress and tension of the membrane. The Israel junction conditions [202] yield
the membrane tension T H

μν (H.4b). The Einstein equations at the boundary, via the
contractedGauss–Codazzi equations (see Exercise F.1), give the continuity equation,

∇̂μT H
μν := hα

β∇αT H
βν + K αβT H

αβ nν + K αβT H
αν nβ = −hναT αβnβ , (H.10)

where ∇̂μ is the covariant derivative along the stretched horizon. The above is the
Navier–Stokes equation for fluid membrane, which is the analog of (H.7) for the
tension of the membrane.3

To see this, we first study more closely T H
μν and its components, particularly the

ones along the xa-directions. Since T H
μνnν = 0, we can decompose the non-zero

components as

�H := T H
μνuμuν �H

a := T H
μνuμγ ν

a T H
ab := T H

μνγ
μ

aγ
ν

b (H.11)

where γ μ
ν projects onto the bifurcation surface. As the definitions indicate,�H,�H

a,

T H
ab are respectively tension, momentum flow and stress tensor of the membrane

fluid. Next, we take the stretching parameter ε to zero. In the Carrollian limit, ε →
0, −uμuν Kμν is the surface gravity κ , uμK a

μ = 0 and the extrinsic curvature of
the bifurcation surface Kab := 1

2 lμ∇μγab, where γab is its induced metric. We can
decompose Kab into a traceless part and a trace, Kab = σab + 1

2γabθ , where σab is
the shear and θ the expansion of the world lines of nearby horizon surface elements.
Therefore,

T H
ab =

1

8πGN

[
−σab + (

1

2
θ + κ)γab

]
, (H.12)

which describes a 2-dimensional viscous Newtonian fluid with pressure p, shear
viscosity η and bulk viscosity ζ ,

p = κ

8π GN

, η = 1

16πGN

, ζ = − 1

16πGN

, (H.13)

and (H.11) yields�H = − θ
8πGN

. Note that, unlike ordinary fluids, the membrane has

negative bulk viscosity. This would ordinarily indicate an instability against generic

3 The appearance of the Navier–Stokes equation has led to some confusion in the literature, since it
appears to suggest that we are dealing with a Galilean limit, which is not apposite. Rather, we have
a Carrollian limit, see the discussion in Sect. 6.8.
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perturbations triggering expansion or contraction. It can be regarded as reflecting a
null hypersurface’s natural tendency to expand or contract, see Sect. 3.2.1.

With the above decompositions, (H.10) yields,

uμ∇μ� + θ� = −pθ + ζθ2 + 2ησabσ
ab + Tμνuμnν , (H.14a)

uμ∇μ�a = −∇a p + ζ∇aθ + 2η∇̃bσab − γ μ
aTμ

νnν , (H.14b)

where uμ∇μ is the Lie derivative along the proper time, ∇̃a is the covariant derivative
with respect to γab and γ μ

aTμ
νnν denotes the flux of momentum into the black hole.

The above then yields the main equations, namely the heat transfer equation (6.78)
with membrane temperature and entropy given in (6.79).

Exercises

H.1 Charges of a black hole in the membrane paradigm formulation.
Using (H.4) compute the mass, angular momentum, and electric charge of a KN

black hole by integrating over horizon stress tensor or electric field.

H.2 Derivation of (H.8).
Using the fact that fields measured by free-fall (inertial observers) at the stretched

horizon should be finite, and that fidos who make measurements at the membrane,
have largeLorentz boost factorswith respect to free-fall observers, relate components
of electric andmagnetic fields free-fall and fidosmeasure. Show that this yields (H.8).
You may consult with [802].

H.3 Membrane paradigm and Einstein–Maxwell-Axion theory.
Work through membrane paradigm formulation for black hole solutions to

Einstein–Maxwell-Axion theory,



IStringTheory LowEnergy Effective
Actions

In Chap. 9, we briefly discussed string theory as a theory of QG. While not a (quan-
tum) field theory, at energies much lower than the string scale #−1s , #s E � 1, the
theory admits a LEFT description. For 10-dimensional string theories, this LEFT
is supergravity. In accordance with the five 10-dimensional critical string theories,
there are four 10d supergravities, IIA, IIB, E8 × E8 and SO(32) supergravities.
The latter is the LEFT of both type I and heterotic SO(32) string theories. Type
IIA, IIB theories, respectively, haveN = (1, 1) andN = (0, 2) supersymmetry and
are the only two consistent 10d supergravities with 32 supercharges. The E8 × E8
and SO(32) theories have 16 supercharges withN = (0, 1) supersymmetry algebra.
Supergravity in 11d is unique and has 32 supercharges. This theory is viewed as the
LEFT of M-theory.

String or M-theory in lower dimensions is typically obtained from compactifi-
cations of the 10- or 11-dimensional theories. Depending on the properties of the
compactificationmanifold, the lower-dimensional theory can have 32 or lower (down
to zero) supersymmetries. LEFT of this lower-dimensional string/M-theory is hence
typically a lower-dimensional (gauged) supergravity with various supersymmetries.
Lower-dimensional supergravities may be classified and specified by their matter
bosonic content, supersymmetry, and gauge group. See e.g. [522,662]. There is a
general lore that all lower-dimensional supergravities may be obtained from string
compactifications. In this appendix, we present the bosonic part of type IIA, type IIB
and 11d supergravity actions. We use the conventions and notations of [193,518].

•> Type II supergravities

The bosonic action for type II theories has a generic form

S = 1

2κ2

∫
d10x

[√−g (LNSNS +LRR)+LCS

]
. (I.1)
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Type IIA, IIB theories share the Neveu–Schwarz-Neveu–Schwarz sector, which in
the string-frame is of the form

LNSNS = e−2φ
(

R + 4∂μφ∂
μφ − 1

2
|H3|2

)
(I.2)

where R is the Ricci scalar, φ the dilaton field and H3 = dB2, with B2 being the
Neveu–Schwarz-Neveu–Schwarz 2-form.

The two theories differ in the Ramond-Ramond and CS sectors. For type IIA, the
Ramond-Ramond Lagrangian involves a 1-form C1 and 3-form C3 fields,

type IIA : LRR = −1

2

(
|F2|2 + 1

2
|F̃4|2

)
, (I.3)

where F2 = dC1 and F̃4 = dC3 − C1 ∧ H3 and

type IIA : LCS = −1

2
B2 ∧ dC3 ∧ dC3 . (I.4)

For type IIB, LRR involves 0-form χ , 2-form C2 and 4-form C4 fields,

type IIB : LRR = −1

2

(
|dχ |2 + |F̃3|2 + 1

2
|F̃5|2

)
(I.5)

where

F̃3 = dC2 − χH3, F̃5 = dC4 − 1

2
C2 ∧ H3 + 1

2
B2 ∧ dC2 . (I.6)

The field strength of the 4-form field in type IIB is self-dual: F̃5 =∗F̃5. One should
note that the self-duality condition does not follow from the Lagrangian (I.5) and
should be imposed by hand. Finally,

type IIB : LCS = −1

2
C4 ∧ dC2 ∧ H3 . (I.7)

The above theories have a dimensionful parameter κ (related to 10d Newton
constant) and the asymptotic value (expectation value) of the dilaton field φ. There
are various formfields in the type II supergravities which aswas discussed in Chap. 7,
are sourced by various (black) brane solutions, a p-brane is sourcing a (p + 1)-form.

•> 11d supergravity

The field content of 11d supergravity is a metric, a 3-form, and a 32-component 11d
Majorana gravitino. The bosonic fields are governed by the action

S = 1

2κ2

∫
d11x

[√−g
(

R + 1

2
|F4|2

)
− 1

6
C3 ∧ F4 ∧ F4

]
(I.8)
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where F4 = dC3. This theory has only one dimensionful parameter κ related to the
11d Newton constant and no other scalar field or parameters.

The type IIA action can be obtained from a dimensional reduction of the 11d
supergravity action (I.8) over a circle. The radius of the circle is related to the dilaton
φ, the Ramond-Ramond 1-form C1 comes from the 11d metric, and the Ramond-
Ramond3-formC3 andNeveu–Schwarz-Neveu–Schwarz 2-form B2 from the 3-form
in 11d. See [518] for details of the reduction.

•> String- vs. Einstein-frame

The type II actions abovewere presented in the string-frame, inwhich string naturally
probes the spacetime. The string-frame is characterized by the e−2φ factor in front of
the Ricci scalar term in the Neveu–Schwarz-Neveu–Schwarz sector (I.2). One may
bring the above actions to the Einstein-frame, in which the gravitational part is the
Einstein–Hilbert action. This is possible by a dilaton-dependent Weyl rescaling of
the metric,

gμν = eφ/2gE
μν (I.9)

for which
√−ge−2φ R = √gE RE + · · · , where RE is the Ricci scalar computed from

the Einstein-frame metric gE
μν and the ellipsis denotes terms involving the dilaton

and its derivatives. The rest of the terms in the Einstein-frame action may be worked
out given (I.9), see Exercise I.1.

Exercises

I.1 Supergravity in Einstein-frame.
Starting from (I.9),
(1) work out the kinetic term for the dilaton field in the Neveu–Schwarz-Neveu–

Schwarz action (I.2);
(2) show Neveu–Schwarz-Neveu–Schwarz 2-form term in (I.2) takes the form

e−φ |H3|2.
(3) show the Einstein-frame Lagrangian associated with a p-form in the Ramond-

Ramond sector takes the form e(2−p/2)φ |F̃p+1|2. Therefore the Ramond-Ramond
4-form of the type IIB theory remains invariant.

I.2 Einstein- and Jordan-frames.
(1) Consider the D-dimensional Brans-Dicke theory,

SB.D. = 1

16π

∫
dDx

√−g

(
φR − ω

φ
∂μφ∂

μφ

)
,

where ω is a constant parameter of the theory. This action is written in the Jordan-
frame, as the Ricci scalar term is multiplied by the scalar field φ. Bring the action to
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the Einstein-frame by a rescaling of the metric,

gμν → φαgE
μν.

(1-1) What is α for any D > 2 and show that for D = 2 there is no such α. This
dovetails with the discussion on Chap. 7 on 2d gravity.

(1-2) Write the action in the Einstein-frame. What is the Newton constant?
(1-3) Show that the EOM from the SB.D. upon the same change in the rescaling of

metric yields the EOM in the Einstein-frame.
(2) Consider a D-dimensional f (R) theory,

S = 1

16π

∫
dDx

√−gL, L = f (R).

Show that this theory can be recast into an extension of Brans–Dicke theory where
scalar φ has now a non-trivial potential too. That is, f (R) theory is a scalar-tensor
theory of gravity. To this end, take the following steps,
(i) L = f (λ)+ φ(λ− R), where φ is a Lagrange multiplier field and λ is a scalar.
(ii) Integrate out λ by solving its EOM and replacing it back into the action.



JHints to SomeSelected Exercises

Each chapter and appendix has some exercises. While most of the exercises already
contain some hints and guide the reader toward the answer, a small part of them
may require additional information. Here we provide hints (and in some cases full
solutions) to a selected subset of the exercises.

Exercises of Chapter 1

1.1 (1) Eclipse of Jupiter’s moon Io happens when Jupiter stands in between Earth
and the moon Io. All three objects are moving in orbits around the Sun and the moon
also moves around Jupiter. So, the eclip se can happen in a variety of situations
when the three objects are aligned. Nonetheless, the upper bound for the time may
correspond to when the distance from the Earth to Jupiter–Io system has its maximal
difference, i.e. twice Earth’s orbit radius. Therefore, 2× 1.5× 1011/(16.5× 60) ∼
3× 108 m/sec can give an estimate for speed of light.

(2) Kepler’s second law implies angular momentum conservation and hence grav-
ity is a central force. Kepler’s first and third laws, on the other hand, imply (i) New-
tonian gravity is proportional to the mass of the planet (Galilean or Weak EP), and
(ii) it obeys an inverse-square distance law.
1.3 Let∼ denote equality of the two-sides up to dimensions, e.g. E ∼ Mc2 and � ∼
E L/c, where c, � are speed of light and Planck constant and E, M, L respectively
denote quantities of dimension energy, mass, time, and length. In the same way,
GN�/c3 ∼ L2 and GN M/c2 ∼ L . With this information, we tackle this problem.

(1) rh ∼ GN M/c2 and Ah ∼ r2h ∼ G2
N

M2/c4.
(2) SBH = Ah/(4GN) becomes dimensionless if GN is replaced with GN�/c3

which has dimension of length2. Therefore, SBH ∼ GN M2/(�c).
(3) T ∼ Mc2/SBH ∼ �c3/(GN M). For M = M�, T ∼ 10−8 K.

1.7 (1) Given the expression in the solution to Exercise 1.3, for M = 1031 kg we
have rh ∼ 10 km and SBH ∼ 1080. (Note: this is dimensionless entropy, measured in
units of Boltzmann constant kB .)
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(2) To compute the entropy of a Sun-like star, one should have the density and/or
temperature profile. Sun-like stars aremade of photons and protons, while themass is
dominantly coming from the protons, the entropy is coming from relativistic species
present there, namely photons. Moreover, assuming that the system is in a steady
state,where some energy is steadily injected from the inner core and is finally radiated
out and photons and protons are locally at thermal equilibrium, one can in principle
compute the density and temperature profiles. Here, however, our purpose is to
estimate the entropy and for the details of star profiles we refer to e.g. [803]. We
simply take a relatively simple and realistic temperature profile (as a function of
radius r ), T (r) = T0e−αr/R , where T0 ∼ 107 K and α ∼ 2 and R is the star radius.

The entropy density for a gas of photons is s = CT 3,C = 4π2k4
B

45�3c3
and hence total

entropy may be computed as S = 4πCT 3
0 R3

∫ 1
0 dr r2e−3αr ∼ 10−1CT 3

0 R3.
Putting the numbers in, for the entropy of a Sun-like star one obtains Sstar ∼ 1060

(in kB units). This value is about 20 orders of magnitude less than a black hole of
the same mass. (For comparison note that number of stars in the universe is about
1023.) This means that the gravitational collapse which yields a black hole produces
a huge amount of entropy.

Exercises of Chapter 2

2.2 For part (1) it is enough to note that ∇[νnα] = ∂[ν N∂α]. The condition for hyper-
surface orthogonality is that gyμ = 0 for μ �= y.
2.6 The ADM mass and angular momenta, as reviewed in the opening of Chap.
5, was historically among the first formulations to define conserved charged in
diffeomorphism-invariant theories like GR. For the details of this method, which
is still one of the very commonly used ones, consult with usual GR books mentioned
in the Further reading part of Chap. 1. For more recent and advanced discussions see
[804,805] and references therein.
2.8 (1) For Pξ in (2.123) and xμ(λ) an affinely parameterized geodesic, dPξ

dλ =∇μξν ẋμ ẋν . Note that here ξμ is a Killing vector field which is computed on the

geodesic path, therefore ξμ = ξμ(xν(λ)) and dξμ

dλ = ∇νξ
μ ẋν . dPξ

dλ vanishes since
ξμ is a Killing vector and as such ∇μξν + ∇νξμ = 0.

(2) Poisson bracket of two conserved charges may be computed as

{Pξ1 , Pξ2}P.B. = {ξ1 · p, ξ2 · p}P.B.
= {ξμ1 , pν}pμξν2 + {pν, ξμ2 }ξν1 pμ

= (ξν2∇νξ
μ
1 − ξν1∇νξ

μ
2 )pμ

= {ξ1, ξ2}μL.B. pμ = P{ξ1,ξ2}L.B. .

(J.1)

2.13 (1) Recalling that dr/dt = ṙ/ṫ = f (r)ṙ/E , the coordinate time t needed for
an infalling radial timelike geodesic which starts at rest from r0 to reach the horizon
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at r = rh , is given by

E(t − t0) =
√

r0
rh

∫ r0

rh

r3/2dr

(r − rh)
√

r0 − r
, E2 = 1− rh

r0
.

This integral may be computed explicitly. The notable point is that around r ∼ r0
the integral goes like

√
r0 − r and remains finite, while around r ∼ rh , it blows up

like ln(r − rh). In this respect it is like the null geodesic (2.25).
(2) Analysis of generic time-like geodesics (free particle path) for Schwarzschild

geometry may be found in standard GR textbooks like [3,5], see also [806] for some
analytic treatment.
2.17 (1) A metric of the form

ds2 = − f (r)dt2 + f −1(r)dr2 + r2d
2
2

for f (r) > 0 region can be brought to the form (2.133) upon the coordinate trans-
formation

ln ρ =
∫

dr

r
√

f (r)
,

where F(ρ) = (r/ρ)2 and G(ρ) = (1+ ρF ′
2F )2. Therefore, for generic RN case with

horizon radii r±, r+ �= r−,

F(ρ) =
(

Rh

ρ
+ �h

2
(1+ 1

ρ2 )

)2

, G(ρ) =
(

�h(ρ
2 − 1)

2Rhρ +�h(ρ2 + 1)

)2

,

where Rh := (r+ + r−)/2,�h := (r+ − r−)/2. For the extremal casewith r+ = r−,

F(ρ) = r2+(1+
1

ρ
)2, G(ρ) =

(
1+ 1

ρ

)−2
.

For the Schwarzschild case, Rh = �h = rh/2 and the above simplifies to, F =
r2h
8 (1+ 1

ρ
)4 and G(ρ) = (ρ − 1)2/(ρ + 1)2. Note that this coordinate system covers

the outside horizon region.
(2) Consider a 2d metric of the form ds2 = − f (r)dt2 + f −1(r)dr2 and perform

the following coordinate transformation r = F(uz), t = r + G(u/z), for some F, G
functions such thatmetric in theu, z coordinate system takes the formds2 = 2dudz +
g(u, z)du2, for some function g. It is then straightforward algebra to show that
absence of dz2 term in the metric yields to G ′ = z2F ′(1+ 1/ f (r)), where ′ denotes
derivative with respect to the argument. This can only be satisfied if G(u/z) =
A + B ln(u/z), for constants A, B. Requiring dzdu term in the metric to be 2, fixes
F ′2 = 1

2uz
f

1− f , which yields F = C − uz/(2B) for some constant C . With these

choices, g(u, z) = 2z2 f
uz .

For the rest of the details please see [44].
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2.21 r = 0 and r →∞ respectively correspond to θ = π, 0 and hence θ ∈ (0, π ].
One can readily observe that

ds2 = dr2 + r2dϕ2 = 1

4 sin4 θ
2

(
dθ2 + sin2 θdϕ2) .

So, the 2d flatmetric is conformal to the usualmetric on S2. One should however note
that the conformal factor blows up at θ = 0 (corresponding to r →∞). Explicitly,
2d flat space plus the point at infinity is topologically the same as S2.
2.24 This is a standard exercise and its answer may be found in the literature. For
part (1) see [193]. For part (2), see Fig. 8.3. For part (3), gravitational collapse on dS
background, see [807]. For part (4), see [808] for charged matter collapse and [809]
for collapse of rotating matter.
2.26 There are many papers that explore geodesics in the Kerr geometry. For this
specific exercise, one may look at [810] and references therein.
2.27 For more discussions on Zero Angular Momentum Observer in Kerr geometry
see [811] and references therein.
2.31 Black holes with generic horizon topology are called ‘topological black holes’.
While according to Hawking’s topology theorem all asymptotically flat Einstein vac-
uum solutions have spherical horizon topology, for asymptotic AdS4 cases we have
the possibility of topological black holes. See [176,812,813] for more discussions.

Note that the equation in the line below (2.43) can be used to determine surface
gravity, where the function f plays the role of the function K in (2.89).
2.34 For an analysis of ISCOs in Kerr-(A)dSD black holes see [814].
2.39 Kerr–Schild coordinates was introduced in [201] and since then it has been
used and developed in many papers, e.g. see [815], Chap. 28 of [133], [816,817]. For
Kerr–Schild double copy of Plebanski–Demianski family see [818] and references
therein.

Exercises of Chapter 3

3.1 (1) Let lμ be normal to a null surface with non-affinity parameter κl . The non-
affinity parameter of Nlμ read from (3.26) is then κNl = Nκl + l · ∇N .

(2) Requirement of l to be the velocity vector along an affinely parameterized
null geodesic fixes N such that κNl = 0. That is, l · ∇ ln N = −κl , which can be

schematically integrated as N = e−
∫
κl d#, where l · ∇ ∫ κl d# = κl .

(3) Multiplying both sides of (3.1) by ξν we obtain ξμξν∇μξν = κξ2. The left-
hand side is zero for any Killing vector ξ . So, either κ = 0 or ξ2 = 0.

(4) For a Killing vector∇μξν = −∇νξμ and hence the left-hand side of (3.1) may
be written as −ξμ∇νξμ = − 1

2∇νξ
2.

(5) Starting from ξ[α∇μξν]|N = 0 we learn that

ξμ∇νξα = −ξα∇μξν − ξν∇αξμ.
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Multiplying both sides of the above by ∇μξν , using the fact that ξ is a Killing, i.e.
∇μξν = −∇νξμ and (3.1) we find

−ξα(∇μξν)
2 − κ2ξα = κ2ξα

which readily yields (3.2).
(6) Let us act by ξμ∇μ on both sides of (3.2). The right-hand side will then

be 2ξμ(∇μ∇αξβ)(∇αξβ) = 2Rμναβξ
μξν(∇αξβ) = 0, where we used (3.28) and

antisymmetry of Riemann with respect to the first two indices.
(7) Starting with (3.1), act by ∇ν on both sides. The right-hand side vanishes as

showed in (6) above and we hence remain with ∇ν(ξμ∇μξν) = 0 = −(∇νξμ)2 +
ξμ∇ν∇μξν . The last term using (3.28) is Rμνξ

μξν and one to the last term is 2κ2

recalling (3.2).
(8) ξ is a hypersurface orthogonal Killing vector that is normal to the Killing

horizon, therefore, dξ is a 2-form proportional to the binormal to bifurcation surface
B, dξ ∝ ε. To fix the proportionality factor, we may square both sides and use (3.2),
i.e. |dξ |2 = −2 · (4κ2).
3.4 By definition a Killing horizonH is generated by a Killing vector field ξ which
is null atH and is hypersurface orthogonal. While for Kerr geometry ∂t is a Killing
and it becomes null at the ergosphere, it is not hypersurface orthogonal, as the off-
diagonal gtφ term in the metric does not vanish on the ergosphere. This is how the
ergosphere differs from the Killing horizon.
3.6 Let us choose the coordinate system such that the null surface N sits at r = 0,
i.e.

ds2 = −V dv2 + 2dvdr + gi j (dxi + uidv)(dx j + u jdv)

where V , ui , gi j are coefficients depending on coordinates r , v, xi such that V (r =
0) = 0. The null surface N is hence spanned by v, xi . gi j , which is the metric at
constant r , v codimension-2 surfaces, is positive definite.

Consider two generic points on N , P : (v1, xi
1), Q : (v2, xi

2). The distance
between these two points may be easily read from the above metric computed at
r = 0. These two points are generically space-like separated, and are null separated
only if xi

1 = xi
2. That is, the curve along which these two points are null separated is

parameterized by v in our adapted coordinate system.
For part (3), using our coordinate system above, one may verify that any vector

may be expanded in terms of the null vector #μ = gμr , ξμ and ei such that ξ2 =
0, # · ξ = 1, # · ei = ξ · ei = 0 at r = 0. Then any spacelike vector field X on N
may be written as αξ + βi ei . With this, one may readily verify what is asked in the
exercise.
3.8 (1)Constant r surfaces becomenullwhen normof the normal 1-formdr vanishes.
Since |dr |2 = grr = 1/grr , this happens at roots of 1/grr . So, let us assume 1/grr

has simple roots, say at r = rh . ∂t becomes null only if gtt (rh) = 0.
To read the surface gravity, one may expand the geometry around r = rh , by

taking r = rh + αρ2 and keeping to the leading order in ρ. gtt = αg′t t (rh)ρ
2 and
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1/grr = αρ2(1/grr )
′(rh), where ′ denotes derivative with respect to r . The near

horizon geometry becomes

ds2 = αg′t t (rh)ρ
2dt2 + (4α)(1/grr )

′(rh)dρ
2 + · · ·

Upon choosing (1/grr )
′(rh) = 1/(4α), the above metric takes a Rindler form with

surface gravity (acceleration) κ given by κ2 = g′t t
4(1/grr )′ computed at r = rh . If

gtt , 1/grr have simple roots at rh , κ is finite, metric at the horizon is smooth and this
expression for κ reduces to (3.34).

Alternatively, one may bring the metric to the EF form:

ds2 = −gtt (r)

[

−dt2 +
(√

grr

−gtt
dr

)2
]

+ r2d
2

= gtt (r)du2 + 2
√−gtt grrdrdu + r2d
2

where u = t + ∫
√
− grr

gtt
dr . This coordinate system is well defined at the horizon if

gtt grr is finite at rh . We also note that det g = r4grr gttvol(S2). Non-vanishing of
det g also requires gtt grr = finite at rh .

(2) For a generic stationary and axisymmetric metric, one may start with the form

ds2 = g(r , θ)dt2 + dr2

f (r , θ)
+ K (r , θ)dθ2 +�2(θ, r)(dφ +
(r , φ)dt)2, (J.2)

we have Killing horizons at root of f , r = rh , where g should also vanish to have a
smooth metric. One may repeat expanding the metric around rh and read the surface
gravity from the Rindler form of the metric. Some more discussions may be found
in Sect. 2 of [819]. The final result for surface gravity for metric (J.2) is the same
relation as (3.34).

One may then readily verify that existence of a Killing horizon (generated by
a null Killing vector field ξ ) amounts to the surface gravity κ read from the near
horizon metric in the Rindler form to be a θ independent constant.
3.13 The redshift factor for a Schwarzschild black hole is given as

ω(r)

ω∞
= 1√

f (r)
, f (r) = 1− 2GN M

r
,

where ω(r), ω∞ are respectively frequencies measured by a fido at r and at infinity.
If ω(r0) = MPl, ω∞ = � and if r0 = 2GN M(1+ ε), then

ε = �2

M2
Pl −�2

.

If � � MPl then, ε ∼ ( �
MPl

)2.
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3.15 Radial null geodesics for FLRW metric,

ds2 − dt2 + a(t)2
(
dr2 + r2d
2) ,

are given by dr = ±dt/a(t). Cosmological (event) horizon re is then the distance
future oriented light rays can travel from where one sits now while particle horizon
rp is the comoving distance light has travel since the big bang. If a(t) = t1+α , then
for α > 0 (accelerating cosmologies), re = t−α0 /α while rp blows up and for α < 0
(decelerating cosmologies), rp = t−α0 /α while re blows up.
3.20 Let xμ = xμ(s, τ ) denote congruence of geodesics where at each given s we
have an affinely parameterized time-like geodesic and let uμ := ∂xμ

∂s and tμ := ∂xμ

∂τ
.

Note that tμ is a timelike vector while uμ is typically spacelike. The difference
between two close by geodesics at s, s + ds, yields the geodesic deviation equation,

d2uμ

dτ 2
= tαtβ∇α∇βuμ = Rμ

αβν tαtβuν . (J.3)

The geodesic deviation equation concerns the second derivative of a spacelike vector
uμ along the geodesic,whereasRaychaudhuri equation (3.11) concerns the derivative
of a time-like vector tμ along the geodesic. Therefore, (J.3) allows probing different
components of Riemann than those appearing in the Raychaudhuri equation (namely
Ricci tensor along the geodesic).
3.26 (1) For a bifurcate horizon generated by the Killing vector ξ , we have the
binormal 2-form ε = dξ/(2κ), where κ is the surface gravity (see part (8) of Exercise
3.1). Since ε has a definite norm and is well-defined everywhere onB, it is orientable.

(2) B need not be simply connected, e.g. we can have Mazumdar-Papapedrou
multi-centered (extremal) RN solutions (see Exercise 2.36).

(3) Inprincipleb canbenon-zeroand thehorizoncanbespindle-like to twospindles
attached together. In [260] such solutionswith g = 0, b = 2has been constructed.We
note that Euler character ξ = 1

4π

∫
B R, where R is the Ricci scalar ofB .

Exercises of Chapter 4

4.3 (1) ξH is the null vector generating the horizon. The condition for any particle to
fall into the hole is that in a Penrose diagram its momentum makes an angle not less
than 45◦ with the horizontal line. Since ξH is a future oriented 45◦ line, therefore,
p1 · ξH ≤ 0 is the condition for falling in.

(2) Energy–momentum conservation implies p2 = p − p1, and therefore, p2 ·
ξH = p · ξH − p1 · ξH. Since original particle and p1 are falling into the hole, p ·
ξH , p1 · ξH ≤ 0 but their difference can be positive. So, p2 can in principle fly out.

(3) So, for the Penrose process to work we should have E = p · k > 0, E1 =
p1 · k < 0 and E2 = p2 · k > E > 0, while p · ξH, p1 · ξH ≤ 0 and p2 · ξH > 0.
Let’s denote J = −p · ∂φ and similarly for the other two particles, then, energy–
momentum conservation implies

E = E1 + E2, J = J1 + J2,
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and the other conditions for the Penrose process read as

E −
J ≤ 0, E1 −
J1 ≤ 0, E2 −
J2 > 0.

These imply that energy extraction E2 − E > 0 is only possible if J2 − J > 0.
Maximum extracted energy will happen when J1 + JBH = 0 and when the in-falling
equality bound is saturated.

(4) With the emission of p2, black hole loses mass E1 and angular momentum
J1, δM = E1 < 0, δJ = J1 < 0 and δM ≤ 
δJ . The process can go on until the
above conditions are satisfied. That is, until the hole loses its angular momentum.

(5) Iterating the Penrose process and emission of particles several times a black
hole of (M, J ) can reach (m, 0) and one can show that the condition for continuation
of the process along the way reads as 2M(M +√M2 − J 2/M2) ≤ (2m)2. Since
M ≥ J and m can maximum be M/

√
2 and only up to 1−√2/2 percent of the

energy of a black hole can be mined. We note that the condition for continuation of
the process is that at each stage the area of horizon A := 8πMr+ does not decrease,
δA ≥ 0.
4.5 By introducing zh = rhω, z = ωr , z∗ = ωr∗, the Regge–Wheeler equation (4.4)
takes the form

(
d2

dz2∗
−Ul(z)

)
ψl = 0, Ul = −1+ (1− zh

z
)(

l(l + 1)

z2
+ z2h

z3
).

4.6 In large z limit z∗ ∼ z and the leading term in the potentialUl in the previous exer-
cise becomes l(l+1)

z2
= W 2

l −W ′
l with Wl = − l+1

z or l(l+1)
z2

= W̃ 2
l − W̃ ′

l with W̃l =
− l

z . The Regge-Wheeler equation can then be written as (∂z −Wl)(∂z +Wl)ψl =
0 = (∂z + W̃l)(∂z − W̃l)ψl . This is basically like the usual quantummechanical har-
monic oscillator. The equation ( d2

dz2
− l(l+1)

z2
)ψl = 0 can be directly integrated with

two basic solutions ψl ∼ zl+1, z−l .
4.12 For the quadrupole moments given, we have

...
q i j

...
q i j = 2 · 16M2R4

T 6 (1+ 2 cos2
2t

T
).

Therefore, 〈...q i j
...
q i j 〉 = 4·16M2R4

T 6 and the GW luminosity (4.27) yields, P ∼ M2R4/

T 6 ∼ M2(MT 2)4/3/T 6 ∼ (M/T )10/3.
4.16 This exercise is basically about conversion of units. Starting from (4.37) we
have M ωR

QNM ≈ 0.37367. For frequency 440 Hz, we get M  27.3M� which has
a decay time of about 16.4 milliseconds.
4.18 See Chap. 3 of [323].
4.19 See Sect. 2.2.2 of [820].
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Exercises of Chapter 5

5.2 For Einstein vacuum black hole solutions, namely Schwarzschild and Kerr
geometries, we have a singularity at which curvature blows up. Therefore, one should
take special care in using Stokes’ theorem in the derivation of the Komar charge. For
Minkowski space, we do not have such an issue. Due to the existence of this subtlety,
while the Komar surface integral (5.5) may still be used for Schwarzschild and Kerr,
its volume integral yields an incorrect result.
5.4 Starting from the definition of the Noether current (5.35), shifting Lagrangian
by dW shifts � by the (d − 1)-form W and therefore, the Noether current

Jξ → Jξ +W(δξ�)− ξ · dW = Jξ − d(ξ ·W(δξ�)).

One may readily check that the shifted Noether current is on-shell conserved and
hence on-shell Jξ ≈ dQ̃ξ . The Noether charge which is a surface integral over the
(d − 2)-form Q̃ξ is then shifted by −

∮
ξ ·W(δξ�).

5.5 (1) Recall that kBT and ST (where T is temperature) are both of the same
dimension as energy. So S/kB is dimensionless. On the other hand, the (horizon)
area is of dimension length2. This may be made dimensionless if it is measured in
units of Planck-length2. Recalling Exercise 1.2, therefore, [S] = kB [c3][A]/[�GN].
Putting in the numeric factor 1/4, we hence get (5.44).

Regarding theHawking temperature, it should be proportional to surface gravity κ
(which is of the dimension of acceleration, length over time2), and also proportional
to �. � is of dimension of angular momentum and therefore, �κ/c is of dimension of
energy. These put together yields (5.60).

(2) For a Schwarzschild black hole of mass M , entropy and temperature are given
as

SBH = 4π
GN M2kB

�c
, TH =

� c3

8πkBGN M
.

Putting in numbers we get

SBH = 1.6× 1054
(

M

M�

)2

, TH = 6× 10−8KM�
M

.

Energy E p and entropy Sp of a gas of photons in a volume V and temperature T is
given by

E p =
(

π2k4
B

15�3c3

)

V T 4, Sp = 4E p

3T
.

In the exercise, we are assuming E p = Mc2 and V = 4π
3 (2GN M/c2)3. We hence

get

T =
(

45GN

32π3�c

)1/4 (
�c3

kBGN

)
1√
M

, Sp = 8

3

(
2

45π

)1/4 (GN M2

�c

)3/4

.
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As we see, the entropy of the photon system grows like M3/2 and that of the black
hole like M2. They can become equal when M ∼ MPl.
5.8 (1) Starting from (5.63), and recalling that ξH is a Killing vector, LξH

�H =
ξH ·LξH

A = 0. Moreover, similarly to the discussion in Sect. 5.5.1 one can show
that �H is a constant over the horizon.

(2) As shown in Sect. 5.4.3,LξH
F = 0 impliesLξH

A = dλH for some λH. There-
fore, LξH

�H = ξH · dλH = LξH
λH.

(3) With the above result, integrability of the entropy fixes the gauge transforma-

tion part in ηH (5.50) by the same normalization
2π

κ
for ζH , times �H.

5.12 The product of inner and outer horizon radii for KN black holes has been shown
to be independent of the mass, and depends only on electric charge and angular
momentum, see [821,822]. Similar result for KN-Taub-NUT black holes may be
found in [823] and references therein.

Exercises of Chapter 6

6.2 Denote E < 0 as E = −k2. The Schrödinger equation becomes ψ ′′ = k2ψ and
its most general solution is, ψ = A sinh kx + B cosh kx . For Neumann (Dirichlet)
boundary conditions at x = 0 we get B = 0 (A = 0). At large x in both of these
cases ψ ∼ ekx and is not normalizable. So, there is no bound state.

For theRobin boundary conditions,ψ(0)+ α ψ ′(0) = 0we learn B = −Akα and
hence the wave function is ψ = A(sinh kx − kα cosh kx). To have a normalizable
wave function, there should not be an exponential growth at large x and hence kα = 1.
The energy of the bound state is thenE = −k2 = −1/α2. In the Neumann (α →∞)

limit E → 0 and ψ → 0. In the Dirichlet case (α → 0) and k and hence ψ blows
up. These two cases are compatible with not having a bound state.
6.6 (1) Metric (6.16) in Euclidean time takes the form

ds2 = e2aξ ( dτ 2E + dξ2
) = dρ2 + a2ρ2 dτ 2E , ρ = eaξ

a
.

The second equality shows that absence of conic deficit in the Euclidean 2d plane
requires aτE to be 2π periodic.

(2) As we see from the metrics above, Rindler Hamiltonian i∂τ corresponds to
rotations in τE , ρ plane. One can make another change of coordinates from the polar
coordinates τE , ρ to ‘Cartesian coordinates’ (tE , x), in which rotation generator is
written as: −∂τE = i(tE∂x − x∂tE ). One can now Wick rotate back to Minkowski
(tE → i t) where (t∂x − x∂t ) is a boost generator.

(3) At a constant ρ = ρ0, we have a circle of radius ρ0 which may be covered
by a coordinate τρ0 with periodicity 2π/ρ0 and hence the associated temperature is
aρ0/(2π).

(4) Hint: write (6.20), (6.21) in by a shift in ξ and reexamine (6.22) for the shifted
creation-annihilation operators.
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6.7 Near the horizon at r = rH we may expand metric functions as

N (r , θ) = 1

4
F ′N ′ρ2 + O(ρ3), F(r , θ) = 1

4
F ′2ρ2 + O(ρ3),

where r − rH = 1
4 F ′ρ2 + O(ρ3) and F ′ = ∂r F(r , θ)|r=rH

, N ′ = ∂r N (r , θ)|r=rH
.

Inserting the above into the metric and keeping up to ρ3 terms we find a metric
like (6.28) with κ2 = 1

4 F ′N ′. Constancy of κ requires that F ′N ′ should be a con-
stant.
6.9 For a Schwarzschild black hole of mass M we have E = M, T = 1/(8πGN M).
Therefore, 8πGN E = 1/T . The specific heat is thenC = ∂E/∂T = − 1

8πGNT 2 < 0.

Negative specific heat is a sign of thermodynamical instability: the system becomes
hotter as it loses energy.
6.17 To compute the emission rate from a rotating black hole, we need to know
which particles (with which spin or mass) are available for the emission. The details
of analysis may be found in seminal papers by Don Page [438,439].
6.19 Rotating black holes typically lose their spin faster than their energy [439] and
hence one would expect that longer lived black holes to be static ones. So, here we
focus on the Schwarzschild black holes. Starting from (6.77), requiring τ < 13.8
Gyr we get M/M� ≤ 8.7 · 10−20.

For the bonus level, see discussions in Sect. 10.3 the PBH part and references
given there.
6.23 ρ(t1) in a diagonal basis may be written as ρ(t1) =∑i λi |ψi 〉〈ψi |, where for
a pure state one of λi s is equal to one and the rest are zero. Under a unitary evo-
lution U (t2, t1), ρ(t2) = Uρ(t1)U † =∑i λi |φi 〉〈φi |, where |φi 〉 = U |ψi 〉, 〈φi | =
〈ψi |U †. Therefore, under a unitary evolution, a pure state evolves only to a pure state.
For a non-unitary evolution |ψi 〉 and 〈ψi | evolve differently (and not necessarily by
U ,U † = U−1 and hence a pure state can evolve to a mixed state.

Exercises of Chapter 7

7.1 For general construction and discussion see [424,536,542].
7.3 Riemann tensor Rμναβ is antisymmetric on its first two and last two indices and
therefore, in 3 dimensions, Rμναβ = εμνλεαβρ Xλρ , where εμνλ is totally antisym-
metric tensor and Xλρ is a symmetric tensor to be specified. To find Xλρ we may
multiply both sides of this equation with gμα , where the LHS reduces to Rνβ and the
the RHS to gνβ X − Xνβ , where X = Xν

ν . Taking trace of the latter yields R = 2X
and therefore, Xνβ = −Rνβ + 1

2 Rgνβ , i.e. −Xμν is Einstein tensor.
We also note that the above also implies Weyl curvature vanishes in three dimen-

sions.
7.4 and 7.5 See [477] for detailed discussions.
7.6 (1)BTZblack holes are (locally)AdSgeometries and as such |∂t |2 ∼ −r2 at large
r . This is in contrast to asymptotically flat black holes, e.g.Kerr,where asymptotically
|∂t |2 ∼ −1. Recalling that gφφ = r2, this means one can corotate with black hole
at any r . In particular, this means that one can always choose an asymptotically
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rotating frame and choose the time like Killing vector to be ∂t + α
 BTZ∂φ with
constant α < 1. Therefore, BTZ black holes and typically rotating AdS black holes
do not have an ergo-region.

For hints to the other parts of this exercise see [479,480].
7.9 Under the local Weyl scaling (7.27) D-dimensional Ricci tensor transforms as
[824,825]

Rμν → Rμν − (D − 2)(∇μ∇ν
−∇μ
∇ν
)− (∇2
− (D − 2)|∇
|2)gμν.
(J.4)

Therefore, in D = 3, Sμν := Rμν − 1
4 Rgμν transforms as

Sμν → Sμν −∇μ∇ν
+ ∇μ
∇ν
− 1

2
|∇
|2gμν.

From the above one can show that the Cotton tensor (7.29) is invariant under Weyl
scaling. For discussions on Cotton tensor in higher dimensions and their behavior
under Weyl scaling see [824,825].
7.10 See [826–828] for the analysis.
7.11 See [513] for more details.
7.14 See [829–831] for more details and analyses.
7.16 See [832].
7.22 (1) Starting from (7.68) one may use either (3.2) with ξH = ∂t or the near
horizon expansion and the resulting Rindler metric to read surface gravity κ . This
yields, κ = f ′(r = rh)/2, where rh is the root of f (r) in (7.68). Horizon area is
r D−2

h 
D−2, with 
D−2 given in (7.69). From f (rh) = 0 we learn that

r D−3
0 = r D−3

h (1+ r2h
#2

), rhκ = D − 3

2
+ D − 1

2

r2h
#2

,

and from (7.69) we learn that dM = (D−2)(D−3)
D−2
16πGN

r D−4
0 dr0. One hence readily

sees that κ
2π dS = (D−2)
D−2

8πGN
κr D−3

h drh = dM .

(2) Radial geodesic equations for metric (7.68) read as

f (r)ṫ = E, − f (r)ṫ2 + ṙ2

f (r)
= σ,

where dot denotes derivative with respect to the affine parameter, E is a constant and
σ = 0,−1 respectively correspond to null and timelike geodesics. We hence obtain

Null : t =
∫

dr

f
, Time-like : t =

∫
dr

f
√
1− f /E2

.

We note that f (r) is a monotonically increasing function and f (r) > 0 for r > rh .
One may then verify that for future-oriented outward moving null geodesics starting
at ri > rh it takes �t = ∫∞ri

dr/ f (r) � l tan−1(r/l), i.e. outward null geodesics
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reach asymptotic boundary of AdS in finite coordinate time. For time-like geodesics
which have zero velocity at r0, one may rewrite the geodesic equation as

(
dr

dt

)2

+U (r) = 0, U (r) = ( f (r)− fi ) f (r)

fi
, fi = f (ri ).

The potential U (r) has two zeros at r = rh, ri and a turning point in between the
two and at large r it grows like r4. That is, at large r the background AdS provides a
negative force pushing the particle towards the AdS center and it does not reach AdS
boundary at finite time. The particle can oscillate between the two zero of U (r).
7.25 (1) The extremal D3-brane metric is given by

ds2 = f 1/2
(−dt2 + dxidxi

)+ dr2

f (r)2
+ r2d
2

5, f (r) = 1− (
r+
r
)4,

where i = 1, 2, 3, dilaton is a constant e2� = g2
s and the 4-form is A4 = (

r+
r )2dt ∧

dx1 ∧ dx2 ∧ dx3. The near horizon expansion may be obtained upon inserting r =
r+(1+ ρ4/4) and keeping the leading order term in ρ:

ds2 = ρ2
(
−dt2 + dxidxi

)
+ r2+

dρ2

ρ2
+ r2+d
2

5, F5 = dA4 = 2r+dt ∧ dx1 ∧ dx2 ∧ dx3 ∧ dρ.

This is an AdS5×S5 geometry with equal radii # = r+ for AdS5 and S5 parts.
Upon the coordinate transformation ρ = r+/z one obtains metric which is ds2 =
r2+
z2
(−dt2 + dxidxi + dz2

)+ r2+d
2
5.

(2) In a similar way one may consider near extremal D3-brane metric,

ds2 = f 1/2−
(
− f+

f−
dt2 + dxidxi

)
+ dr2

f− f+
+ r2d
2

5, f±(r) = 1− (
r±
r
)4,

and perform the near horizon expansion as f− ∼ #4/z4, dr = #5dz/z5 and f+/ f−  
r−r+
r−r−  1−

(
z
zh

)4
, to obtain (7.75).

7.26 (2) Let us explore the near zh behavior of the geometry. Taking f (z)  
(p + 1)(zh − z)/zh , and defining ρ as ρ2 = 4zh(zh − z)/(p + 1), the z − y part
of metric takes the form dρ2 + ((p + 1)/(2zh))

2 ρ2dy2. This is smooth if y has
2π R periodicity with R = (2zh)/(p + 1).

For part (3), see [528].

Exercises of Chapter 8

8.1 (1) Solve the Killing equation for the domain wall metric. For generic functions
A(ρ) you should find translations, ∂t and ∂x , as well as boosts, x∂t + t∂x , showing
compatibility with Poincaré2 expected from a QFT2.

(2) Recall that A(ρ)must tend to a linear function for large positive and negative
values of ρ to produce locally AdS3 behavior, with an arbitrary coefficient in front.
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So you can define a local AdS-radius in terms of the derivative of the function A(ρ).
Using the Brown–Henneaux result (7.23) that relates AdS radius to the central charge
and demanding monotonicity of the central charge establishes the desired condition
on the function A(ρ).
8.2 Use Gaussian normal coordinates (8.4), exploit the simple expression for extrin-
sic curvature (8.5), and calculate �ρ

μν for the metrics obeying the generalized
Fefferman–Graham form in the exercise.
8.3 For the holographic counterterm make an ansatz like in (8.12) (for this exercise,
it is sufficient to keep only the two terms displayed explicitly) and determine the
coefficients c0 and c1 by demanding that the variational principle is well-defined
for a locally asymptotically AdS5 metric. For the latter, you can use a Fefferman–
Graham expansion in Gaussian normal coordinates (8.4). If you need a peek at the
final result see, e.g. the last (10) in [357].
8.4 Use the holographic dictionary (8.15). This means you have to vary the (full!)
action twice and insert for the variations the non-normalizable modes of the metric,
i.e. the leading order term in the Fefferman–Graham expansion (8.4). If you need
further guidance consult Sect. 4 in [556].
8.5 Follow the rather explicit instructions of the exercise. If you need additional help
see Sect. 2 in [538].
8.6 Trace out the B-part of your Hilbert space to get the reduced density matrix
and then calculate its von Neumann entropy. For the direct product state, you should
find a reduced density matrix (2× 2) with a single non-zero entry, while for the Bell
state you should find a reduced density matrix proportional (but not identical) to the
unit matrix. Recall (or show) that an expression Tr(ρA ln ρA) for a matrix ρA with
eigenvalues λi translates into

∑
i λi ln λi , and note that all summands vanish when

λi is either 0 or 1.
8.7 The first part should be straightforward since you just need to solve the geodesic
equation (1.1) for a rather simple metric, and you have sufficiently many constants
of motion to exactly solve the system. The second part is more tricky, and there are
various ways to approach it. One approach is to make a uniformization map, i.e. a
diffeomorphism of a generic Bañados geometry to Poincaré patch AdS3. It is not at
all trivial to construct this diffeomorphism. See [833] for a detailed analysis.
8.8 While probably there is an elegant way of ‘seeing’ the result immediately, in
this case, brute force seems the quickest way to the result, and not a lot of force is
needed. For instance, explicitly insert coordinates for the points Ai and determine
the various lengths to prove the desired relation.
8.9 You can use as input the anomalous transformation behavior (8.26) of entangle-
ment entropy.
8.10 The instructions are very detailed, so try to follow them. If you need to cross-
check intermediate results not displayed in the exercise consult [570].
8.11 If you have not done Exercise 8.5 you need to do this first; alternatively, you
can use Sect. 2 of [538]. For the main part of the exercise follow the instructions and
compare your results with Sect. 3.10 in [538].
8.15 Use e.g. lightcone coordinates x± for the 2d Minkowski metric and solve
the asymptotic Killing vector equations, keeping all terms that either blow up or
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remain O(1) for large ρ. While the order in which you consider various components
ultimately does not matter, we find it convenient to consider first the ρρ-component,
next the ρ±-components, then the±±-components, and finally the+− component.
Your result for the asymptotic Killing vectors should feature two free integration
functions λ±(x±). Their Lie-bracket is then straightforward.
8.16 You need to do the previous exercise first. If you were careful enough to keep
allO(1) terms then the±±-components of the asymptotic Killing equation establish
the desired result.
8.18 Once you understand the question asked in the exercise the calculation should
be doable in two lines. If you are stuck remember that energy is the eigenvalue of
the Hamiltonian.

Exercises of Chapter 9

9.1 Boltzmann or microcanonical entropy is defined as S mc(E) = lnω(E) where
ω(E) is number of configurations/states available at the given energy E . The canon-
ical entropy S c is defined as S c = −β2 ∂(ln Z/β)

∂β
where Z is the canonical parti-

tion function Z =∑E eS mc(E)− ∂S mc(E)
∂E E computed at a fixed temperature, i.e. fixed

β = ∂S mc(E)
∂E . Onemay expand the exponent in the integrand of the partition function

Z to the second order in E and perform the sum in this steady phase approximation.
To obtain the desired result, one also needs to recall that C = ∂E/∂T , and therefore
ln(CT 2) = − ln(∂2S/∂E2).
9.3 For the proof let’s consider two such initial states, |�〉 := |ι〉A ⊗ |o〉B and |�〉 :=
|ι̃〉A ⊗ |o〉B , such that the same unitary operatorU acting on |�〉, |�〉 yields the same
state |ι〉A ⊗ |ι〉B up to two possible different phases. Next, consider 〈�|�〉 and use
〈o|o〉 = 〈ι|ι〉 = 1, to obtain

〈�|�〉 = 〈ι̃|ι〉 = eiφ(ι,o)−φ(ι̃,o)(〈ι̃|ι〉)2.

The above yields |〈ι̃|ι〉| is either 0 or 1. However, this can’t be true as |ι〉 and |ι̃〉 are
two arbitrary states. So, there can’t be a unitary U which evolves |�〉 to |ι〉A ⊗ |ι〉B
up to a phase.
9.6 For the rectangular torus with radii 1, β/(2π), the modular parameter is defined
as τ = iβ/(2π). Tori whose τ are related by Mobius transformations

τ → aτ + b

cτ + d
,

in particular τ →−1/τ (β → 4π2/β), are equivalent. Modular invariance implies
that the partition function does not change under a modular transformation, in par-
ticular Z(β) = Z(4π2/β).

(1) Consider a gapped systemwith energy spectrum E0, E1, E2, · · · (E0 < E1 <

E2 < · · · ) and degeneracies n0 = 1, n1, n2, · · · . In the low temperature (β →∞)
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limit in a gapped system, the partition function is well approximated by the contri-
bution from the lowest lying state (ground state):

Z [β] = Tr e−βH = e−βE0 + n1e−βE1 + · · · ≈ e−βE0 . (J.5)

(2) At high temperature (β � 1), the dominant contribution to the partition func-
tion comes from higher energy states. Suppose the degeneracy of states at energy E
is given by ρ(E) := eS(E). The trace in the partition function in this regime can be
approximated by an integral:

Z(β)  
∫

dE eS(E)−βE . (J.6)

Themain contribution to the above integral is coming from the saddle point Es , where
the exponent has a vanishing first derivative. One may consider expansion S(E) =
Eq(S0 + S1E + · · · ) for some given q . The saddle point is at Eq−1

s ∼ β/(q S0).
Convergence of the partition function and that for lowerβ, Es is expected to be higher
imply 0 < q < 1. Plugging this in the expansion and evaluating (J.6) in the saddle

point approximation yields, Z(β)  e(1/q−1)βEs ∼ eKβ
q

q−1
for some constant K . In

this saddle point approximation analysis, we are not considering log-corrections.
(3) From the above and equating the low and high temperature expansions we

learn that q = 1/2, K = E0 and S = 2π
√

E |E0|.
9.7 See [676] for the details of the derivation.
9.8 (1) In Exercises 9.6, 9.7 (see also [676]) it has been argued that partition func-
tion of a modular invariant 2d CFT in all orders in saddle point approximation is
holomorphically factorizable,

Z(β, β̄) = Z(β)Z(β̄), Z(β)  
∫

d� ρ(�)e−β�,

where ρ(�) is density of states at excitation (energy)�. (The is used because we
are assuming that the spectrum is continuous and replaced the sum with integral.)
One may change the basis such that �→ �̃, nonetheless, the partition function
which involves an integral over all energy states should remain invariant. Therefore,
density of states in the new basis should be ρ̃(�̃) = ∂�

∂�̃
ρ(�).

(2) For �̃ = �(z+1)/2, then ρ̃z = 2
z+1�̃

1−z
1+z ρ(�). In the leading (Cardy) order

ρ = ρ0�
−3/4 e2π

√
c�/6 and hence

ρ̃z(�̃) = 2ρ0
z + 1

�̃
− 2z+1

2(z+1) e2π
√

c/6�̃
1

1+z
.

(3) For z → 0, ρ̃z=0(�̃) = 2ρ0�̃−1/2e2π
√

c/6�̃ and hence the Cardy entropy S =
ln ρ̃ = 2π

√
c/6�̃− 1

2 log �̃, is linear in �̃ up to log-corrections.
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(4) Given the ρ̃z above onemay compute entropy in themicrocanonical ensemble:

Smc
z = ln ρ̃z = Sz(�̃)+ Sz(

˜̄�), Sz(�̃) = S0
z − (z + 1/2) ln S0

z , S0
z := 2π

√
c

6
�̃

1
1+z .

9.12 See [699] for more details.

Exercises of Appendix A

A.2 Hint: Note that ∇μnμ = K and use (A.9).
A.4 We start with the definition of energy–momentum tensor (1.5). For the

Maxwell case,

Tμν = − 2√−g

δ
√−g FμαFνβgμνgαβ

δgμν
= − 2√−g

δ
√−ggμνgαβ

gμν
FμαFνβ

= 4Fμ
αFνα − gμν F2.

A.5 (1) For n = 0, we have just a constant, the cosmological constant. For n = 1,
the δ-tensor reduces to δ

μ
ν δ

α
β , this is to be multiplied with Riemann tensor, which

yields Ricci scalar. For n = 2, we have four antisymmetrized δ
μ
ν -tensors, which is

proportional to εμναβεγλρσ . This is to bemultiplied with twoRiemann tensors which
yields Gauss–Bonnet term.

For parts (2), (3), and (4) see the original Lovelock papers and the review article
[834].

Exercises of Appendix B

B.1 dF = 0, recalling Poincaré lemma, may be locally written as F = dA, for a
one-form A. This equation defines A up to gauge transformations A → A + dλ.
The equation ∗ d∗F = 0, in D dimensions is a D − 1-form equal to zero which
can equivalently be written as a vector equal to zero. Recalling the definition of the
Hodge star (B.7), in terms of components this equation takes the form ∇μFμν = 0.

B.2 In D dimensions F ∧ F is a 4-form. Since F = dA, F ∧ F = d (A ∧ dA),
hence it is a total derivative. In terms of components, F ∧ F = ∇μw

μ, wμ =
εμναβ Aν∂α Aβ .

In D = 2n dimensions, ∧-product of n field strengths F can be written as
F ∧ · · · ∧ F = d(A ∧ F ∧ · · · ∧ F). Also, in 2n dimensions one may consider field
strength of an n − 1-form field: Fn = dAn−1. In a similar way, one can show that
Fn ∧ Fn = d(An−1 ∧ Fn).

Exercises of Appendix C

C.1 Starting from (C.10) vanishing of torsion yields dea = −ωa
b ∧ eb. In our

case de+ = 0, de− = 1
2∂r Kd ∧ dr . Recalling antisymmetry of the spin-connection

ωab = −ωba , we learn that ω−− = −ω++ = 1
2∂r K e+ and ω−+ = 0 = ω+−.
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One can then use (C.11) to compute curvature 2-form. A simple algebra yields,
R−− = −R++ = dω−−, the other two components vanish and R++ = 1

2∂
2
r K e+ ∧

e−. Therefore, Ricci tensor in ± basis has R++ = R−− = 1
2∂

2
r K and scalar curvature

is ∂2r K .
C.4 Let R := T a ∧ Ta − ea ∧ eb ∧ Rab. If dR = 0, then Poincaré lemma implies

locally R = dX , for some 3-form X . So, we first compute dR:

d(T a ∧ Ta) = 2dT a ∧ Ta

= 2(dωa
c ∧ ec − ωa

c ∧ dec) ∧ (dea + ωad ∧ ed )

= 2dωa
c ∧ ec ∧ dea + 2dωa

c ∧ ec ∧ ωad ∧ ed − 2ωa
c ∧ dec ∧ ωad ∧ ed

(J.7)
where we used definition of torsion (C.10), (B.6) and dea ∧ deb ∧ ωab = 0 due to
antisymmetry of ωab. In the same manner, we compute

d(ea ∧ eb ∧ Rab) = 2dea ∧ eb ∧ Rab + ea ∧ eb ∧ dRab

= 2dea ∧ eb ∧ dωab + 2dea ∧ eb ∧ ωac ∧ ωc
b + 2ea ∧ eb ∧ ωac ∧ ωc

b

= 2dωab ∧ eb ∧ dea + 2ωac ∧ dea ∧ ωc
b ∧ eb − 2ωac ∧ ea ∧ ωc

b ∧ eb

(J.8)

where we used definition of the curvature 2-form (C.11) and (B.6). One can now
readily see that (J.7) and (J.8) are equal and hence dR = 0.

In the absence of torsion, (C.10) implies dea = −ωa
b ∧ eb and hence dωab ∧

eb = ωab ∧ deb. Therefore, in this case

R = ea ∧ eb ∧ Rab = ea ∧ eb ∧ dωab + ea ∧ eb ∧ ωac ∧ ωc
b

= +ea ∧ ωa
b ∧ deb + ea ∧ eb ∧ ωac ∧ ωc

b

= −ea ∧ ωa
b ∧ ωb

c ∧ ec + ea ∧ eb ∧ ωac ∧ ωc
b = 0.

(J.9)

Alternatively, one may directly compute R using (C.10) and (C.11):

R = dea ∧ dea − dea ∧ eb ∧ ωab + ea ∧ deb ∧ ωab − ea ∧ eb ∧ dωab

= d
(

ea ∧ dea − ea ∧ eb ∧ ωab

)
= d

(
ea ∧ Ta

)
.

(J.10)

The above explicitly shows that R is an exact 4-form which vanishes for T a = 0.
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Exercises of Appendix D

D.1 Starting from (D.1) and that gμν = −lμnν − nμlν + mμm̄ν + m̄μmν one can
readily read inverse metric components as:

gtt = 1

ρ2 [
−(r2 + a2)2

�
+ a2 sin2 θ ] = − 1

ρ2�
[(r2 + a2)ρ2 + 2ma2r sin2 θ ],

gtφ = a

ρ2 [−
r2 + a2

�
+ 1] = −2mar

ρ2�
,

gφφ = 1

ρ2 [−
a2

�
+ 1

sin2 θ
] = − ρ2 − 2mr

ρ2� sin2 θ
,

grr = �

ρ2 , gθθ = 1

ρ2

(J.11)
and the rest of the components are zero. This is the inverse Kerr metric in Boyer-
Lindquist coordinates.

Exercises of Appendix E

E.1 From (E.11) and the given equation we learn that

∫
dω̄ αω,ω̄α

∗
ω′,ω̄ = δ(ω − ω′)[1− exp(−2πω/κ)]−1.

From (E.15), we learn that

〈0|b†ωbω|0〉 = e−2πω/κ [1− exp(−2πω/κ)]−1 = 1

e2πω/κ − 1
.

From Exercise 4.7, we learn that |βω/αω|2 ∼ e−8πω/M , therefore, κ = 1
4M or

T = 1
8πM .

E.2 This is how originally Hawking derived black hole radiation. For the analysis
see discussions in Sect. 6.4.3 and also Sect. 7 of black hole lecture notes by P.
Townsend [244].

Exercises of Appendix F

For hints or derivations on exercises in this appendix see standard GR textbooks like
[8,108,133].

Exercises of Appendix G

G.1 (1) Consider two Cauchy surfaces�1, �2 which share the same boundary, such
that there is a spacetime volume V enclosed between the two Cauchy surfaces, i.e.
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�1 ∪�2 = ∂V . From (G.5), we have

�
�1

LW
−�

�2

LW
=
∫

�1

−
∫

�2

ωLW(δ1�, δ2�,�)

=
∫

V
dωLW(δ1�, δ2�,�) ≈ 0.

(J.12)

(2) If �i is a constant time slice at time ti , then the above yields conservation of
symplectic form in time.

G.2 See Appendix A.2 of [799].
G.3 See [737].
G.4 See [739].

Exercises of Appendix H

For exercises of this appendix see the PhD thesis of Maulik Parikh [802].

Exercises of Appendix I

I.1 Under Weyl transformation gstr
μν = eφ/2gEin

μν the 10d Ricci scalar transforms as

Rstr = eφ/2
[

REin − 9

2
((∂φ)2 +∇2φ)

]
,

√
− det gstr = e5φ

√
− det gEin.

Therefore, in the Einstein-frame

LEin
NSNS =

(
RE + (4− 9

2
)∂μφ∂

μφ − 1

2
e−φ |H3|2

)
(J.13)

where we dropped the total derivative term ∇2φ. For the last term, note that√− det gstre−2φ |H3|2str =
√− det gEine−φ |H3|2Ein. Here by |H3|2Ein we mean the 3-

form H3 is squared using (inverse) Einstein-frame metrics, and similarly for |H3|2str.
For a p-form in the RR sector,

√− det gstr|Fp+1|2str =
√− det gEineAφ |Fp+1|2Ein,

with A = 5/2− (p + 1)/2 = 2− p/2.
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